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PREFACE TO THE FIRST ENGLISH EDITION 


THe present volume of our Theoretical Physics deals with the theory of elasticity. 

Being written by physicists, and primarily for physicists, it naturally includes not only 
the ordinary theory of the deformation of solids, but also some topics not usually found in 
textbooks on the subject, such as thermal conduction and viscosity in solids, and various 
problems in the theory of elastic vibrations and waves. On the other hand, we have 
discussed only very briefly certain special matters, such as complex mathematical 
methods in the theory of elasticity and the theory of shells, which are outside the scope of 
this book. 

Our thanks are due to Dr. Sykes and Dr. Reid for their excellent translation of the 
book. 


Moscow L. D. LANDAU 
E. M. Lirsuitz 


PREFACE TO THE SECOND ENGLISH EDITION 


As WELL as some minor corrections and additions, a chapter on the macroscopic theory of 
dislocations has been added in this edition. The chapter has been written jointly by myself 
and A. M. Kosevich. 

A number of useful comments have been made by G. I. Barenblatt, V. L. Ginzburg, M. 
A. Isakovich, I. M. Lifshitz and I. M. Shmushkevich for the Russian edition, while the 
vigilance of Dr. Sykes and Dr. Reid has made it possible to eliminate some further errors 
from the English translation. 

I should like to express here my sincere gratitude to all the above-named. 


Moscow E. M. Lirsuitz 


PREFACE TO THE THIRD ENGLISH EDITION 


THE major part of this book (Chapters I, II, III and V) is not very different from what was 
in the first two English editions (1959 and 1970). This is a natural result of the fact that the 
basic equations and conclusions of elasticity theory have long since been established. 

The second edition included a chapter on the theory of dislocations in crystals, written 
jointly with A. M. Kosevich, which has been only slightly changed in the present edition. 

This new edition contains a further chapter, on the mechanics of liquid crystals, written 
jointly with L. P. PitaevskiY—a new branch of continuum mechanics which combines 
features of liquids and elastic solids, and whose proper position in the Course of 
Theoretical Physics is therefore after both fluid mechanics and elasticity of solids. 

As always, I have derived much benefit from discussing with my friends and colleagues 
various topics dealt with in the book. I should like to mention with gratitude the names of 
V. L. Ginzburg, V. L. Indenbom, E. I. Kats, Yu. A. Kosevich, V. V. Lebedev, V. P. 
Mineev and G. E. Volovik for their various comments used in preparing the book. 


Moscow E. M. LirsHitz 
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NOTATION 


p density of matter 


u displacement vector 
1/du; du, ; 

ik = 5|=— +5 ] strain tensor 

n et 


Oik stress tensor 


K modulus of compression 

4 modulus of rigidity 

E Young’s modulus 

o Poisson’s ratio 

Cah longitudinal velocity of sound 
¢; transverse velocity of sound 


c and c, are expressed in terms of K, u or of E, o by formulae given in §22. 


The quantities K, 4, E and ø are related by 

E=9Ku/(3K +p) 

a = (3 K —2y)/2(3K + p) 

K = E/3(1 —20) 

H = E/2(1 +0) 

The summation convention always applies to suffixes occurring twice in vector and tensor 
expressions. In Chapter VI, ôi (= 0/0x,) is used to denote differentiation with respect toa 
coordinate. 

References to other volumes in the Course of Theoretical Physics: 

Fields = Vol. 2 (The Classical Theory of Fields, fourth English edition, 1975). 

SP 1 = Vol. 5 (Statistical Physics, Part 1, third English edition, 1980). 

FM = Vol. 6 (Fluid Mechanics, Second English edition, 1987). 

ECM = Vol. 8 (Electrodynamics of Continuous Media, second English edition, 1984), 
All are published by Pergamon Press. 
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CHAPTER I 


FUNDAMENTAL EQUATIONS 


§1. The strain tensor 


Tue mechanics of solid bodies, regarded as continuous media, forms the content of the 
theory of elasticity.+ 

Under the action of applied forces, solid bodies exhibit deformation to some extent, i.e. 
they change in shape and volume. The deformation of a body is described mathematically 
in the following way. The position of any point in the body is defined by its position vector 
r (with components x; = x, X2 = Y, X3 = z) in some coordinate system. When the body is 
deformed, every point in it is in general displaced. Let us consider some particular point; let 
its position vector before the deformation be r, and after the deformation have a different 
value r’ (with components x’;). The displacement of this point due to the deformation is 
then given by the vector r’—r, which we shall denote by u: 


u; = x'i— Xi. (1.1) 


The vector u is called the displacement vector. The coordinates x’; of the displaced point 
are, of course, functions of the coordinates x; of the point before displacement. The 
displacement vector u; is therefore also a function of the coordinates x;. If the vector u is 
given as a function of x;, the deformation of the body is entirely determined. 

When a body is deformed, the distances between its points change. Let us consider two 
points very close together. If the radius vector joining them before the deformation is dx;, 
the radius vector joining the same two points in the deformed body is dx’; = dx; + du;. The 
distance between the points is dl = Aldrig +dx,? +dx3”) before the deformation, and 
dl’ = A (dx’,? + dx’,? +dx’,”) after it. Using the general summation rule, we can write 
dl? = dx,?, dl’? = dx';? = (dx; +du;)?. Substituting du; = (du;/0x,)dx,, we can write 

dl!2.= dl? Ae = we DM Te Axr 
Ox, Ox, OX, 
Since the summation is taken over both suffixes i and k in the second term on the right, this 
term can be put in the explicitly symmetrical form 


In the third term, we interchange the suffixes i and l. Then dl’? takes the final form 
dl’? = dl? + 2u;, dx; dx,, (1.2) 


+ The basic equations of elasticity theory were established in the 1820s by Cauchy and by Poisson. 
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2 Fundamental Equations §1 


where the tensor u;, is defined as 


1/du; du, Ou, du, 
=> ++. 1. 
Mik (2 a el oe a3) 


These expressions give the change in an element of length when the body is deformed. 
The tensor u; is called the strain tensor. We see from its definition that it is symmetrical, 

Le; 
Uik = Uki. (1.4) 


Like any symmetrical tensor, u; can be diagonalized at any given point. This means that, 
at any given point, we can choose coordinate axes (the principal axes of the tensor) in such 
a way that only the diagonal components u,,, U22, u33 of the tensor u; are different from 
zero. These components, the principal values of the strain tensor, will be denoted by u”, 
u), u®), It should be remembered, of course, that, if the tensor u; is diagonalized at any 
point in the body, it will not in general be diagonal at any other point. 

If the strain tensor is diagonalized at a given point, the element of length (1.2) near it 
becomes 

dl’? = (ix + 2u,) dx; dx, 
= (1+2u") dx,? + (1 + 2u’) dx? + (1 + 2u) dx,?. 


We see that the expression is the sum of three independent terms. This means that the 
strain in any volume element may be regarded as composed of independent strains in three 
mutually perpendicular directions, namely those of the principal axes of the strain tensor. 
Each of these strains is a simple extension (or compression) in the corresponding direction: 
the length dx, along the first principal axis becomes dx’, = \/(1+2u)dx,, and 
similarly for the other two axes. The quantity Ni (1+ 2u) —1 is consequently equal to the 
relative extension (dx'; — dx;)/dx; along the ith principal axis. 

In almost all cases occurring in practice, the strains are small. This means that the 
change in any distance in the body is small compared with the distance itself. In other 
words, the relative extensions are small compared with unity. In what follows we shall 
suppose that all strains are small. 

Ifa body is subjected to a small deformation, all the components of the strain tensor are 
small, since they give, as we have seen, the relative changes in lengths in the body. The 
displacement vector u;, however, may sometimes be large, even for small strains. For 
example, let us consider a long thin rod. Even for a large deflection, in which the ends of the 
rod move a considerable distance, the extensions and compressions in the rod itself will be 
small. 

Except in such special cases,} the displacement vector for a small deformation is itself 
small. For it is evident that a three-dimensional body (i.e. one whose dimension in no 
direction is small) cannot be deformed in such a way that parts of it move a considerable 
distance without the occurrence of considerable extensions and compressions in the body. 


t Which include, besides deformations of thin rods, those of thin plates to form cylindrical surfaces. We have 
also to exclude the case where the deformation of a three-dimensional body is accompanied by a rotation through 
a finite angle. 
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Thin rods will be discussed in Chapter II. In other cases the u; and their derivatives are 
small for small deformations, and we can therefore neglect the last term in the general 
expression (1.3), as being of the second order of smallness. Thus, for small deformations, 
the strain tensor is given by 


Uik =F +). (1.5) 


The relative extensions of the elements of length along the principal axes of the strain 
tensor (at a given point) are, to within higher-order quantities, V (1 +2u®)—1 x u”, i.e. 
they are the principal values of the tensor uj,. 
Let us consider an infinitesimal volume element dV, and find its volume dV’ after the 
deformation. To do so, we take the principal axes of the strain tensor, at the point 
considered, as the coordinate axes. Then the elements of length dx, , dx,, dx, along these 
axes become, after the deformation, dx’, = (1+u")dx,, etc. The volume dV is the 
product dx, dx, dx3, while dV’ is dx’; dx’, dx’3. Thus dV’ = dV (1 +u") (1 +u”) x 
x (1+u). Neglecting higher-order terms, we therefore have dV’ = dV (1 +u?) + u? + 
+u), The sum u) + u?) + u® of the principal values of a tensor is well known to be 
invariant, and is equal to the sum of the diagonal components uj; = u,, + U22 + u33 in any 
coordinate system. Thus 
dv’ =dV(1+u;). (1.6) 


We see that the sum of the diagonal components of the strain tensor is the relative volume 
change (dV' --dV)/dV. 

It is often convenient to use the components of the strain tensor in spherical polar or 
cylindrical polar coordinates. We give here, for reference, the corresponding formulae, 
which express the components in terms of the derivatives of the components of the 
displacement vector in the same coordinates. In spherical polar coordinates r, 0, ġ, we have 


_ Ou, lôu u, aorew 1 ls oa A 

Mer Gp MOF BGO pi $¢ “rsinO ddr p 

1 / du, 1 Ou, Oup ug  1ôu, 
oiL Cost io taf etl odie pele 17 
Aes at ug00t8 ) +a ah ae ae in, PO i) 


1 du, du, wu, 


Mor = sind O dr r 


In cylindrical polar coordinates r, @, 2, 


Si ee ig m 
Uy, ôr’? ob r Ob r’ A az’ 
ldu, du, ĝu, Ou 
Pe egal ar pe A =z tee 1.8 
2g: rap dz’ Are z Or’ a3) 
du, uy, , 1du, 
ar TS 


§2. The stress tensor 


In a body that is not deformed, the arrangement of the molecules corresponds to a state 
of thermal equilibrium. All parts of the body are in mechanical equilibrium. This means 


4 Fundamental Equations §2 


that, if some portion of the body is considered, the resultant of the forces on that portion is 
zero. 

When a deformation occurs, the arrangement of the molecules is changed, and the body 
ceases to be in its original state of equilibrium. Forces therefore arise which tend to return 
the body to equilibrium. These internal forces which occur when a body is deformed are 
called internal stresses. If no deformation occurs, there are no internal stresses. 

The internal stresses are due to molecular forces, i.e. the forces of interaction between 
the molecules. An important fact in the theory of elasticity is that the molecular forces have 
a very short range of action. Their effect extends only to the neighbourhood of the 
molecule exerting them, over a distance of the same order as that between the molecules, 
whereas in the theory of elasticity, which is a macroscopic theory, the only distances 
considered are those large compared with the distances between the molecules. The range 
of action of the molecular forces should therefore be taken as zero in the theory of 
elasticity. We can say that the forces which cause the internal stresses are, as regards the 
theory of elasticity, “near-action” forces, which act from any point only to neighbouring 
points. Hence it fotlows that the forces exerted on any part of the body by surrounding 
parts act only on the surface of this part. 

The following reservation should be made here. The above assertion is not valid in cases 
where the deformation of the body results in macroscopic electric fields in it (pyroelectric 
and piezoelectric bodies). Such bodies are discussed in ECM. 

Let us consider the total force on some portion of the body. Firstly, this total force is 
equal to the sum of all the forces on all the volume elements in that portion of the body, i.e. 
it can be written as the volume integral { F dV, where F is the force per unit volume and 
FdV the force on the volume element dV. Secondly, the forces with which various parts of 
the portion considered act on one another cannot give anything but zero in the total 
resultant force, since they cancel by Newton’s third law. The required total force can 
therefore be regarded as the sum of the forces exerted on the given portion of the body by 
the portions surrounding it. From above, however, these forces act on the surface of that 
portion, and so the resultant force can be represented as the sum of forces acting on all the 
surface elements, i.e. as an integral over the surface. 

Thus, for any portion of the body, each of the three components f F; dV of the resultant 
of all the internal stresses can be transformed into an integral over the surface. As we know 
from vector analysis, the integral of a scalar over an arbitrary volume can be transformed 
into an integral over the surface if the scalar is the divergence of a vector. In the present 
case we have the integral of a vector, and not of a scalar. Hence the vector F; must be the 
divergence of a tensor of rank two, i.e. be of the form 


F, = 064/0x,. (2.1) 


Then the force on any volume can be written as an integral over the closed surface 
bounding that volume:+ 


+ The vector df is along the normal outward from the closed surface. The integral over a closed surface is 


transformed i i 
Ps Pee into one over the volume enclosed by the surface by replacing the surface element df; by the operator 


Strictly speaking, to determine the total force on a deformed i i 
8 r portion of the body we should integrate, not 
over the old coordinates x;, but over the coordinates x’; of the points of the deformed body. The Aliats (2.1) 


should therefore be taken with respect to x';. However, in view of the smallness of the deformation, the 


derivatives with res; ti d i í see apes 
with respect to chs Codella a difer only by higher-order quantities, and so the derivatives can be taken 
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frav- fitar feud. (2.2) 


OX, 


The tensor g; is called the stress tensor. As we see from (2.2), o;,df, is the ith component 
of the force on the surface element df. By taking elements of area in the planes of xy, yz, zx, 
we find that the component o;, of the stress tensor is the ith component of the force on unit 
area perpendicular to the x,-axis. For instance, the force on unit area perpendicular to the 
x-axis, normal to the area (i.e. along the x-axis), is o yx, and the tangential forces (along the y 
and z axes) are o,, and ozy. 

The following remark should be made concerning the sign of the force odh. The 
surface integral in (2.2) is the force exerted on the volume enclosed by the surface by the 
surrounding parts of the body. The force which this volume exerts on the surface 
surrounding it is the same with the opposite sign. Hence, for example, the force exerted by 
the internal stresses on the surface of the body itself is — 4a,,df,, where the integral is taken 
over the surface of the body and df is along the outward normal. 

Let us determine the moment of the forces on a portion of the body. The moment of the 
force F can be written as an antisymmetrical tensor of rank two, whose components are 
Fx, — F,x;, where x; are the coordinates of the point where the force is applied. t Hence 
the moment of the forces on the volume element dV is ( F;x, — F,x;)dV, and the moment of 
the forces on the whole volume is Mix = f (Fix; — F,x;)dV. Like the total force on any 
volume, this moment can be expressed as an integral over the surface bounding the 
volume. Substituting the expression (2.1) for F;, we find 


8 (G1 X4 — Xi) OX, 0x; 
= i — Suz }dV. 
| ia dV flon ii Or Ix, d 


In the second term we use the fact that the derivative of a coordinate with respect to itself is 
unity, and with respect to another coordinate is zero (since the three coordinates are 
independent variables); thus 0x,/0x; = Ôu, where ôy is the unit tensor. In the first term, the 
integrand is the divergence of a tensor; the integral can be transformed into one over the 


surface. The result is 


Mik = flown —ouxdh+ Jlou-ewrar. (2.3) 


The tensor M will be an integral over the surface alone if the stress tensor is sym- 
metrical: 


Oik = Okis (2.4) 


so that the volume integral vanishes; the basis for this important statement will be further 


+ The moment of the force F is defined as the vector product F xr, and we know from vector analysis that the 
components of a vector product form an antisymmetrical tensor of rank two as written here. 


6 Fundamental Equations §2 


discussed at the end of the section. The moment of the forces on a portion of the body can 
then be written simply as 


Mi = fex —F,x;)dV -fio = Ou Xi) df. (2.5) 


It is easy to find the stress tensor for a body undergoing uniform compression from all 
sides (hydrostatic compression). In this case a pressure of the same magnitude acts on every 
unit area on the surface of the body, and its direction is along the inward normal. If this 
pressure is denoted by p, a force — pdf; acts on the surface element df;. This force, in terms 
of the stress tensor, must be o,,df,. Writing — pdf; = —pd,df,, we see that the stress 
tensor in hydrostatic compression is 


Oik = — POx- (2.6) 


Its non-zero components are simply equal to the pressure. 

In the general case of an arbitrary deformation, the non-diagonal components of the 
stress tensor are also non-zero. This means that not only a normal force but also tangential 
(shearing) stresses act on each surface element. These latter stresses tend to move the 
surface elements relative to each other. 

In equilibrium the internal stresses in every volume element must balance, i.e. we must 
have F; = 0. Thus the equations of equilibrium for a deformed body are 


06;,/0x, = 0. (2.7) 


If the body is in a gravitational field, the sum F + pg of the internal stresses and the force of 
gravity (pg per unit volume) must vanish; p is the densityt and g the gravitational 
acceleration vector, directed vertically downwards. In this case the equations of 
equilibrium are 

06;,/0X, + pg; = 0. (2.8) 


The external forces applied to the surface of the body (which are the usual cause of 
deformation) appear in the boundary conditions on the equations of equilibrium. Let P be 
the external force on unit area of the surface of the body, so that a force P df acts ona 
surface element df. In equilibrium, this must be balanced by the force —o;, df, of the 
internal stresses acting on that element. Thus we must have P;df— cdf, = 0. Writing 
df, = n df, where n is a unit vector along the outward normal to the surface, we find 


Cnn = P;. (2.9) 


This is the condition which must be satisfied at every point on the surface of a body in 
equilibrium. 

We shall derive also a formula giving the mean value of the stress tensor in a deformed 
body. To do so, we multiply equation (2.7) by x, and integrate over the whole volume: 


don 0(64X,) ôx 
Sea esha A ba ER ay 
E p f Ox, ik fou ôx, him 03 


The first integral on the right is transformed into a surface integral; in the second integral 
we put Ox,/0x, = ôu. The result is $04. x, df, — foxdV =0. Substituting (2.9) in the first 


t Strictly speaking, the density of a body chan, iti 
3 l nsity ges when it is deformed. An allowance for thi 
involves higher-order quantities in the case of small deformations, and is therefore ASA “srl 
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integral, we find $ P;x, df = fou dV = Või, where V is the volume of the body and 6;, the 
mean value of the stress tensor. Since cw = Gx; this formula can be written in the 
symmetrical form 


oi = UVP Pex (2.10) 


Thus the mean value of the stress tensor can be found immediately from the external forces 
acting on the body, without solving the equations of equilibrium. 

Let us now go back to the proof given above that the stress tensor is symmetrical, since it 
is in need of refinement. The physical condition imposed, that the tensor M,, be 
representable as an integral over the surface alone, is satisfied not only if the 
antisymmetrical part of the tensor o, (that is, the integrand in the volume integral in (2.3)) 
is zero, but also if it is a divergence, i.e. if 


Fin — Oki = 20ig /OX,, Pur = — Pua (2.11) 


where Qix is any tensor antisymmetrical in the first pair of suffixes. In the present case, this 
tensor is to be expressed in terms of the derivatives du;/@x,, and accordingly the stress 
tensor contains terms in higher derivatives of the displacement vector. Within the theory 
of elasticity as described here, all such terms should be regarded as higher-order small 
quantities and omitted. 

It is, however, important in principle that the stress tensor can be reduced to a 
symmetrical form even if these terms are not neglected.} The reason is that the definition 
(2.1) of this tensor is not unique: any transformation is possible that is of the form 


Six — Fin = Oia /OX1, Xit = — Xiks (2.12) 


where Yiu is any tensor antisymmetrical in the last pair of suffixes. Evidently, the 
derivatives éa;,/0x, and 06;,/0x,, which determine the force F, are identically equal. If the 
antisymmetrical part of o;, has the form (2.11), then an unsymmetrical o;, can be made 
symmetrical by a transformation of this type. The symmetrical tensor is 


Fix = F(x + Sui) + OC Pin + Puri)/O%15 (2.13) 
it is easy to see that ix — oj, has the form (2.12) with 
Xi = Pri + Pin — Pia (2.14) 


(P. C. Martin, O. Parodi and P. S. Pershan 1972). 


§3. The thermodynamics of deformation 


Let us consider some deformed body, and suppose that the deformation is changed in 
such a way that the displacement vector u; changes by a small amount ĝu;; and let us 
determine the work done by the internal stresses in this change. Multiplying the force 
F, = 00,/0x, by the displacement ĝu; and integrating over the volume of the body, we 
have [SR dV = f (Ao /0x,)du; dV, where ÔR denotes the work done by the internal stresses 
per unit volume. We integrate by parts, obtaining 


06u; 
=(Qo,6u,df— |o,—4dV. 
for av = hondudh fo Ox, d 


+ In accordance with the general results of the microscopic theory (Fields, §32) 
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By considering an infinite medium which is not deformed at infinity, we make the 
surface of integration in the first integral tend to infinity; then oix = 0 on the surface, and 
the integral is zero. The second integral can, by virtue of the symmetry of the tensor aix, be 


written i 7 28 
u; ug : 
mea Nae (ete dY 
for dv 3 fos ( FET + Ox; ) 
1 ĝu; Ou, 
= —+— ]dV 
Z fous (= 6x; Ja 
=— fondusav. 
Thus we find 


ÔR = —6;, du. (3.1) 


This formula gives the work ôR in terms of the change in the strain tensor. 

If the deformation of the body is fairly small, it returns to its original undeformed state 
when the external forces causing the deformation cease to act. Such deformations are said 
to be elastic. For large deformations, the removal of the external forces does not result in 
the total disappearance of the deformation; a residual deformation remains, so that the 
state of the body is not that which existed before the forces were applied. Such 
deformations are said to be plastic. In what follows (except in Chapter IV) we shall 
consider only elastic deformations. 

We shall also suppose that the process of deformation occurs so slowly that 
thermodynamic equilibrium is established in the body at every instant, in accordance with 
the external conditions. This assumption is almost always justified in practice. The process 
will then be thermodynamically reversible. 

In what follows we shall take all such thermodynamic quantities as the entropy S, the 
internal energy @, etc., relative to unit volume of the body, and not relative to unit mass as 
in fluid mechanics, and denote them by the corresponding capital letters. 

The following remark should be made here. Strictly speaking, the unit volumes before 
and after the deformation should be distinguished, since they in general contain different 
amounts of matter. We shall always (except in Chapter VI) relate the thermodynamic 
quantities to unit volume of the undeformed body, i.e. to the amount of matter therein, 
which may occupy a different volume after the deformation. Accordingly, the total energy 
~ ve body, for example, is obtained by integrating & over the volume of the undeformed 

ody. 

An infinitesimal change dé in the internal energy is equal to the difference between the 
heat acquired by the unit volume considered and the work dR done by the internal stresses. 


The amount of heat is, for a reversible process, TdS, where T is the temperature. Thus 
dé = TdS — dR; with dR given by (3.1), we obtain 


dé = TdS + odu. (3.2) 


This is the fundamental thermodynamic relation for deformed bodies. 

In hydrostatic compression, the stress tensor is Gk = —pd, (2.6). Then Sx dui = 
— Põik dui = —pdu;;. We have seen, however (cf. (1.6)), that the sum u; is the relative 
volume change due to the deformation. If we consider 


ee : t unit volume, therefore, u; is simply 
e change in that volume, and du;;is the volume element dV. The thermodynamic relation 
then takes its usual form 


dê = TdS — pdV. (3.2a) 
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Introducing the (Helmholtz) free energy of the body, F = &—TS, we find the form 
dF = —Sd7 + cix du;, (3.3) 


of the relation (3.2). Finally, the thermodynamic potential (Gibbs free energy) ® is defined 
as 
® = 6 —TS — oyu, = F — ou. (3.4) 


This is a generalization of the usual expression ® = £ — TS + pV.+ Substituting (3.4) in 
(3.3), we find 
d® = — SdT — uir doy. (3.5) 


The independent variables in (3.2) and (3.3) are respectively S, u; and T, uix. The 
components of the stress tensor can be obtained by differentiating & or F with respect to 
the components of the strain tensor, for constant entropy S or temperature T respectively: 


Cik = (06 /Ouj,)s = (OF /Oujx)r- (3.6) 


Similarly, by differentiating ® with respect to the components o;,, we can obtain the 


components uj: 
Ux = — (6®/A0%)r- ‘ (3.7) 


§4. Hooke’s law 


In order to be able to apply the general formulae of thermodynamics to any particular 
case, we must know the free energy F of the body as a function of the strain tensor. This 
expression is easily obtained by using the fact that the deformation is small and expanding 
the free energy in powers of uix. We shall at present consider only isotropic bodies. The 
corresponding results for crystals will be obtained in §10. 

In considering a deformed body at some temperature (constant throughout the body), 
we shall take the undeformed state to be the state of the body in the absence of external 
forces and at the same temperature; this last condition is necessary on account of the 
thermal expansion (see §6). Then, for uix = 0, the internal stresses are zero also, i.e. o; = 0. 
Since c; = OF /Ou;,, it follows that there is no linear term in the expansion of F in powers 
of ux. 

Next, since the free energy is a scalar, each term in the expansion of F must be a scalar 
also. Two independent scalars of the second degree can be formed from the components of 
the symmetrical tensor u: they can be taken as the squared sum of the diagonal 
components (u;?) and the sum of the squares of all the components (u;,). Expanding F in 
powers of ux, we therefore have as far as terms of the second order 


F = Fo + hu? + pug’. (4.1) 


This is the general expression for the free energy of a deformed isotropic body. The 
quantities 4 and y are called Lamé coefficients. 

We have seen in §1 that the change in volume in the deformation is given by the sum u;;. 
If this sum is zero, then the volume of the body is unchanged by the deformation, only its 
shape being altered. Such a deformation is called a pure shear. 


+ For hydrostatic compression, the expression (3.4) becomes ® = F + pu; = F +p( V — Vo), where V — Vo is 
the volume change resulting from the deformation. Hence we see that the definition of ® used here differs by a 
term — pV, from the usual definition ® = F + pV. 
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The opposite case is that of a deformation which causes a change in the volume of the 
body but no change in its shape. Each volume element of the body retains its shape also. 
We have seen in §1 that the tensor of such a deformation is u; = constant x 6. Such a 
deformation is called a hydrostatic compression. 

Any deformation can be represented as the sum of a pure shear and a hydrostatic 
compression. To do so, we need only use the identity 


Uik = (Uik —$ÒikUn) + 35 ;xUn- (4.2) 


The first term on the right is evidently a pure shear, since the sum of its diagonal terms is 
zero (Ô; = 3). The second term is a hydrostatic compression. 

Asa general expression for the free energy of a deformed isotropic body, it is convenient 
to replace (4.1) by another formula, using this decomposition of an arbitrary deformation 
into a pure shear and a hydrostatic compression. We take as the two independent scalars of 
the second degree the sums of the squared components of the two terms in (4.2). Then F 
becomest 

F = p(uy —40,uy)? +4 Ku’. (4.3) 


The quantities K and pare called respectively the bulk modulus or modulus of hydrostatic 
compression (or simply the modulus of compression) and the shear modulus or modulus of 
rigidity. K is related to the Lamé coefficients by 


K =A+3u. (4.4) 


In a state of thermodynamic equilibrium, the free energy is a minimum. If no external 
forces act on the body, then F as a function of u; must have a minimum for u; = 0. This 
means that the quadratic form (4.3) must be positive. If the tensor u; is such that u = 0, 
only the first term remains in (4.3); if, on the other hand, the tensor is of the form 
uj, = constant x 6,,, then only the second term remains. Hence it follows that a necessary 
(and evidently sufficient) condition for the form (4.3) to be positive is that each of the 
coefficients K and y be positive. Thus we conclude that the moduli of compression and 
rigidity are always positive: 

K>0,p>0. (4.5) 


We now use the general thermodynamic relation (3.6) to determine the stress tensor. To 
calculate the derivatives @F/du,, we write the total differential dF (for constant 
temperature): 


dF = Kudun + 2p (vin — Fun dix) d (uix —Fuydix). 


In the second term, multiplication of the first parenthesis by 5, gives zero, leaving dF 
= Kuy dun + 24 (uy —4uy 64) dux, or writing duy = 5, duik, 
dF = [Kun Ôx + 2u (u — funn) ] dur. 
Hence the stress tensor is 
Oix = Kunôik + 2yu(uir —45;, uy). (4.6) 


ie sarenaeian aoina the stress tensor in terms of the strain tensor for an isotropic 
ody. It shows that, if the deformation is a pure shear or i i 

S a pure hydr 
the relation between o, and u; 5 ope a, 


; ix is determined only by the igidi 
hydrostatic compression respectively. naa oo septal 


+ The constant term Fo is the free ener, ol formed bod: of no further interest. We shall 
x gy of the undei ed ly, and is of further i 
therefore omit it, for brevit: , taking F to be o; i ti: 
‘ y, g nly the free energy of the deformation (the elastic free energy, as it is 


§5 Homogeneous deformations 11 


It is not difficult to obtain the converse formula which expresses u,, in terms of oix. To do 
so, we find the sum øg; of the diagonal terms. Since this sum is zero for the second term of 
(4.6), we have Gu = 3Ku,, or 


uj = 0;;/3K. (4.7) 
Substituting this expression in (4.6) and so determining u;,, we find 
Uik = Oe 6n/9K + (Gx —45.6u)/2K, (4.8) 


which gives the strain tensor in terms of the stress tensor. 

Equation (4.7) shows that the relative change in volume (u;;) in any deformation of an 
isotropic body depends only on the sum ø; of the diagonal components of the stress 
tensor, and the relation between u; and g; is determined only by the modulus of 
hydrostatic compression. In hydrostatic compression of a body, the stress tensor is 
Oix = — Pô- Hence we have in this case, from (4.7), 


uj = —p/K. (4.9) 


Since the deformations are small, u; and p are small quantities, and we can write the ratio 
u;,/p of the relative volume change to the pressure in the differential form (1/V) (0V/dp),. 
Thus 


The quantity 1/K is called the coefficient of hydrostatic compression (or simply the 
coefficient of compression). 

We see from (4.8) that the strain tensor u; is a linear function of the stress tensor oj. 
That is, the deformation is proportional to the applied forces. This law, valid for small 
deformations, is called Hooke’s law.t 

We may give also a useful form of the expression for the free energy of a deformed body, 
which is obtained immediately from the fact that F is quadratic in the strain tensor. 
According to Euler’s theorem, u,0F/du, = 2F, whence, since OF /Ouy, = Cik, we have 


F =4oyuy. (4.10) 


If we substitute in this formula the u;, as linear combinations of the components o;,, the 
elastic energy will be represented as a quadratic function of the oj. Again applying Euler’s 
theorem, we obtain o,,0F /0o,%, = 2F, and a comparison with (4.10) shows that 


Uj, = OF /OGix. (4.11) 


It should be emphasized, however, that, whereas the formula Si = OF /du,, is a general 
relation of thermodynamics, the inverse formula (4.11) is applicable only if Hooke’s law is 
valid. 


§5. Homogeneous deformations 


Let us consider some simple cases of what are called homogeneous deformations, i.e. 
those in which the strain tensor is constant throughout the volume of the body. For 


+ Hooke’s law is actually applicable to almost all elastic deformations. The reason is that deformations usually 
cease to be elastic when they are still so small that Hooke’s law is a good approximation. Substances such as 


rubber form an exception. i j 
t The six components of the tensor u; are not entirely independent, since they are expressed in terms of the 
derivatives of only three independent functions, the components of the vector u (see §7, Problem 9). But the six 


constants u; can in principle be specified arbitrarily. 
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example, the hydrostatic compression already considered is a homogeneous deformation. 

We first consider a simple extension (or compression) of a rod. Let the rod be along the 
z-axis, and let forces be applied to its ends which stretch it in both directions. These forces 
act uniformly over the end surfaces of the rod; let the force on unit area be p. 

Since the deformation is homogeneous, i.e. uy, is constant through the body, the stress 
tensor gą is also constant, and so it can be determined at once from the boundary 
conditions (2.8). There is no external force on the sides of the rod, and therefore oin; = 0. 
Since the unit vector n on the side of the rod is perpendicular to the z-axis, i.e. n, = 0, it 
follows that all the components Gi except o,, are zero. On the end surface we have 
G,iN; = p, OF 0z: = P. 

From the general expression (4.8) which relates the components of the strain and stress 
tensors, we see that all the components u; with i#k are zero. For the remaining 
components we find 


is aap ati ENa ak. 5.1 
wk yy 3 2u 3K P, W =3 aK tp Pp. (5.1) 


The component u,, gives the relative lengthening of the rod. The coefficient of p is called 
the coefficient of extension, and its reciprocal is the modulus of extension or Young’s 
modulus, E: 

u,, = p/E, (5.2) 
where 
E = 9Kyp/(3K +p). (5.3) 


The components uxx and u,, give the relative compression of the rod in the transverse 
direction. The ratio of the transverse compression to the longitudinal extension is called 
Poisson’s ratio, o:+ 

Uxx = —Ou,,, (5.4) 
where 


o =} (3K —2y)/(3K + p). (5.5) 


Since K and y are always positive, Poisson’s ratio can vary between — 1 (for K = 0) and 
+ (for p = 0). Thust 


-1 <c <}. (5.6) 
Finally, the relative increase in the volume of the rod is 
u; = p/3K. (5.7) 


The free energy of a stretched rod can be obtained immediately from formula (4.10). Since 
only the component o,, is not zero, we have F = 4o., u,,, whence 


F = p22. (5.8) 


4! The use of ø to denote Poisson’s ratio and ø 
ambiguity, since the latter always have suffixes. 
zi db Practic Taea 's ratio varie only between 0 and $. There are no substances known for which ø < 0, i.e. 
E aly T EGRI phen stretched longitudinally. It may be mentioned that the inequality o $: 0 
aa Pees i z e Lamé coefficient appearing in (4.1); in other words, both terms in (4.1), as well 
A erst practice, although this is not thermodynamically necessary. Values of g close to} 

respond to a modulus of rigidity which is small compared with the modulus of compression 


ix to denote the components of the stress tensor cannot lead to 


§5 Homogeneous deformations 13 


In what follows we shall, as is customary, use E and ø instead of K and H. These and the 
second Lameé coefficient are given in terms of E and ø by 


1 = Eo/(1 —20)(1 +0), } 
u = E/2(1 +0), K = E/3(1 — 20). 


We shall write out here the general formulae of §4, with the coefficients expressed in terms 
of E and ø. The free energy is 


(5.9) 


E o 
F =———_| up +—— ur }. F 
21 ai Ly ) 6:0) 
The stress tensor is given in terms of the strain tensor by 
E o 
Oik g(t omen). (5.11) 
Conversely, 
Ux = [(1 + o)o, — COuôik ]/E. (5.12) 


Since formulae (5.11) and (5.12) are in frequent use, we shall give them also in component 
form: 


E 
Ox, = (+0) (020) —a)u,, + o(u,, +u,2)], 
E 
Oy = (1 +0)(1 20) [(1 —o)u,, + o(u,, +u..)], gi 


= —— [(1 — y 
Ozz a a a) a 7 20) [( o)u,, $ O(üxx F uy,)] 
E E P 
= = u =—-4,,, 
Oxy 1 re o Uxy, Oxz if +o xz? Oyz 1 + o yz 
and conversely 
1 
Uxx = E [0 74 a(o,, aT UEAN 
1 
uy = E [o,, me O(G x. F 6,2) ], 
(5.14) 
1 
Uz: = E laz lC Sy,)], 
l+o 1+0 l+o 
uy = El Oxy, Uxz = O° Uy, = Pisa 


Let us now consider the compression of a rod whose sides are fixed in such a way that 
they cannot move. The external forces which cause the compression of the rod are applied 
to its ends and act along its length, which we again take to be along the z-axis. Such a 
deformation is called a unilateral compression. Since the rod is deformed only in the z- 
direction, only the component u,, of uj is not zero. Then we have from (5.11) 


Biya oh bas, chops oil: (Leia) sine 
Pax = Om = Te ayia) (0) 20) 
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Again denoting the compressing force by p (,, = p, which is negative for a compression), 
we have 

u,, = p(1 + 0) (1 —20)/E(1 — o). (5.15) 
The coefficient of p is called the coefficient of unilateral compression. For the transverse 
stresses we have 


Oxx = Fyy = po | (1—0). (5.16) 
Finally, the free energy of the rod is 
F = p°(1 + a) (1 — 20)/2E(1 — 0). (5.17) 


§6. Deformations with change of temperature 


Let us now consider deformations which are accompanied by a change in the 
temperature of the body; this can occur either as a result of the deformation process itself, 
or from external causes. 

We shall regard as the undeformed state the state of the body in the absence of external 
forces at some given temperature To. If the body is at a temperature T different from To, 
then, even if there are no external forces, it will in general be deformed, on account of 
thermal expansion. In the expansion of the free energy F(T), there will therefore be terms 
linear, as well as quadratic, in the strain tensor. From the components of the tensor tix, of 
tank two, we can form only one linear scalar quantity, the sum uy of its diagonal 
components. We shall also assume that the temperature change T — To which accompanies 
the deformation is small. We can then suppose that the coefficient of u; in the expansion of 
F (which must vanish for T = To) is simply proportional to the difference T— To. Thus we 
find the free energy to be (instead of (4.3)) 


F(T) = Fo(T) — Ka(T — T)uy + w(x —$ôixtu) +4. K uy, (6.1) 


where the coefficient of T— To has been written as — Ka. The quantities u, K and « can 
here be supposed constant; an allowance for their temperature dependence would lead to 
terms of higher order. 


Differentiating F with respect to u, we obtain the stress tensor: 
Cix = — Ka(T—To)dix + Kuydiz + 2p (ui — 45 ;,Uy). (6.2) 


The first term gives the additional stresses caused by the change in temperature. In free 
thermal expansion of the body (external forces being absent), there can be no internal 
Stresses. Equating dix to zero, we find that u; is of the form constant x ôi, and 


uy = a(T— Tp). (6.3) 


But u, is the relative change in volume caused by the deformation. Thus « is just the 
thermal expansion coefficient of the body. 

Among the various (thermodynamic) types of deformation, isothermal and adiabatic 
deformations are of importance. In isothermal deformations, the temperature of the body 
does not change. Accordingly, we must put T= Top in (6.1), returning to the usual 
formulae; the coefficients K and p may therefore be called isothermal moduli. 

A deformation is adiabatic if there is no exchange of heat between the various parts of 
the body (or, of course, between the body and the surrounding medium). The entropy S 
remains constant. It is the derivative —@F/dT of the free energy with respect to 
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temperature. Differentiating the expression (6.1), we have as far as terms of the first order 
in Uik 

S(T) = So(T) + Kaun. (6.4) 


Putting S constant, we can determine the change of temperature T— Tọ due to the 
deformation, which is therefore proportional to u,: 


CUTE T Ty = Kony. (6.5) 


Substituting this expression for T— Tp in (6.2), we obtain for g; an expression of the usual 
kind, 
Oik = Kagtudix + 2M(Uix — $0inttn), (6.6) 


with the same modulus of rigidity 4 but a different modulus of compression K,4. The 
relation between the adiabatic modulus K,, and the ordinary isothermal modulus K can 
also be found directly from the thermodynamic formula 


(<) -($) 4 Tver), 
op Js ôp Jr C, : 


where C, is the specific heat per unit volume at constant pressure. If V is taken to be the 
volume occupied by matter which before the deformation occupied unit volume, the 
derivatives 0V/€T and ôV /ðp give the relative volume changes in heating and compression 
respectively. That is, 

(AV/aT), =a, (@V/ðp)s = —1/Kaa, (OV /Op)r = — 1/K. 


Thus we find the relation between the adiabatic and isothermal moduli to bet 


1/Kyg = 1/K=To?/Cy, Had = H- (6.7) 
For the adiabatic Young’s modulus and Poisson’s ratio we easily obtain 
E _ a+ ETa?/9C, 


Ea (6.8) 


A e a a ES 
In practice, E7x?/C, is usually small, and it is therefore sufficiently accurate to put 
E,q = E+ E?Ta?/9C,, o,a = 0 + (1 +0)ETa?/9C,. (6.9) 


In isothermal deformation, the stress tensor is given in terms of the derivatives of the 


free energy: 
Oix = (OF /Ouy)r- 


For constant entropy, on the other hand, we have (see (3.6) 
ix = (ÔE /Oux)s, 


where £ is the internal energy. Accordingly, the expression analogous to (4.3) determines, 
for adiabatic deformations, not the free energy but the internal energy per unit volume: 


6 =4Kygtu? + HU — $uydix)- (6.10) 


“Todaya formulae from (6.5) and (6.6), we should have to use also the thermodynamic formula 
C,—C, = Ta? K. 
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§7. The equations of equilibrium for isotropic bodies 


Let us now derive the equations of equilibrium for isotropic solid bodies. To do so, we 
substitute in the general equations (2.7) 


06;,/0x, + pgi = 9 
the expression (5.11) for the stress tensor. We have 
OG, Eo Ouy $ E du. 
dx,  (1+0)(1—2a) dx; 1+0 ôx, 


Peal Ou; |, OMe 
ER aeiae Ay AA 


we obtain the equations of equilibrium in the form 
E @u, y E Oru, 
2(1+0)ôx 2(1 +0) (1 — 20) éx,dx, 
These equations can be conveniently rewritten in vector notation. The quantities 07u,/dx,? 


are components of the vector Au, and du,/Ax; = div u. Thus the equations of equilibrium 
become 


Substituting 


1 2(1 +0) 
TYR Gee a 


It is sometimes useful to transform this equation by using the vector identity 
graddivu = ^u + curl curlu. Then (7.2) becomes 


Aut+ 


graddivu = —p (7.2) 


1-26 
rad diy u———— 
g ivu a) 
eg (1 +a) (1 —2¢) 
E(1 — o) 
We have written the equations of equilibrium for a uniform gravitational field, since this 


is the body force most usually encountered in the theory of elasticity. If there are other 


body forces, the vector pg on the right-hand side of the equation must be replaced 
accordingly. 


A very important case is that where the deformation of the body is caused, not by body 
forces, but by forces applied to its surface. The equation of equilibrium then becomes 


(1—20) ^u + grad div u = 0 (7.4) 


curl curlu 


(7.3) 


or 
2(1 — o) grad div u — (1 — 2o) curl curl u = 0. (7.5) 


The external forces appear in the solution only through the boundary conditions. 
Taking the divergence of equation (7.4) and using the identity 


di = 
wet iv grad = A, 


A divu=0, (7.6) 


i.e. divu (which determines the volume change due to the deformation) is a harmonic 
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function. Taking the Laplacian of equation (7.4), we then obtain 
AdAu=0, (7.7) 


i.e. in equilibrium the displacement vector satisfies the biharmonic equation. These results 
remain valid in a uniform gravitational field (since the right-hand side of equation (7.2) 
gives zero on differentiation), but not in the general case of external forces which vary 
through the body. 

The fact that the displacement vector satisfies the biharmonic equation does not, of 
course, mean that the general integral of the equations of equilibrium (in the absence of 
body forces) is an arbitrary biharmonic vector; it must be remembered that the function 
u(x, y, z) also satisfies the lower-order differential equation (7.4). It is possible, however, to 
express the general integral of the equations of equilibrium in terms of the derivatives of an 
arbitrary biharmonic vector (see Problem 10). 

If the body is non-uniformly heated, an additional term appears in the equation of 
equilibrium. The stress tensor must include the term 


— Ka(T—T)oix 
(see (6.2)), and do;,/0x, accordingly contains a term 
— KadT/dx; = —[Ea/3(1 —20)]67/0x,. 
The equation of aera thus takes the form 


nes 3(1 — 20) 
201 +0) 


Let us consider the particular case of a plane deformation, in which one component of 
the displacement vector (u,) is zero throughout the body, while the components u,, u, 
depend only on x and y. The components u,,, u,,, uy, of the strain tensor then vanish 
identically, and therefore so do the components o,,, Oyz of the stress tensor (but not the 
longitudinal stress o,,, the existence of which is implied by the constancy of the length of 
the body in the z-direction).} 

Since all quantities are independent of the coordinate z, the equations of equilibrium (in 
the absence of external body forces) 00;,/0x, = 0 reduce in this case to two equations: 


i rad div u — curl curlu = « grad T. (7.8) 


ôo. 06,5 Oo,, | Ay, 
+" =], +— =0. 79 
mie ae aes 
The most general functions oxx, Oxy, Gyy Satisfying these equations are of the form 
Ox, =O y/dy?, Osy = — G7 x/Oxdy, ayy = G? y/Ox?, (7.10) 


where y is an arbitrary function of x and y. It is easy to obtain an equation which must be 
satisfied by this function. Such an equation must exist, since the three quantities oxx, Oxy, 
oy, can be expressed in terms of the two quantities uy, u,, and are therefore not 
independent. Using formulae (5.13), we find, for a plane deformation, 


Oxx + Fyy = E(Uye + Uyy)/(1 + 0) (1 — 20). 


+ The use of the theory of functions of a complex variable provides very powerful methods of solving plane 
problems in the theory of elasticity. See N. I. Muskhelishvili, Some Basic Problems of the Mathematical Theory of 


Elasticity, 2nd English ed., P. Noordhoff, Groningen 1963. 
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But 
du, du, t 
Oxx tO =A Ux Fuy = k oy = divu, 
and, since by (7.6) div uis harmonic, we conclude that the function y satisfies the equation 
AA ;z=9, (7.11) 


ie. it is biharmonic. This function is called the stress function. When the plane problem has 
been solved and the function y is known, the longitudinal stress o,, is determined at once 
from the formula 


Oz: = oE(u,, a uyy)/(L +0)(1—20) = O(Fx. + Oyb 


or 
o,,=aAy. (7.12) 
PROBLEMS 
PROBLEM 1. Determine the deformation of a long rod (with length /) standing vertically in a gravitational 
field. 


SOLUTION. We take the z-axis along the axis of the rod, and the xy-plane in the plane of its lower end. The 
equations of equilibrium are d0,;/0x; = 00,,/0x; = 0, 60,;/0x; = pg. On the sides of the rod all the components 
Ox except ¢,, must vanish, and on the upper end (z = |) ox: = dy, = ¢,, = 0, The solution of the equations of 
equilibrium satisfying these conditions is ¢,, = — pg(l — z), with all other oy zero. From oy we find uy to be u,, 
= Uy, = apg(l—z)/E,u,, = — pg(!—z)/E,u,, = ux, = u,, = 0,and hence by integration we have the components 
of the displacement vector, u, = opg(I—z)x/E, u, = opg(l—z)y/E, u, = —(pg/2E){P? — (l — 2} — a(x? + y)}. 
The expression for u, satisfies the boundary condition u, = 0 only at one point on the lower end of the rod, Hence 
the solution obtained is not valid near the lower end. 


PROBLEM 2. Determine the deformation of a hollow sphere (with external and internal radii R 2 and R,) with 
a pressure p, inside and p, outside. 


SOLUTION. We use spherical Polar coordinates, with the origin at the centre of the sphere. The displace- 
ment vector u is everywhere radial, and is a function of r alone. Hence curl u = 0, and equation (7.5) becomes 
grad div u = 0. Hence 


A 1 d(r?u) 
divu = T EPa constant = 3a, 


or u = ar+b/r?. The components of the strain tensor are (see formulae (1.7 =a —2bj/r? = = 
a+b/r*. The radial stress is oe 
E E 2E b 
Op = ——_______ u ——— 7 
aeaaea C7 Mr 20H) a o: 
The constants a and b are determined from the boundary conditions: ¢,, = —p, at r = R}, and a,, = — pz at 


r = R,. Hence we find 
_PiRi*=p2R,> 1-20 p — RÈR? (P: = Pa) l+o 
R-R3 Biss l ARPS RPS) MED 


wa example, the stress distribution ina spherical shell with a pressure p, = pinside and p, = 0 outside is given 


—_ PRY R? pR,? R} 
afta Boece gBes (148) 


For a thin spherical shell with thickness h = R,- 


a 


R, < R we have approximately 
u = pR?(1 — o)/2Eh, Co = =$pR/h, „= 4p, 
where G,, is the mean value of the radial stress over the thickness of the shell. 
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The stress distribution in an infinite elastic medium with a spherical cavity (with radius R) subjected to 
hydrostatic compression is obtained by putting R, = R, R3 = œ, p, = 0, p2 = P: 


At the surface of the cavity the tangential stresses og = 64, = —3p/2, i.e. they exceed the pressure at infinity. 


PROBLEM 3. Determine the deformation of a solid sphere (with radius R) in its own gravitational field. 


SOLUTION. The force of gravity on unit mass in a spherical body is —gr/R. Substituting this expression in 
place of g in equation (7.3), we obtain the following equation for the radial displacement: 


E(1—o) a(S sn) r 
U+oli-2w)dr\ dr) R 


R 
The solution finite for r = 0 which satisfies the condition ¢,, = 0 for r = R is 


zi _ geR(h pa (s =) 


10E(1 —0) l+0 R? 


It should be noticed that the substance is compressed (u„ <0) inside a spherical surface of radius 
R48 -—0)/30 +0)} and stretched outside it (u„ > 0). The pressure at the centre of the sphere is 
(3 — o)gpR/10(1 — 0). 


PROBLEM 4. Determine the deformation of a cylindrical pipe (with external and internal radii R, and R,), 
with a pressure p inside and no pressure outside.t 


SOLUTION, We use cylindrical polar coordinates, with the z-axis along the axis of the pipe. When the pressure 
is uniform along the pipe, the deformation is a purely radial displacement u, = u(r). Similarly to Problem 2, we 
have 

1 d(ru) 


div u = - —— = constant = 2a. 
r dr 


Hence u = ar + b/r. The non-zero components of the strain tensor are (see formulae (1.8)) u,, = du/dr = a — b/r’, 
Ugg = u/r = a+b/r?. From the conditions o,, = 0 at r = R3, and o,, = —p at r = Ry, we find 


pR,? (+9) (1-20) i} pR,?R,” ito 
"= RP -Re E R? -R> E 


The stress distribution is given by the formulae 


R MRE). engt) 
en (ne v oe RFR? aa) 


On = 2poR,?/(R2* — R,). 


T 2O 


PROBLEM 5. Determine the deformation of a cylinder rotating uniformly about its axis. 


SoLuTioN. Replacing the gravitational force in (7.3) by the centrifugal force pQ?r (where Q is the angular 
velocity), we have in cylindrical polar coordinates the following equation for the displacement u, = u(r): 


E(i-o) d (: a) Pie cite 
(1+0)(1—20) dr \r dr 

The solution which is finite for r = 0 and satisfies the condition o,, = 0 for r = R is 

p(l +4) (1 — 20) 


= 3 — 20) R? r°]. 
u BEU =o) r[(3—20) r°] 


PROBLEM 6. Determine the deformation of a non-uniformly heated sphere with a spherically symmetrical 
temperature distribution. 


+ In Problems 4, 5 and 7 it is assumed that the length of the cylinder is maintained constant, so that there is no 
longitudinal deformation. 
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SoLuTION. In spherical polar coordinates, equation (7.8) for a purely radial deformation is 
d (; a») it l+o dT 


dr\r? dr 3(1— 0) dr ` 
The solution which is finite for r = 0 and satisfies the condition o,, = 0 for r = R is 
r R 
l+o {1 2(1-—20) r f } 
=a——§5 | T(rdr+ — | T()r'dr>. 
4 arta Rees bing Eos ie OA 
o o 


The temperature T(r) is measured from the value for which the sphere, if uniformly heated, is regarded as 
undeformed. In the above formula the temperature in question is taken as that of the outer surface of the sphere, 
so that T(R) = 0. 


PROBLEM 7. The same as Problem 6, but for a non-uniformly heated cylinder with an axially symmetrical 
temperature distribution. 


SOLUTION. We similarly have in cylindrical polar coordinates 


r 


R 
aot [rears (1- wf T(r)rdr \ 
0 


u=a 
3(1 — 0) (r 
o 


PROBLEM 8. Determine the deformation of an infinite elastic medium with a given temperature distribution 
T(x, y, z) which is such that the temperature tends to a constant value To at infinity, there being no deformation 
there. 


SOLUTION. Equation (7.8) has an obvious solution for which curlu = 0 and 
div u = a(1 +0) [7(x, y, z)— To]/3(1 — 0). 


The vector u, whose divergence is a given function defined in all space and vanishing at infinity, and whose curl is 
zero identically, can be written, as we know from vector analysis, in the form 


Seer 
uy) = —2 grad free ar, 


where 
r= {=x +y -y+ e-z’). 
We therefore obtain the general solution of the problem in the form 


1 r= 
_ all+o) a7 To ay, a) 


TERCET 
where 7” = T(x’, y', z'). 


If a finite quantity of heat q is evolved in a very small volume at the origin, the temperature distribution can be 


written T— To = (q/C)5(x)6(y)6(2), where C is the specific heat of the medium. The integral in (1) is then g/Cr, and 
the deformation is given by 


aes a(l+a)q H 
12r(1-0)C r’' 


PROBLEM 9. Derive the equations of equilibrium for an isotropic body (in th i 
of the components of the stress tensor. R peer nanan ests hon 


SOLUTION. The required system of equations contains the three equations 
60,,/0x, = 0 (1) 


and also the equations resulting from the fact that the six different components of u, are not independent 


quantities. To derive these equations, we first write d i i i 
own the system of diffe i 
components of the tensor uy. It is easy to see that the quaatites rc 


wont (2%) 
antsy Ox, Ox; 
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satisfy identically the relations 
G úp -O lim fia PADE 
ÔX Xm OX, OX, P ÔXkÔXm Ox; OX," 
Here there are only six essentially different relations, namely those corresponding to the following values of i, k, l, 


m: 1122, 1133, 2233, 1123, 2213, 3312. All these are retained if the above tensor equation is contracted with respect 
to | and m: 


Õun Ou, uy 


Ox;Ox,  Ox,Ax, Ôx dx," 


Substituting here u in terms of d according to (5.12) and using (1), we obtain the required equations: 


Aviat (2) 


Poy 
(l+0)Aoy+ =0. (3) 
Ox; Ox, 
These equations remain valid in the presence of external forces constant throughout the body. 
Contracting equation (3) with respect to the suffixes i and k, we find that Ao, = 0, i.e. o, is a harmonic 
function, Taking the Laplacian of equation (3), we then find that A Ao, = 0, i.e. the components d; are 
biharmonic functions. These results follow also from (7.6) and (7.7), since o and u; are linearly related. 


PROBLEM 10. Express the general integral of the equations of equilibrium (in the absence of body forces) in 
terms of an arbitrary biharmonic vector. (B. G. Galerkin 1930). 


SOLUTION. It is natural to seek a solution of equation (7.4) in the form 
u= Af+A grad div f. 
Hence div u = (1 + A)div Af. Substituting in (7.4), we obtain 
(1—20) A Af+[2(1 —o)A + 1] grad div Af = 0. 


From this we see that, if f is an arbitrary biharmonic vector (A Af = 0), then 


u= Af- grad div f. 


1 
2(1 — 0) 


PROBLEM 11. Express the stresses 4,,, 644, 9, for a plane deformation (in polar coordinates r, ġ) as 
derivatives of the stress function. 


SOLUTION. Since the required expressions cannot depend on the choice of the initial line of ġ, they do not 
contain @ explicitly. Hence we can proceed as follows: we transform the Cartesian derivatives (7.10) into 
derivatives with respect to r, @, and use the results that ,, = (Oxx) = 0» Cge = (Fy) =0+ Fg = (xy) = 0, the angle 
p being measured from the x-axis. Thus 


ldy 1 dy ay A --£(¢2) 
ene or det Ee a ONTO) 


PROBLEM 12. Determine the stress distribution in an infinite elastic medium containing a spherical cavity and 
subjected to a homogeneous deformation at infinity. 


SoLuTION. A general homogeneous deformation can be represented as a combination of a homogeneous 
hydrostatic extension (or compression) and a homogeneous shear. The former has been considered in Problem 2, 
so that we need only consider a homogeneous shear. \ ’ : 

Let o,,° be the homogeneous stress field which would be found in all space if the cavity were absent: ina pure 
shear g; = 0. The corresponding displacement vector is denoted by uw, and we seek the required solution in 
the form u = wu +u®, where the function u” arising from the presence of the cavity is zero at infinity. 

Any solution of the biharmonic equation can be written as a linear combination of centrally symmetrical 
solutions and their spatial derivatives of various orders, The functions r?,r, 1, 1/r are independent centrally 
symmetrical solutions. Hence the most general form of a biharmonic vector a”, depending only on the 
components of the constant tensor oj ° as parameters and vanishing at infinity, is 

3 


(ie A w2 (1 + Bo oF _(2\4 coor (1) 
Ds ae to H ax, dx, 0x, \r Ox; Ox, Ox; 


Substituting this expression in equation (7.4), we obtain 
3 
dtu, ô du oyna Lys 
—20) — +— >= —20)C + (A + 2C)]Jo,,° —.—— - = 0, 
(1-20) a + ae ag, Ct 2 + (At ONO a ae Ox 7 


ILLAT 
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i ined from the condition at 
- lations between the constants A, B, C are obtained th nd 
page y Pa pertan = 0 for r = R (R being the radius of the cavity, the origin at its centre, 
ae auch vector parallel to r). A somewhat lengthy calculation, using (1), gives the following values: 


B=CR?/5, C = 5R*(1+<)/2E(7 — 50). 


The final expression for the stress distribution is 


5(1-20)(R\? 3 (RÝ 
on = 04 {1+ 750 €) re i 
3 R\? 
aa) eG) Jeera aos 
2 
saat) [l] rman 
2(7 — 50) \r r 


2 
+ AS: 1 E fi miri (*) Jónanna. 
21—50) \r r 


In order to obtain the stress distribution for arbitrary o,° (not a pure shear), aa% in this expression must be 
replaced by ox —45,0,'°, and the expression 


3 
4 oof on + 5 (Ôi — 3nyry) ] 


corresponding to a deformation homogeneous at infinity (cf. Problem 2) must be added. We may give here the 
general formula for the stresses at the surface of the cavity: 


Or = {a = 0) (oy) — 04 nny — 04, nn) + 


5 
1-Se 


So- 


} Gu ðn- nad} 


F Orm NNN — FF My Din + 


Near the cavity, the stresses considerably exceed the stresses at infinity, but this extends over only a short 
distance (the concentration of stresses). For example, if the medium is subjected to a homogeneous extension 
(only o,,°) different from zero), the greatest stress occurs on the equator of the cavity, where 
a 27-150 an. 

2(7 — Sa) 


Ox: 


§8. Equilibrium of an elastic medium bounded by a plane 


Let us consider an elastic medium occupying a half-space, i.e. bounded on one side by an 
infinite plane, and determine the deformation of the medium caused by forces applied to 
its free surface.} The distribution of these forces need satisf: y only one condition: they must 
vanish at infinity in such a way that there is no deformation at infinity. In such a case the 
equations of equilibrium can be integrated in a general form (J. Boussinesq 1885). 

The equation of equilibrium (7.4) holds throughout the space occupied by the medium: 


grad divu + (1—2c)Au=0. (8.1) 
We seek a solution of this equation in the form 


u = f+ grad 4, (8.2) 
where is some scalar and the vector f satisfies Laplace’s equation: 
Af =0. (8.3) 


+ The most direct and regular method of solving this 
that case, however, some fairly complicated integrals 
number of artificial devices, but the calculations ai 


problem is to use Fourier’s method on equation (8.1). In 


have to be calculated. The method given below is based on a 
re simpler. 
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Substituting (8.2) in (8.1), we then obtain the following equation for @: 
2(1—o)A¢d = —divf. (8.4) 


We take the free surface of the elastic medium as the xy-plane; the medium is in z > 0. 
We write the functions f, and f, as the z-derivatives of some functions g, and gy: 


f = ôg x/ðz, iis p ôg ,/0z. (8.5) 


Since f, and f, are harmonic functions, we can always choose the functions g, and g, so as 
to satisfy Laplace’s equation: 


Agx=0, Ag,=0. (8.6) 
Equation (8.4) then becomes 
ô (89x , Oy 
2(1-a)Agd = s +3, th A 


Since g,, g, and f, are harmonic functions, we easily see that a function ¢ which satisfies 
this equation can be written as 


a z 4 4s 8 
p= “aI Aer 2 Baw (8.7) 


where y is again a harmonic function: 


Ay =0. (8.8) 


Thus the problem of determining the displacement u reduces to that of finding the 
functions gy, gy f» Y, all of which satisfy Laplace’s equation. 

We shall now write out the boundary conditions which must be satisfied at the free 
surface of the medium (the plane z = 0). Since the unit outward normal vector n is in the 
negative z-direction, it follows from the general formula (2.9) that o;, = — P;. Using for a, 
the general expression (5.11) and expressing the components of the vector u in terms of the 
auxiliary quantities gy, g, Jz and y, we obtain after a simple calculation the boundary 
conditions 


07 9x 6 | deco ed 09. 2) vet] 
ERB at aol a $ ôz ) |=0 


= —2(1 +0)P,/E, (8.9) 
#9, a {1-26 1 ( 2) 2%) | 
ii eai -oj \ ax * dy)" a2 f ho 
= —2(1+0) P,/E, 
a ôg, ôg, n] = -2(1+0)P,/E 8.10 
[eis o APE va 


The components P,, P,, P, of the external forces applied to the surface are given functions 
of the coordinates x and y, and vanish at infinity. 

The formulae by which the auxiliary quantities gx, g,, f, and y were defined do not 
determine them uniquely. We can therefore impose an arbitrary additional condition on 
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these quantities, and it is convenient to make the quantity in the braces in equations (8.9) 


vanish: 3 
ôgx _ gy Y 
ag a Rosy Se -—o)— =Q. 8.11 
(1—2a)f, (2 ate ay +4(1—o) E (8.11) 
Then the conditions (8.9) become simply 
07g 2(1 +0) 0g, 2(1 +0) 
- =- = =- B 8.12 

E dit E Px pe tao pper SH) 
Equations (8.10)-(8.12) suffice to determine completely the harmonic functions gx, 9y, fz 
and y. 


For simplicity, we shall consider the case where the free surface of an elastic half-space is 
subjected to a concentrated force F, i.e. one which is applied to an area so small that it can 
be regarded as a point. The effect of this force is the same as that of surface forces given by 
P = Fô(x)ô(y), the origin being at the point of application of the force. If we know the 
solution for a concentrated force, we can immediately find the solution for any force 
distribution P(x, y). For, if 

u; = Ga(x, y, zZ) Fy (8.13) 


is the displacement due to the action of a concentrated force F applied at the origin, then 
the displacement caused by forces P(x, y) is given by the integralt 


u; = [outs —x',y—y',z) Pi (x, y')dx' dy’. (8.14) 


We know from potential theory that a harmonic function f which is zero at infinity and 
has a given normal derivative ôf /ôz on the plane z = 0 is given by the formula 


PrN -z | [Po] en 
m ôz iani 


r= JV {(e-xP +(y-y)? +27}. 
Since the quantities 0g,/dz, 6g,/6z and that in the braces in equation (8.10) satisf y Laplace’s 


equation, while equations (8.10) and (8.12) determine the values of their normal derivatives 
on the plane z = 0, we have 


dg, a se 
(B+) 42% te [avay 


where 


ôx ay ôz nE r 
MERRI 
tE (8.15) 
09, _lt+o F, dg, 1+0 E 
ôz nE rr’ (az) RE or’ (8.16) 


where now r = \/(x? +y? +22), 


t We shall not prove here that this co: 
contradiction in the result. 
} In mathematical terms, 


a> 


ndition can in fact be imposed; this follows from the absence of 


Gx is the Green’s tensor for the equations of equilibrium of a semi-infinite medium. 
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The expressions for the components of the required vector u involve the derivatives of 
Jx, Gy With respect to x, y, z, but not g, g, themselves. To calculate 69,/0x, 0g,/dy, we 
differentiate equations (8.16) with respect to x and y respectively: 

0g, 1to F,x 679, l+o Fy 


éxéz nE r’ ~— yz RES re 


Now, integrating over z from œ to z, we obtain 


0g, lta F,x 
ôx nE r(r+z)’ 


(8.17) 
og, -lto Fy 
ôy nE r(r+z) 


We shall not pause to complete the remaining calculations, which are elementary but 
laborious. We determine f, and d/dz from equations (8.11), (8.15) and (8.17). Knowing 
dy//8z, it is easy to calculate d/dx and dw/dy by integrating with respect to z and then 
differentiating with respect to x and y. We thus obtain all the quantities needed to calculate 
the displacement vector from (8.2), (8.5) and (8.7). The following are the final formulae: 


Aito [3 els Pe ld 


"= RE IP r(r+2z) r(r +z) S 
[2r(or +z)+z?]x 
PERAE Ft yk} 
_ ite yz (1—2o)y 2(1—o)r+z 8.18 
v= = IE r(r +z) |p r(r +z) Bait (818) 


[2r(or +z)+z°]y 
(r +z) 


1+0 ([2(1-0) z? 1-20 z } 
= = — += F, F,) >. 
“= RE il r ijela Giet yF) 


In particular, the displacement of points on the surface of the medium is given by putting 
z=0: 


a 2 
PFA eH C 6,4 200) R R tE), 


(+ yF) | 


* mE r 
s 2 
sin Se Af C pao) R R +E), (8.19) 
2nE r r r 3 
l+o 1 1 
u, = -— < 2(1 — 0) F, + (1 —20)—(xF, + yF,) ¢- 
2nE r r 


PROBLEM 


Determine the deformation of an infinite elastic medium when a force F is applied to a small region in it 
(W. Thomson 1848).t 


+ The corresponding problem for an arbitrary infinite anisotropic medium has been solved by I. M. Lifshitz 
and L. N. Rozentsveig (Zhurnal eksperimental'not i teoreticheskot fiziki 17, 783, 1947). 


TOR-B 
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SOLUTION. If we consider the deformation at distances r which are large compared with the dimension of the 
region where the force is applied, we can suppose that the force is applied at a point. The equation of equilibrium 
is (cf. (7.2)). 


Fô(r), (1) 


3 ddivu = A 
Ant ae graddivu = — 
where ô(r) = d(x) 6(y)d(z), the origin being at the point where the force is applied. We seek the solution in the 
form u = Up + u,, where up satisfies the Poisson-type equation 
2(1 +0) 


Fô(r). (2) 


We then have for u, the equation 
grad div u, + (1 — 20) Au, = — grad div uo. (3) 


The solution of equation (2) which vanishes at infinity is u = (1 +0)F/2xEr. Taking the curl of equation (3), 
we have A curl u, = 0. At infinity we must have curl u, = 0. But a function harmonic in all space and zero at 
infinity must be zero identically. Thus curl u, = 0, and we can therefore write u, = grad ġ. From (3) we obtain 
grad {2(1 — a) A ġ + div uo} = 0. Hence it follows that the quantity in braces is a constant, and it must be zero at 
infinity; we therefore have in all space 


div w l+o 1 
Ag=- = ———_—— F grad | - ]. 

2(1 — 0) 4nE(1 — 0) r 
If is a solution of the equation Ay = 1/r, then 


o 
= ———_—_—__F- d le 
4nE(1 — 0) = 


Taking the solution y = $r, which has no singularities, we obtain 
1+ F-n)n-F 
u, = grad ġ AEA, SA ~ > 
8zE(1— 0) r 
where n is a unit vector parallel to the position vector r. The final result is 
_ +o (3—40)F+n(n:F) 


u= 
8nE(1—o) r 


On putting this formula into the form (8.13) we obtain the Green’s tensor for the equations of equilibrium of 
an infinite isotropic medium:t 


1 
Gy [ (3-40) 5; + nim ]- 
r 


1+0 
8zE(1 — 0) 
tab 1 or | 
4muLr 4(1—o)dxax, J 
§9. Solid bodies in contact 


Let two solid bodies be in contact at a point which is not a singular point on either 
surface. Fig. 1a shows a cross-section of the two surfaces near the point of contact O. The 
surfaces have a common tangent plane at O, which we take as the xy-plane. We regard the 


Positive z-direction as being into either body (i.e. in opposite directions for the two bodies) 
and denote the corresponding coordinates by z and z’. 


+ The fact that the components of the tensor G; are first- 


order homogeneous functions of the coordinates x, y, 
he form of equation (1), where the left-hand side is a 
he components of the vector u, and the right-hand side is a third- 
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Near a point of ordinary contact with the xy-plane, the equation of the surface can be 
written 
Z = KygXqXp, (9.1) 


where summation is understood over the values 1, 2, of the repeated suffixes a, B (x, = x, 
Xz = y), and k,, is a symmetrical tensor of rank two, which characterizes the curvature of 
the surface: the principal values of the tensor k,, are 1/2R, and 1/2R,, where R, and R, are 
the principal radii of curvature of the surface at the point of contact. A similar relation for 
the surface of the other body near the point of contact can be written 


Z' = K'gpXqXp. (9.2) 


Let us now assume that the two bodies are pressed together by applied forces, and 
approach a short distance h.t Then a deformation occurs near the original point of 
contact, and the two bodies will be in contact over a small but finite portion of their 
surfaces. Let u, and u’, be the components (along the z and z’ axes respectively) of the 
corresponding displacement vectors for points on the surfaces of the two bodies. The 
broken lines in Fig. 1b show the surfaces as they would be in the absence of any 
deformation, while the continuous lines show the surfaces of the deformed bodies; the 
letters z and z’ denote the distances given by equations (9.1) and (9.2). It is seen at once from 
the figure that the equation 

(z+u,)+(2'+u',) = h, 
or 
(Kag + K'ap) XaXp +U, +u', = h, (9.3) 


holds everywhere in the region of contact. At points outside the region of contact, we have 


z+z +u, +u, <h. 


FIG. | 


t This contact problem in the theory of elasticity was first solved by H. Hertz (1882). 
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Wechoose the x and y axes to be the principal axes of thetensor K,, + k’,,. Denoting the 
principal values of this tensor by A and B, we can rewrite equation (9.3) as 


Ax? + By? +u,+ u, =h. (9.4) 


The quantities A and B are related to the radii of curvature R,, Rz and R’,, R’, by 
formulae which will be given without proof: 


io p. daa Ay aia 


4(A- B? = : =) (z : ) +2cos20( 2- (a) 

Snot as RISA R Ri Ri )\R, 2) 

where @ is the angle between the normal sections whose radii of curvature are R, and R’;. 
The radii of curvature are regarded as positive if the centre of curvature lies within the 
body concerned, and negative in the contrary case. 

We denote by P,(x, y) the pressure between the two deformed bodies at points in the 
region of contact; outside this region, of course, P, = 0. To determine the relation between 
P, and the displacements u,, u',, we can with sufficient accuracy regard the surfaces as plane 
and use the formulae obtained in §8. According to the third of formulae (8.19) and (8.14), 
the displacement u, under the action of normal forces P.(x, y) is given by 


Nortel) ay 
wa oe | [avay 


pe L (i (PAR) 5 < 
eo Se [Eaa 


(9.5) 


where a, 0’ and E, E’ are the Poisson’s ratios and the Young’s moduli of the two bodies. 
Since P, = 0 outside the region of contact, the integration extends only over this region. It 
may be noted that, from these formulae, the ratio u,/u', is constant: 


u,/u', = (1 — 0°)E'/(1 — 0'?)E. (9.6) 
The relations (9.4) and (9.6) to 


region of contact (althou, 
also). 


Substituting the expressions (9.5) in (9.4), we obtain 


MERAN EA 
al EF [Eaa = hae aye (9.7) 


This integral equation determines the dis 
contact. Its solution can be found b 


gether give the displacements u,, u’, at every point of the 
gh (9.5) and (9.6), of course, relate to points outside that region 


tribution of the pressure P, over the region of 


de one | by analogy with the following results of potential theory. 
e idea of using this analogy arises as follows: firstly, the integral on the left-hand side of 
equation (9.7) is of a type commonly found in potential theory, where such integrals give 
the potential of a charge distribution; secondly, the potential inside a uniforml charged 
ellipsoid is a quadratic function of the coordinates. = 


If the ellipsoid x?/a? + y?/b? +2?/e? = 1 is uni i 
Í ¢ = uniformly charged 
density p), the potential in the ellipsoid is given by ; anae charge 
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(x, y, 2) 


= mpabc 


l-ar aa dé 
@+e BE c+éf J{(@t+ HV +HC+H} 


In the limiting case of an ellipsoid which is very much flattened in the z-direction (c — 0), 
we have 


œ 


(x, y) = mpabe f fi 
o 


7 x? x y? } dé i 
a+ B+ES /S{@+O?+Oe}' 


in passing to the limit c + 0 we must, of course, put z = 0 for points inside the ellipsoid. 
The potential (x, y, z) can also be written as 


r: pdx’ dy’ dz’ 
i i hares N 


where the integration is over the volume of the ellipsoid. In passing to the limit c > 0, we 
must put z = z’ = 0 in the radicand; integrating over z’ between the limits 


+c / {1 — (x'?/a?) — (y'?/b?)}, 


dx'dy' x? y? 
oan- zo [EX (1-5-5 b 


r= J/{(x-xP EO EI} 
and the integration is over the area inside the ellipse 
x'?/a? + y'2/b? = 1. 


Equating the two expressions for $(x, y), we obtain the identity 
dx' dy’ ps x? te y? 
r ard b? 


mfa 3820 fbg? dé 
7 jrab | (1 rae. “Pa ye FOO Oe) G8) 
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Comparing this relation with equation (9.7), we see that the right-hand sides are 
quadratic functions of x and y of the same form, and the left-hand sides are integrals of the 
same form. We can therefore deduce immediately that the region of contact (i.e. the region 
of integration in (9.7)) is bounded by an ellipse of the form 


we obtain 


where 


2 
es TRAPA (9.9) 


and that the function P,(x, y) must be of the form 


per fa 2 
P,(x, y) = constant x /{1 ed) 
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Taking the constant such that the integral f fP, dx dy over the region of contact is equal to 
the given total force F which moves the bodies together, we obtain 


3F x2 ty? 
P= (1-3-2) (9.10) 


This formula gives the distribution of pressure over the area of the region of contact. It 
may be pointed out that the pressure at the centre of this region is ł times the mean 
pressure F/nab. 

Substituting (9.10) in equation (9.7) and replacing the resulting integral in accordance 
with (9.8), we obtain 


œ 


FD 2 2 
P ff pa eere 
0 


= h— Ax? — By’, 


3/1-o? 1-0? 
D=} penan ) 
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This equation must hold identically for all values of x and y inside the ellipse (9.9); the 
coefficients of x and y and the free terms must therefore be respectively equal on each side. 
Hence we find 


where 


œ 


na FD dé oii 
e) TPT OP FOE want) 
FD f dé 


A=— 
n J (a? +é) {a + £)(b? +E) E}’ 


(9.12) 
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0 
Equations (9.12) determine the semi-axes a and b of the region of contact from the given 
force F (A and B being known for given bodies). The relation (9.11) then gives the distance 
of approach h as a function of the force F. The right-hand sides of these equations involve 
elliptic integrals. 

Thus the problem of bodies in contact can be regarded as completely solved. The form 
of the surfaces (i.e. the displacements uz, u’,) outside the region of contact is determined by 
the same formulae (9.5) and (9.10); the values of the integrals can be found immediately 
from the analogy with the potential outside a charged ellipsoid. Finally, the formulae of §8 
enable us to find also the deformation at various points in the bodies (but only, of course. 
at distances small compared with the dimensions of the bodies). 

Let us apply these formulae to the case of contact between two spheres with radii R and 
R. Here A = B = 1/2R + 1/2R'. It is clear from symmetry that a = b, i.e. the region of 
contact is a circle. From (9.12) we find the radius a of this circle to b j j 


a = F "3 {DRR'/(R + R')}!’, (9.13) 
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his in this case the difference between the sum R + R’ and the distance between the centres 
of the spheres. From (9.10) we obtain the following relation between F and h: 


h=F29| pp(1,1)]” 9.14 
RtRI)| ` (9.14) 


It should be noticed that h is proportional to F 2/3; conversely, the force F varies as h?/?. 
We can write down also the potential energy U of the spheres in contact. Since — F = 


—0U /dh, we have 
2 RR’ 
4 w ee 0.15) 


Finally, it may be mentioned that a relation of the form h = constant x F?/3, or 
F = constant x h*/?, holds not only for spheres but also for other finite bodies in contact. 
This is easily seen from similarity arguments. If we make the substitution 


2,907,  b?>ab?, F > 03/F, 


a 
where « is an arbitrary constant, equations (9.12) remain unchanged. In equation (9.11), 
the right-hand side is multiplied by «, and so h must be replaced by ah if this equation is to 
remain unchanged. Hence it follows that F must be proportional to h*/?. 


PROBLEMS 
PROBLEM 1. Determine the time for which two colliding elastic spheres remain in contact. 


SOLUTION. In a system of coordinates in which the centre of mass of the two spheres is at rest, the energy 
before the collision is equal to the kinetic energy of the relative motion 4yv”, where v is the relative velocity of the 
colliding spheres and y = m,m2/(m, + m2) their reduced mass. During the collision, the total energy is the sum of 
the kinetic energy, which may be written 4y:h?, and the potential energy (9.15). By the law of conservation of 
energy we have 

2) 4 RR’ 
— | +kh5?? = po?, kee) 
f Gri SDV R+R’ 
The maximum approach ho of the spheres corresponds to the time when their relative velocity h = 0, and is ho 
= (u/k)?Sv4/5, 
The time t during which the collision takes place (i.e. h varies from 0 to ho and back) is 


ho 1 
2 g a (E) f dx 
TSE] JOK Nko BTE 
o 


o 


2 \ 1/5 2\1/5 
vaD 2)" <aye( E)". 
ST(9/10) \k?v kv 
By using the statical formulae cbtained in the text to solve this problem, we have neglected elastic oscillations 
of the spheres resulting from the collision. If this is legitimate, the velocity v must be small compared with the 
velocity of sound. In practice, however, the validity of the theory is limited by the still more stringent requirement 
that the resulting deformations should not exceed the elastic limit of the substance. 


or 


PROBLEM 2. Determine the dimensions of the region of contact and the pressure distribution when two 
cylinders are pressed together along a generator. 

SOLUTION. In this case the region of contact isa narrow strip along the length of the cylinders. Its width 2a and 
the pressure distribution across it can be found from the formulae in the text by going to the limit b/a — oo. The 
pressure distribution will be of the form P,(x) = constant x J (l- x?/a”), where x is the coordinate across the 
strip; normalizing the pressure to give a force F per unit length, we obtain 


2F xe 
P, (x) = Fai 1 Ta 4 
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Substituting this expression in (9.7) and effecting the integration by means of (9.8), we have 


ao 
“0 4DF dé _ 8DF 
E. 3n (a? + EPRE Fd 3na? 

o 


One of the radii of curvature of a cylindrical surface is infinite, and the other is the radius of the cylinder; in this 
case, therefore, A = 1/2R + 1/2R', B = 0. We have finally for the width of the region of contact 


pas RR’ ) 
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§10. The elastic properties of crystals 


The change in the free energy in isothermal compression of a crystal is, as with isotropic 
bodies, a quadratic function of the strain tensor. Unlike what happens for isotropic bodies, 
however, this function contains not just two coefficients, but a larger number of them. The 
general form of the free energy of a deformed crystal is 


F= ddim UikUim ( 10. 1) 


where Àikım is a tensor of rank four, called the elastic modulus tensor. Since the strain tensor 
is symmetrical, the product uj,14,,, is unchanged when the suffixes i, k, or I, m, or i, land k, m, 
are interchanged. Hence we see that the tensor Aixim Can be defined so that it has the same 
symmetry properties: 

ikim = Axim = Aitmt = Amit: (10.2) 


A simple calculation shows that the number of different components of a tensor of rank 
four having these symmetry properties is in general 21.+ 


In accordance with the expression (10.1) for the free energy, the stress tensor for a crystal 
is given in terms of the strain tensor by 


Oix = OF / Duik = AiginUims (10.3) 
cf. also the last footnote to this section. 
If the crystal possesses symmetry, relations exist between the various components of the 
tensor Àikım, SO that the number of independent components is less than 21. 
We shall discuss these relations for each possible type of macroscopic symmetry of 
crystals, i.e. for each of the crystal classes, dividing these into the corresponding crystal 
systems (see SP 1, §§130, 131). 


(1) Triclinic system. Triclinic symmetry (classes C, and C;) does not place any 
restrictions on the components of the tensor Aixim, and the system of coordinates may be 
chosen arbitrarily as regards the symmetry. All the 21 moduli of elasticity are non-zero and 
independent. However, the arbitrariness of the choice of coordinate system enables us to 
impose additional conditions on the compon 
of the coordinate system relative to the body i 
rotation), there can be three such conditions; for example 
taken as zero. Then the independent quantiti i 


crystal will be 18 non-zero moduli and 3 an, 
crystal. 


+ Another notation used for Awn in the li i i i i 
COANE HEE oe nn literature is 4.5, with a and B taking values from 1 to 6 in 
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(2) Monoclinic system. Let us consider the class C,; we take a coordinate system with the 
xy-plane as the plane of symmetry. On reflection in this plane, the coordinates undergo the 
transformation x > x, y > y, z > — z. The components of a tensor are transformed as the 
products of the corresponding coordinates. It is therefore clear that, in the transformation 
mentioned, all components Airm whose suffixes include z an odd number of times (1 or 3) 
will change sign, while the other components will remain unchanged. By the symmetry of 
the crystal, however, all quantities characterizing its properties (including all components 
Aixim) Must remain unchanged on reflection in the plane of symmetry. Hence it is evident 
that all components with an odd number of suffixes z must be zero. Accordingly, the 
general expression for the elastic free energy of a crystal belonging to the monoclinic 
system is 


F = SAU ae + PA areas +4 gse2Uss” Gg it Hy Peg a Aires Ute a 
+ Arelia + ny ETE + Daegu H 2A TE w DA EEE 1S R + 
+24 


This contains 13 independent coefficients. A similar expression is obtained for the class C. 35 
and also for the class C,,, which contains both symmetry elements (C, and o,). In the 
argument given, however, the direction of only one coordinate axis (that of z) is fixed; those 
of x and y can have arbitrary directions in the perpendicular plane. This arbitrariness can 
be used to make one coefficient, say Axyzz, vanish by a suitable choice of axes. Then the 13 
quantities which describe the elastic properties of the crystal will be 12 non-zero moduli 
and one angle defining the orientation of the axes in the xy-plane. 

(3) Orthorhombic system. In all the classes of this system (C,,, D2, D,,) the choice of 
coordinate axes is determined by the symmetry, and the expression obtained for the free 
energy is the same for each class. 

Let us consider, for example, the class D,,; we take the three planes of symmetry as the 
coordinate planes. Reflections in each of these planes are transformations in which one 
coordinate changes sign and the other two remain unchanged. It is evident therefore that 
the only non-zero components Ajx1_, are those whose suffixes contain each of x, y, z an even 
number of times; the other components would have to change sign on reflection in some 
plane of symmetry. Thus the general expression for the free energy in the orthorhombic 
system is 


F= FAG 2a FFA yyy? +4 Areas” F ESA ER + Apts sa 


af AyyzsUyylze + ry E + Daas ition T Aa: (10.5) 


yyyx Uy yx T 2Azyssüxylss T Puas (10.4) 


It contains nine moduli of elasticity. , l 
(4) Tetragonal system. Let us consider the class C4,; we take the axis C4 as the z-axis, and 

the x and y axes perpendicular to two of the vertical planes of.symmetry. Reflections in 
these two planes signify tranformations 

x> -—Xx, y> y, ZZ 
and 

eX, wee a i 2-72; 
all components Ajj, With an odd number of like suffixes therefore vanish. Furthermore, a 
rotation through an angle 4r about the axis C4 is the transformation 


xy, y> -—x, Z =Z. 


TOE-B* 
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Hence we have 
Agxxx = Ayyyys Axesz = Ayyzes Avex: = Ayeyz- 


The remaining transformations in the class C,, do not give any further conditions. Thus 
the free energy of crystals in the tetragonal system is 


F= AUA pii u?) PAn T T peee ia + Uy yu.) T 
ar Assyri + VART EE ak 7 SI E + Uy,”). ( 10.6) 


It contains six moduli of elasticity. 

A similar result is obtained for those other classes of the tetragonal system where the 
natural choice of the coordinate axes is determined by symmetry (Dza, D4, D4,). In the 
classes C4, S4, C4, on the other hand, only the choice of the z-axis is unique (along the axis 
C, or S4). The requirements of symmetry then allow a further component Àxxxy = —Ayyyx 
in addition to those which appear in (10.6). These components may be made to vanish by 
suitably choosing the directions of the x and y axes, and F then reduces to the form (10.6). 

(5) Rhombohedral system. Let us consider the class C3. we take the third-order axis as 
the z-axis, and the y-axis perpendicular to one of the vertical planes of symmetry. In order 
to find the restrictions imposed on the components of the tensor A,,,,, by the presence of 
the axis C}, it is convenient to make a formal transformation using the complex 
coordinates č = x + iy, n = x— iy, the z coordinate remaining unchanged. We transform 
the tensor A,,;,, to the new coordinate system also, so that its suffixes take the values č, n, z. 
It is easy to see that, in a rotation through 27/3 about the axis C3, the new coordinates 
undergo the transformation č — če?*i/3, y 4 ne~2Ri/3, z z, By symmetry only those 
components A j,i, Which are unchanged by this transformation can be different from zero. 
These components are evidently the ones whose suffixes contain č three times, or y three 
times (since e?7/3)? = ¢?*' = 1), or č and y the same number of times (since e?*!/3¢~2i/3 
= V1.0. Azze Menem Atem Agner Aeznzs Azez Anns: Furthermore, a reflection in the symmetry 
plane perpendicular to the y-axis gives the transformation x > xX, y > —y, Zz, oré >), 
n —> č. Since Ax, becomes Annnz in this transformation, these two components must be 
T Thus crystals of the rhombohedral system have only six moduli of elasticity. In 
wih ie is ee ang oe T u m a Hata in 

: >, 2; expressed in terms of the 
components of the strain tensor in the coordinates x, y, z, we must express in terms of these 
the components in the coordinates č, n, z. This is easily done by using the fact that the 


components of the tensor uix transform as the products of the Corresponding coordinates. 
For example, since 


& = (x + iy)? = x? — y? + 2ixy, 
it follows that 
Meg = Uxx — Uyy + 2iu,y. 
Consequently, the expression for F is found to be 
F= p ZER a P (T $ uy)? a Asean { (u= Uyy)? + 4u,,? } + 


tenes (Uxx + u,,)u,, + Ahsan (Ux? +u,:2)+ gees { (Uxx — upy) Ups — 2u,yUy2} . 


(10.7) 
This contains 6 independent Coefficients. A simi i i 
Des bee a . A similar result is obtained for the classes D, and 


6, Where the choice of the x and y axes remains arbitrary, 


T wz, 
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requirements of symmetry allow also a non-zero value of the difference Aeeez — Annne: This, 
however, can be made to vanish by a suitable choice of the x and y axes. 

(6) Hexagonal system. Let us consider the class C,; we take the sixth-order axis as the z- 
axis, and again use the coordinates č = x +iy, n = x— iy. Ina rotation through an angle 
$x about the z-axis, the coordinates č, 7 undergo the transformation č — če"? 
n— ne *'?. Hence we see that only those components Àixım are non-zero which contain the 
same number of suffixes ¢ and n. These are 1.222, Aznens Acénm Aznzz» Azone: Other symmetry 
elements in the hexagonal system give no further restrictions. There are therefore only five 
moduli of elasticity. The free energy is 


F p sa etal io T Qenen(Uxx + u,,)? Ti Àzenn [(uxx baas] T te 4u,,7] T 
+ QAgnesUee(Uxx + Uyy) vi WA eenz(Uxs” aft uz”). (10.8) 


It should be noticed that a deformation in the xy-plane (for which u,x, u,, and u,, are 
non-zero) is determined by only two moduli of elasticity , as for an isotropic body; that is, 
the elastic properties of a hexagonal crystal are isotropic in the plane perpendicular to the 
sixth-order axis. 

For this reason the choice of axis directions in this plane is unimportant and does not 
affect the form of F. The expression (10.8) therefore applies to all classes of the hexagonal 
system. 

(7) Cubic system. We take the axes along the three fourth-order axes of the cubic system. 
Since there is tetragonal symmetry (with the fourth-order axis in the z-direction), the 
number of different components of the tensor A;xim is limited to at most the following six: 
Åxxxx» Åzzzzs Åxxzz» Axxyys Axyxy> Axzxz-t Rotations through }n about the x and y axes give 
respectively the transformations x > x, y > —z, Z > y, and x +z, y > y, zZ > — x. The 
components listed are therefore equal in successive pairs. Thus there remain only three 
different moduli of elasticity. The free energy of crystals of the cubic system is 


F= p ee luii + sai te uz”) ad y nee (UxxUyy + Uy Uz, + UyyUzz) t 
+ Wayxy(Usy? + Une? + My”). (10.9) 


We may recapitulate the number of independent parameters (elastic moduli or angles 
defining the orientation of axes in the crystal) for the classes of the various systems: 


Triclinic 21 Rhombohedral (C3, S6) 7 
Monoclinic 13 Rhombohedral (C3,, D3, D34) 6 
Orthorhombic 9 Hexagonal 5 
Tetragonal (C4, S4, Can) T Cubic 3 


Tetragonal (C4,, Dza, Ds, Dan) 6 


The least number of non-zero moduli that is possible by suitable choice of the 
coordinate axes is the same for all the classes in each system: 


Triclinic 18 Rhombohedral 6 
Monoclinic 12 Hexagonal 5 
Orthorhombic 9 Cubic 3 
Tetragonal 6 


+ In the cubic classes T and T, there are no fourth-order axes. The same result is, however, obtained in these 
cases by considering the third-order axes, rotations about which convert the x, y, z axes into one another. 
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All the above discussion relates, of course, to single crystals. Polycrystalline bodies 
whose component crystallites (grains) are sufficiently small may be regarded as isotropic 
bodies (since we are concerned with deformations in regions large compared with the 
dimensions of the crystallites). Like any isotropic body, a polycrystal has only two moduli 
of elasticity. It might be thought at first sight that these moduli could be obtained from 
those of the individual crystallites by simple averaging. This is not so, however. If we 
regard the deformation of a polycrystal as the result of a deformation of its component 
crystallites, it would in principle be necessary to solve the equations of equilibrium for 
every crystallite, taking into account the appropriate boundary conditions at their surfaces 
of separation. Hence we see that the relation between the elastic properties of the whole 
crystal and those of its component crystallites depends on the actual form of the latter and 
the amount of correlation of their mutual orientations. There is therefore no general 
relation between the moduli of elasticity of a polycrystal and those of a single crystal of the 
same substance. 

The moduli of an isotropic polycrystal can be calculated with fair accuracy from those 
of a single crystal only when the elastic properties of the single crystal are nearly isotropic. 
In a first approximation, the moduli of elasticity of the polycrystal can then simply be put 
equal to the “isotropic part” of the moduli of the single crystal. In the next approximation, 
terms appear which are quadratic in the small “anisotropic part” of these moduli. It is 
foundt that these correction terms are independent of the shape of the crystallites and of 
the correlation of their orientations, and can be calculated in a general form. 

Finally, let us consider the thermal expansion of crystals. In isotropic bodies, the 
thermal expansion is the same in every direction, so that the strain tensor in free thermal 
expansion is (see §6) u; = 40(T—T )5,,, where a is the thermal expansion coefficient. In 
crystals, however, we must put 

uik = $a (T — To), (10.10) 


where a; is a tensor of rank two, symmetrical in the suffixes i and k. Let us calculate the 
number of independent components of this tensor in crystals of the various systems. The 
simplest way of doing this is to use the result of tensor algebra that to every symmetrical 
tensor of rank two there corresponds a tensor ellipsoid§. It follows at once from 
considerations of symmetry that, for triclinic, monoclinic and orthorhombic symmetry, 
the tensor ellipsoid has three axes of different length. For tetragonal, rhombohedral and 
hexagonal symmetry, on the other hand, we have an ellipsoid of revolution (with its axis of 
symmetry along the axes C4, C3 and Ce respectively). Finally, for cubic symmetry the 
ellipsoid becomes a sphere. An ellipsoid of three axes is determined by three quantities, an 
ellipsoid of revolution by two, and a sphere by one (the radius). Thus the number of 
independent components of the tensor a, in crystals of the various systems is as follows: 
ee monoclinic and orthorhombic, 3; tetragonal, rhombohedral and hexagonal. 2; 
cubic, 1. a 

Crystals of the first three systems are said to be biaxial, and those of the second three 
systems uniaxial. It should be noticed that the thermal expansion of crystals of the cubic 
oe is determined by one quantity only, ie. they behave in this respect as isotropic 


t For example, a measure of the anisotropy of the elasti i i i i À 
haan Blige i thls ie zéro. then (O py elastic properties of a cubic crystal is the difference 4,,... 


a educes to the expression (4.3) for the elastic energy of an isotropic 


ł L M. Lifshitz and L. N. Rozentsveig, Zhurn 


$ Deseruiined by the ohna eee al éksperimental’not i teoreticheskoi fiziki 16, 967, 1946. 
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PROBLEMS 
PROBLEM 1. Express the elastic energy of a hexagonal crystal in terms of the elastic moduli Aixım in the 
coordinates x, y, z (the x-axis being the sixth-order axis). 


SOLUTION. Fora general (not orthogonal) transformation of the coordinates, we have to distinguish the 
contravariant, and covariant components of vectors and tensors, which are respectively transformed as the 
coordinates x' themselves (and denoted by superscripts) and as the differentiation operators ô/ôx' (and denoted 
by subscripts). The scalar (10.1) is then to be written as 

F= inwut u. 
In the expressions (10.8) and (10.9), the components t are transformed as contravariant ones. To establish the 
relation between the components Àixım in the coordinates ¢, n, z and x, y, z, they are to be regarded as covariant; in 
Cartesian coordinates the two sets are of course the same. For the transformation of (10.7), 


KA) i a Oe B z) 
ôx ač a ay MOE. J 
Transforming the Ajj_ as products of these operators gives 


Axaxx = Ayyyy = Manin + Arem 
À 


ixyxy = Azem 
Jexyy = Menen — Atem 
Àxxzz = Àyysz = Qeqaz 
Aziz: = Àyzyz = Desens 
The free energy (10.8) in terms of these moduli is 


F = YAgucx (Wax + Uyy)? +$Àrrrr Mae? + Asars (Uxx + pyss + 2Àxzxz (Uxa + Uya) + (Axxxx — Arey) (Way? — Uszy). 


ProsLem 2. Find the conditions for the elastic energy of a cubic crystal to be positive. 
SOLUTION. The first two terms in (10.9) constitute a quadratic form in the three independent variables uxx, 
u.,. The conditions for this to be positive are that the determinant of its coefficients, one of the minors, and 
be positive. The third term in (10.9) must be positive also. These conditions give the inequalities 
Ay>0, å4>0, -4Ai <<, 
where Ay = Agcxxs A2 = Àxxyys A3 = Àxyay: 
PROBLEM 3. Determine the dependence of the Young’s modulus of a cubic crystal on the direction in it. 
SOLUTION. We take coordinate axes along the edges of the cube. Let the axis of a rod cut from the crystal be 
along a unit vector n. The stress tensor in the stretched rod must satisfy the following conditions: (1) dix = pri, 
where p is the tensile force on unit area of the ends of the rod (condition at the ends of the rod); (2) for directiou. 
perpendicular to n, oi tą = 0 (condition on the sides of the rod). Such a tensor must have the form dix = pnin,. 
Calculating the components ox by differentiating (10.9),t and comparing them with oj = prin, we find the 
components of the strain tensor to be 


Uyy, 


Axxxx 


(a + 2A? — A2 nn, 
P >» Uy =P > 
(Ay — 12)(21 +242) 2A3 


and similarly for the remaining components. Sek 
The relative elongation of the rod is u = (dl' —dl)/dl, where dl’ is given by (1.2) and dx;/d! = n,. For small 


deformations this gives u = uxann. The Young's modulus is determined as the proportionality factor in p = Eu, 
and is found to be given by 

A A (+- aa) n +nèn,? +n,?n,7). 

E (+2) -4:) \As dı -h2 
E has extremum values in the directions of the edges (the x, y, 


the edges, 
E = (Ay + 222) (21 —22)/(å1 + A). 


The transverse compression of the rod is Ux. = Uyy = — Guz: = — OM where a = A2/(Ai +42) acts as Poisson's 


ratio. According to the inequalities derived in Problem 2, -1<0 <} 


+ If oy is calculated not directly from oi = Aitim im 


Uy 


z axes) and the body diagonals of the cube. Along 


but by differentiating a specific expression for F, the 
derivatives with respect to ua with i + k give doubled values for om. This is because the formula oy, = OF / dui, is 
meaningful only as an ecictatibe ofthe fact that dF = o,du,,and in the sum ai du, the terms in the differentials 
du of each component with i # k of the symmetrical tensor uj, appear twice. 


CHAPTER II 


THE EQUILIBRIUM OF RODS AND PLATES 


§11. The energy of a bent plate 


In this chapter we shall study some particular cases of the equilibrium of deformed bodies, 
and we begin with that of thin deformed plates. When we speak of a thin plate, we mean 
that its thickness is small compared with its dimensions in the other two directions. The 
deformations themselves are supposed small, as before. In the present case the 
deformation is small if the displacements of points in the plate are small compared with its 
thickness. 

The general equations of equilibrium are considerably simplified when applied to thin 
plates. It is more convenient, however, not to derive these simplified equations directly 
from the general ones, but to calculate afresh the free energy of a bent plate and then vary 
that energy. 

When a plate is bent, it is stretched at some points and compressed at others: on the 
convex side there is evidently an extension, which decreases as we penetrate into the plate, 
finally becoming zero, after which a gradually increasing compression is found. The plate 
therefore contains a neutral surface, on which there is no extension or compression, and on 
opposite sides of which the deformation has oppoiste signs. The neutral surface clearly lies 
midway through the plate. 


Fic. 2 


We take a coordinate system with the origin on the neutral surface and the z-axis normal 
to the surface. The xy-plane is that of the undeforme 


displacement of a point on the neutral surf. N PAN Aam 
plac neutral surface, i.e. its z coordinate (Fig. 2). 
of its displacement in the xy- A Aa nite: 


plane are evidently of the second order of smallness rel tive to 
¢, and can therefore be put equal to zero. Thu i ei 
’ F s the displaceme: 
neutral auctace a P! nt vector for points on the 


uO = u, =0, u,® = C(x,y), (11.1) 
For further calculations it is necessar 


y to note the followi : 
deformed plate. Since the plateis thin, c Oon ing Property ofthe stresses in a 


omparatively small forces on its surface are needed 
38 
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to bend it. These forces are always considerably less than the internal stresses caused in the 
deformed plate by the extension and compression of its parts. We can therefore neglect the 
forces P; in the boundary condition (2.8), leaving o;,n, = 0. Since the plate is only slightly 
bent, we can suppose that the normal vector n is along the z-axis. Thus we must have on 
both surfaces of the plate o,, = oy, = 0,, = 0. Since the plate is thin, however, these 
quantities must be small within the plate if they are zero on each surface. We therefore 
conclude that the components o,,, ¢,., 6,, are small compared with the remaining 
components of the stress tensor everywhere in the plate. We can therefore equate them to 
zero and use this condition to determine the components of the strain tensor. 
By the general formulae (5.13), we have 


o = u 2 
= — = u 
zx l+o zx? Ozy l+o zy? 
(11.2) 
: {(l-o)u,,+o(u,,.+u,,)} 
= — g . 
a: ha) ipa Mig rhe 77 
Equating these expressions to zero, we obtain du,/0z = —du,/0x, 0u,/dz = —Ou,/dy, 
u,, = —O(u,,+U,,)/(1—a). In the first two of these equations u, can, with sufficient 
accuracy, be replaced by ¢ (x, y): du,/dz = —0C/dx, du,/dz = — 0C/dy, whence 
u, = —z0C/dx, u, = —z0C/dy. (11.3) 


The constants of integration are put equal to zero in order to make 
u,=uy=0 for z=0. 
Knowing u, and u,, we can determine all the components of the strain tensor: 


uy, = —207C/Ox?, uy, = —z07C/dy?, usy = — 207 L/dxdy, 
ð? ð? 
PEET y T n A aes ( g s} (11.4) 


i == ica lax? * ay? 


We can now calculate the free energy F per unit volume of the plate, using the general 
formula (5.10). A simple calculation gives the expression 


E 1 ore a7 2 [( ee ) ras |} 
mz? + (=>) -sGeG |p a5 
— laal ôxôy 6x? dy? ) 
The total free energy of the plate is obtained by integrating over the volume. The 


integration over zis from —4h to +4h, where his the thickness of the plate, and that over 
x, y is over the surface of the plate. The result is that the total free energy F,, = fF dV ofa 


deformed plate is 


Eh? haa 07 2 Aa Ea ‘ 
naam ||| (Fete) +aa-af (Se aia ono” 
(11.6) 


the element of area can with sufficient accuracy be written as dx dy simply, since the 
deformation is small. ; 
Having obtained the expression for the free energy, we can regard the plate as being of 
infinitesimal thickness, i.e. as being a geometrical surface, since we are interested only E 
the form which it takes under the action of the applied forces, and not in the distribution of 
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deformations inside it. The quantity ¢ is then the displacement of points on the plate, 
regarded as a surface, when it is bent. 


§12. The equation of equilibrium for a plate 


The equation of equilibrium for a plate can be derived from the condition that its free 
energy be a minimum. To do so, we must calculate the variation of the expression (11.6). 

We divide the integral in (11.6) into two, and vary the two parts separately. The first 
integral can be written in the form f (AC)? d f, where d f = dx dy is a surface element and 
A = ĝ?/ðx? + 0? /dy? is here (and in § §13, 14) the two-dimensional Laplacian. Varying 
this integral, we have 


83 fearas- facascas 
= [acai grad 6(df 


= farat grad 6()df— [area ôt -grad AC df. 


All the vector operators, of course, relate to the two-dimensional coordinate system (x, y). 
The first integral on the right can be transformed into an integral along a closed contour 
enclosing the plate: t 


[iva cerad ôt)df= PA cin-grad 6C)dl 


aol 2l 
sda a 


where ĝ/ôn denotes differentiation along the outward normal to the contour. 
In the second integral we use the same transformation to obtain 


fersa ôt -grad AC d f= [awiscenaacras-orarcay 
= fat (mera atjat- fot Mt df 


=> o i ai focareay 


Substituting these results, we find that 


a fiacras= fecoreay—pacZ2S ars § ac at (12.1) 
n 


§12 The equation of equilibrium for a plate 41 


y 


FIG. 3 


The transformation of the variation of the second integral in (11.6) is somewhat more 
lengthy. This transformation is conveniently effected in components, and not in vector 


form. We have 
aC 2 at at 
sfila) “atone fe 


- [f at asr atat ast a 


Oxdydxdy dx? dy? ax? dy? 

The integrand can be written 
ð (ast oy ostort Ai ag Tee 
ôx \ dy dxdy Ax dy?) dy\ ax A@xdy dy dx? J’ 


i.e. as the (two-dimensional) divergence of a certain vector. The variation can therefore be 
written as a contour integral: 


ae \? ara òt af aie 
HZ- ~ Ax? ay? has gals fae dy Ox? x 
2 2 
+ alcos 0 a ae o (12.2) 


where 0 is the angle between the x-axis and the normal to the contour (Fig. 3). 
The derivatives of 5¢ with respect to x and y are expressed in terms of its derivatives 
along the normal n and the tangent 1 to the contour: 


ô ON, EPUL 
Papo = td 
ô 

—= sin z> 2 cos = 
oy 


Then formula (12.2) becomes 


ee \? ae 
si(a) aay fF 


epre Et at 
-fafa sin 9 cos =~ n Ogas ga 5r 


ERGE HS 
+a Sey s sind coso (5 -Z ) + 6080 sin?0); axdy [` 
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The second integral may be integrated by parts. Since it is taken along a closed contour, the 
limits of integration are the same point, and we have simply 


2 2 ĝ? 
-farar $ [sino coso (= : +) + (608? sin*0) g \ 


dy? dx? axdy 


Collecting all the above expressions and multiplying by the coefficients shown in 
formula (11.6), we obtain the following final expression for the variation of the free energy: 


ory= D( [arceras- 


3At af. ae) 
-foca OE + -o i {sind oso (55 ax? + 


2 
+ (cos?6 — sin? 8) a AG 


Oxdy 
056 ‘ eC 
+h Pai} acta -o)(2 ey ee tidy 
bag NOLG as 
2 2 12.3 
sin O53 cos ose) ( ) 
with 
D = Eh? /12(1—o7). (12.4) 


In order to derive from this the equation of equilibrium for the plate, we must equate to 
zero the sum of the variation ôF and the variation ôU of the potential energy of the plate 
due to the external forces acting on it. This latter variation is minus the work done by the 
external forces in deforming the plate. Let P be the external force acting on the plate, per 
unit area t and normal to the surface. Then the work done by the external forces when the 
points on the plate are displaced a distance 5¢ is | Pô¢ d f. Thus the condition for the total 
free energy of the plate to be a minimum is 


öra- [Pa as=o. 


On the left-hand side of this equation we have both surface and contour integrals. The 
surface integral is 


fivare-Pyscas 


The variation 6¢ in this integral is arbitrary. The integral can therefore vanish only if the 
coefficient of ĝ¢ is zero, i.e. 


DA*{—P=0. (12.5) 


This is the equation of equilibrium for a plate bent by external forces acting on it. The 
coefficient D is called the flexural rigidity or cylindrical rigidity of the plate. 


t The force P may be the result of body forces 


(e.g. the force of gravit i i 
body force over the thickness of the plate. $ SP aas pien aalto Hp integral ofthe 
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The boundary conditions for this equation are obtained by equating to zero the contour 
integrals in (12.3). Here various particular cases have to be considered. Let us suppose that 
part of the edge of the plate is free, i.e. no external forces act on it. Then the variations ôt 
and 50¢/0n on this part of the edge are arbitrary, and their coefficients in the contour 
integrals must be zero. This gives the equations 


3AF ð T EA 
a +(1 ays jeosdsino( 25-25) 
+ (sin?9—cos*6) 2 =0 (12.6) 
Oxdy É : 
a E 
AC-+(L—0)}2sindeos doe sin Orza 00s or} =0 (12.7) 


which must hold at all free points on the edge of the plate. 

The boundary conditions (12.6) and (12.7) are very complex. Considerable simplifi- 
cations occur when the edge of the plate is clamped or supported. If it is clamped (Fig. 4a), 
no vertical displacement is possible, and moreover no bending is possible at the edge. The 
angle through which a given part of the edge turns from its initial position is (for small 
displacements ¢) the derivative 0£/@n. Thus the variations ô% and 60f/0n must be zero at 
clamped edges, so that the contour integrals in (12.3) are zero identically. The boundary 
conditions have in this case the simple form 


C=0, d¢/én=0. (12.8) 
oy 
MON 


FIG. 4 


The first of these expresses the fact that the edge of the plate undergoes no vertical- 
displacement in the deformation, and the second that it remains horizontal. 

It is easy to determine the reaction forces on a plate at a point where it is clamped. These 
are equal and opposite to the forces exerted by the plate on its support. As we know from 
mechanics, the force in any direction is equal to the space derivative, in that direction, of 
the energy. In particular, the force exerted by the plate on its support is given by minus the 
derivative of the energy with respect to the displacement C of the edge of the plate, and the 
reaction force by this derivative itself. The derivative in question, however, is just the 
coefficient of ô¢ in the second integral in (12.3). Thus the reaction force per unit length is 
equal to the expression on the left of equation (12.6) (which of course, is not now zero), 
multiplied by D. 

Similarly, the moment of the reaction forces is given by the expression on the left of 
equation (12.7), multiplied by the same factor. This follows at once from the result of 
mechanics that the moment of the force is equal to the derivative of the energy with respect 
to the angle through which the body turns. This angle is at /ôn, so that the corresponding 
moment is given by the coefficient of ôôų/ðn in the third integral in (12.3). Both these 
expressions (that for the force and that for the moment) can be very much simplified by 
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virtue of the conditions (12.8). Since ¢ and 0¢/dn are zero everywhere on the edge of the 
plate, their tangential derivatives of all orders are zero also. Using this and converting the 
derivatives with respect to x and y in (12.6) and (12.7) into those in the directions of n and l, 
we obtain the following simple expressions for the reaction force F and the reaction 


moment M: 
aC dade 
=) p peepee 9 
k of eta én? |’ uaa) 
eC 
= )—., 12.10 
M Daa (12.10) 


Another important case is that where the plate is supported (Fig. 4b), i.e. the edge rests 
on a fixed support, but is not clamped to it. In this case there is again no vertical 
displacement at the edge of the plate (i.e. on the line where it rests on the support), but its 
direction can vary. Accordingly, we have in (12.3) ô¢ = 0 in the contour integral, but 
ðôt /ðn # 0. Hence only the condition (12.7) remains valid, and not (12.6). The expression 
on the left of (12.6) gives as before the reaction force at the points where the plate is 
supported; the moment of this force is zero in equilibrium. The boundary condition (12.7) 
can be simplified by converting to the derivatives in the direction of n and | and using the 
fact that, since £ = 0 everywhere on the edge, the derivatives 0C/@l and 6?/0I? are also 
zero. We then have the boundary conditions in the form 


at d0 ôt 


PROBLEMS 


PROBLEM 1. Determine the deflection of a circular plate (with radius R) with clamped edges, placed 
horizontally in a gravitational field. 


SOLUTION. We take polar coordinates, with the origin at the centre of the plate. The force on unit area of the 
surface of the plate is P = phg. Equation (12.5) becomes At = 648, where B = 3pg(1 — a?)/16h? E; positive 
values of Ç correspond to displacements downward. Since { is a function of r only, we can put A = 
r~' d(rd/dr)/dr. The general integral is ¢ = Br* + ar? + b + cr? log(r/R) +d log(r/R). In the case in question we 
must put d = 0, since log(r/R) becomes infinite at r = 0, and c = 0, since this term gives a singularity in A¢ at r 
=0 (corresponding to a force applied at the centre of the plate; see Problem 3). The constants a and b are 
determined from the boundary conditions ¢ = 0, d¢/dr = 0 for r = R. The result is { = B(R?—r?)’. 


PROBLEM 2. The same as Problem 1, but for a plate with supported edges. 
SOLUTION. The boundary conditions (12.11) for a circular plate are 
dg od 
¢=0, — yea =0. 
dr? rdr 


The solution is similar to that of Problem 1, and the result is 
5+ 
[= B(R?—r?) (tt R? -r) 
l+o 


PROBLEM 3. Determii i ; : 
ey termine the deflection of a circular plate with clamped edges when a force fis applied to its 


SOLUTION. We have A? = 0 everywhere except at the origin. Integration gives 
¢ = ar? +b +cr? log(r/R), 
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the log r term again being omitted. The total force on the plate is equal to the force fat its centre. The integral of 
A*¢ over the surface of the plate must therefore be 


2n | rA*Cdr =f/D. 
o 
Hence c = f/8xD. The constants a and b are determined from the boundary conditions. The result is 
t = (//8nD) [4(R? —r?)—r? log(R/r)]. 


PROBLEM 4. The same as Problem 3, but for a plate with supported edges. 
SOLUTION. 
3+0 R 
= ath [En-a ios” | 
16nD LI +0 r 
PROBLEM 5. Determine the deflection of a circular plate suspended by its centre and in a gravitational field. 


SOLUTION. The equation for ¢ and its general solution are the same as in Problem 1. Since the displacement at 
the centre is ¢ = 0, we have c = 0. The constants a and b are determined from the boundary conditions (12.6) and 
(12.7), which are, for circular symmetry, 


dA% =i ps =<). a od? 


| eee 
dr dr\dr? rdr 


dr? rdr 


The result is 


PEAP 2 R 23t+0 
€ = fr? | r? +8R?° log—+2R J 
r 1+0 


PROBLEM 6. A thin layer (of thickness h) is torn off a body by external forces acting against surface tension 
forces at the surface of separation. With given external forces, equilibrium is established for a definite area of the 
surface separated and a definite shape of the layer removed (Fig. 5). Derive a formula relating the surface tension 
to the shape of the layer removed.t 


—---x 


Fic. 5 


SOLUTION. The layer removed can be regarded as a plate with one edge (the line of separation) clamped. The 
bending moment on the layer is given by formula (12.10). The work done by this moment when the length of the 
separated surface increases by 5x is 

Mast /dx = Mdx07l/8x? = D(6?¢/dx?)? dx (1) 
(the work of the bending force F itself is a second-order quantity). The equilibrium condition is that this work be 
equal to the change in the energy of the system. The latter is made up of two parts: the change in the surface 
energy, and the change in the elastic energy of the layer removed owing to the increase in length of its bent part. 
The first part is 28x, where a is the surface-tension coefficient, the factor 2 allowing for the creation of two free 
surfaces by the separation. The second part is }D(6?¢/0x?)? ôx, i.e. the energy (11.6) for a length 5x of the layer, 
which is half of the quantity (1). The result is thus 


a= 4D(6C/dx?)?. 


is problem was di i i ion wi hich he developed for 
+ Th ssed by I. V. Obreimov (1930) in connection with a method w 
measuring. tte AEA of wick: The measurements which he made by this method were the first direct 


Measurements of the surface tension of solids. 
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§13. Longitudinal deformations of plates j 


Longitudinal deformations occurring in the plane of the plate, and not resulting in any 
bending, form a special case of deformations of thin plates. Let us derive the equations of 
equilibrium for such deformations. 

If the plate is sufficiently thin, the deformation may be regarded as uniform over its 
thickness. The strain tensor is then a function of x and y only (the xy-plane being that of 
the plate) and is independent of z. Longitudinal deformations of a plate are usually caused 
either by forces applied to its edges or by body forces in its plane. The boundary conditions 
on both surfaces of the plate are then gxn = 0, or, since the normal vector is parallel to the 
z-axis, Oiz =0, ie. Oxz = Oy, = 02, = 0. It should be noticed, however, that in the 
approximate theory given below these conditions continue to hold even when the external 
tension forces are applied to the surfaces of the plate, since these forces are still small 
compared with the resulting longitudinal internal stresses (axx, 0,,, Axy) in the plate. Since 
they are zero at both surfaces, the quantities o,,, Oyz 0,, must be small throughout the 
thickness of the plate, and we can therefore take them as approximately zero everywhere in 
the plate. 

Equating to zero the expressions (11.2), we obtain the relations 


Uz: = — 60 (uxx + u,y)/(1 —6), Ux: = Uy, = 0. (13.1) 


Substituting in the general formulae (5.13), we obtain for the non-zero components of the 
stress tensor 


E 
Oxx = ‘Leet (u,,+ou,,), 
E 
Oyy = Tp (Myy + OU), (13.2) 


Or Tyg i 
It should be noticed that the formal transformation 
E>E/(1-0°) o-a/(1—o) (13.3) 


converts these expressions into those which give the relation between the stresses x Tx» 
Oyy and the strains u,,, u,,, U,, for a plane deformation (formulae (5.13) with u ae 0). 

„Having thus eliminated the displacement u, we can regard the plate as a two- 
dimensional medium (an “elastic plane”), of zero thickness, and take the displacement 
vector u to be a two-dimensional vector with components u, and u,. If P, and P, are the 


components of the external body force per unit i 
pane per unit area of the plate, the general equations of 
ôo ĉo 
h xx xy a 
(= + ay +r, =0, 


0a ĉo 
h yx yy bs 
(= +3, )+P,=0. 


Substituting the expressions (13.2), we obtain the equations of equilibrium in the form 
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1 d7u iR 1 azy 
Eh) aaa +50 aat = 
toe ax? REE PEE N Say 


; (13.4) 
1 d7u L varu 1 20u 
h ce E eee a8 ger E = 
f —o? ôy? 2(1 +0) dx? tz a) a 
These equations can be written in the two-dimensional vector form 
grad div u—4(1 — o) curl curl u = — (1 —o”)P/Eh, (13.5) 


where all the vector operators are two-dimensional. 
In particular, the equation of equilibrium in the absence of body forces is 


grad div u—4(1 — o) curl curl u = 0. (13.6) 


It differs from the equation of equilibrium for a plane deformation of a body infinite in the 
z-direction (§7) only by the sign of the coefficient (in accordance with (13.3)).¢ As for a 
plane deformation, we can introduce the stress function defined by 


Osx = 07 x/Oy?, Oxy = — 0? x/Oxdy, yy = 07 x/Ox?, (13.7) 


whereby we automatically satisfy the equations of equilibrium in the form 


OO ss Boe idly Orel Oo, 


O35: sansa i ox dy 
The stress function, as before, satisfies the biharmonic equation, since for Ay we have 
AX = Oxx + Oyy = E (Uy + Uyy)/(1 — 0) = {E/(1 — 0)} div u; 


this differs only by a factor from the result for a plane deformation. 

It may be pointed out that the stress distribution in a plate deformed by given forces 
applied to its edges is independent of the elastic constants of the material. For these 
constants appear neither in the biharmonic equation satisfied by the stress function, nor in 
the formulae (13.7) which determine the components cią from that function (nor, 
therefore, in the boundary conditions at the edges of the plate). 


PROBLEMS 

PROBLEM 1. Determine the deformation of a plane disc rotating uniformly about an axis through its centre 
perpendicular to its plane. 

SOLUTION. The required solution differs only in the constant coefficients from the solution obtained in §7, 
Problem 5, for the plane deformation of a rotating cylinder. The radial displacement u, = u(r) is given by the 
formula 

2/1 =g? 
u geag llag „(a r-e). 
8E l+o 


This is the expression which gives that of §7, Problem 5, if the substitution (13.3) is made. 


PROBLEM 2. Determine the deformation of a semi-infinite plate (with a straight edge) under the action of a 
concentrated force in its plane, applied to a point on the edge. 


t A deformation homogeneous in th 
called a state of plane stress, as distinct from a plane 


e z-direction for: which O;x = Oy = Oz: = 0 everywhere is sometimes 
deformation, for which u, = Uz) = Uz: = 0 everywhere. 
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SOLUTION. We take polar coordinates, with an angle ¢ measured from the direction of the applied force; it 
takes values from — ($r + a) to $r — a, where a is the angle between the direction of the force and the normal to 
the edge of the plate (Fig. 6). At every point of the edge except that where the force is applied (the origin) we must 
have 44 = 0,4 = 0. Using the expressions for a4, and a,, obtained in §7, Problem 11, we find that the stress 
function must therefore satisfy the conditions 


Ox = constant, kee = constant, for ¢ = — ($n + a), ($r — a). 
or rôp 


Both conditions are satisfied if y = rf ($). With this substitution, the biharmonic equation 


Fala) ap 
rôr\ ôr) 8? 
gives solutions for f(#) of the forms sin, cos¢, psin $, pcos¢. The first two of these lead to stresses which are 
zero identically. The solution which gives the correct value for the force applied at the origin is 
Y= —(F/a)rosing, o, = —(2F/nr)cosd, 5,4 = G44 = 9, (1) 


where F is the force per unit thickness of the plate. For, projecting the internal stresses on directions parallel and 


perpendicular to the force F, and integrating over a small semicircle centred at the origin (whose radius then 
tends to zero), we obtain 
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fonr sinġ dọ = 0, 


i.e. the values required to balance the external force applied at the origin. 

Formulae (1) determine the required stress distribution. It is purely radial: only a radial compression force acts 
on any area perpendicular to the radius. The lines of equal stress are the circles r = d cosġ, which pass through 
the origin and whose centres lie on the line of action of the force F (Fig. 6). 


4 The components of the strain tensor are u,, =4,,/E, uy, = —00,,/E, u, = 0. From these we find by 
integration (using the expressions (1.8) for the components u;x in polar coordinates) the displacement vector: 
2F (l-—o)F 
u= —-—I -= i 
aE OB("/2) cos 2E ġsinġ, 


(1-—0)F si 

cE sing — dcos¢). 
Here the constants of integration have been chosen so to give zero displacement (translation and rotation) of the 
plate as a whole: an arbitrarily chosen point at a distance a from the origin on the line of action of the force is 
assumed to remain fixed. 

Using the solution obtained above, we can obtain the solution for any distributi i 

i | y distribution of forces acting on the edge 

of the plate (cf. §8). It is, of course, inapplicable in the immediate neighbourhood of the akg á 


i _26F . 2F i 
aber sing + = log(r/a) sing + 


PROBLEM 3. Determine the deformation of an infinite wedge- i 
applied atie an ite wedge-shaped plate (with angle 2a) due to a force 


SOLUTION. The stress distribution is given by formul ich di in thei 
TIO} y formulae which differ from those of Problem 2 only in their 
normalization. If the force acts along the mid-line of the wedge (F, in Fig. 7), we tive On = 


a A 
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i 
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— (F, cosġ)/r (x +} sin 2a), o,4 = G44 = 0. If, on the other hand, the force acts perpendicular to this direction (Fz 
in Fig. 7), then 
6,, = — (F, cosġ)/r (a — 4 sin 2a). 


In each case the angle ¢ is measured from the direction of the force. 


PROBLEM 4. Determine the deformation of a circular disc (with radius R) compressed by two equal and 
opposite forces Fh applied at the ends of a diameter (Fig. 8). 


SOLUTION. The solution is obtained by superposing three internal stress distributions. Two of these are 
o), , = —(2F/ar)cos$y, og, = 9'4,4, = 0. 
at) ns = —(2F/nr,)cos@2, Cnet = Oi Gd, =0, 


where r,, $; and rz, #2 are the polar coordinates of an arbitrary point P with origins at A and B respectively. 
These are the stresses due to a normal force F applied to a point on the edge of a half-plane; see Problem 2. The 
third distribution, o? = (F/2R)dj,, is a uniform extension of definite intensity. For, if the point P is on the 
edge of the disc, we have r; =2R cos 4, rz =2R cos $2, so that o,r, = o,r, = —F/xR. Since the 
directions of r, and rz at this point are perpendicular, we see that the first two stress distributions give a uniform 
compression on the edge of the disc. These forces can be just balanced by the uniform tension given by the third 
system, so that the edge of the disc is free from stress, as it should be. 


Fic. 8 


PROBLEM 5. Determine the stress distribution in an infinite sheet with a circular aperture (radius R) under 


uniform tension. 


ee TO oe all en 
SOLUTION, The uniform tension of a continuous sheet corresponds to stresses o ae as g B kd e 0, 
nd to the stress function x‘ =4Ty? = 37r* sin’ = 


where T is the tension force. These in turn correspo! oe i 
Tr? (1 — cos 24), When there is a circular aperture (with the centre as the origin of polar coordinates r, $), we 
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seek the stress function in the form z = 7° +x", x” =f (r)+ F (r) cos 2¢. The integral of the biharmonic 
equation which is independent of ¢ is of the form f (r) = ar? log r + br? +c logr, and in the integral proportional 
to cos 2 we have F (r) = dr? + er* + g/r?. The constants are determined by the conditions oa = Oforr = œ 
and o,, = 0,4 = 0 for r = R. The result is 


R? 
yf) yree{ —togr+(1 -F)eos29}, 


and the stress distribution is given by 


R? 3R? 
On =47(1 -* {i +(1 -E )eos24}, 
2 4 
T= arhi +5 -(1 + )eos24}, 
2 4 
On = -i7(1 +2 2) sina 


In particular, at the edge of the aperture we have a4, = T(1 —2 cos 2¢), and for @ = + $n, 044 = 3T, i.e. three 
times the stress at infinity (cf. §7, Problem 12). 


§14. Large deflections of plates 


The theory of the bending of thin plates given in §§11-13 is applicable only to fairly 
small deflections. Anticipating the result given below, it may be mentioned here that the 
condition for that theory to be applicable is that the deflection ¢ be small compared with 
the thickness h of the plate. Let us now derive the equations of equilibrium for a plate 
undergoing large deflections. The deflection ¢ is not now supposed small compared with h. 
It should be emphasized, however, that the deformation itself must still be small, in the 
sense that the components of the strain tensor must be small. In practice, this usually 
implies the condition ¢ < I, i.e. the deflection must be small compared with the dimension l 
of the plate. 

The bending of a plate in general involves a stretching of it.t For small deflections this 
stretching can be neglected. For large deflections, however, this is not possible; there is 
therefore no neutral surface in a plate undergoing large deflections. The existence of a 
stretching which accompanies the bending is peculiar to plates, and distinguishes them 
from thin rods, which can undergo large deflections without any general stretching. This 
property of plates is a purely geometrical one. For example, let a flat circular plate be bent 
into a segment of a spherical surface. If the bending is such that the circumference of the 
plate remains constant, its diameter must increase. If the diameter is constant, on the other 
hand, the circumference must be reduced. 

The energy (11.6), which may be called the pure bending energy, is only the part of the 
total energy which arises from the non-uniformity of the tension and compression 
through the thickness of the plate, in the absence of any general stretching. The total 
energy includes also a part due to this general stretching; this may be called the stretching 
energy. 

Deformations consisting of pure bending and pure stretching have been considered in 
§§1 1-13. We can therefore use the results obtained in these sections. It is not necessary to 
consider the structure of the plate across its thickness, and we can regard it as a two- 
dimensional surface of negligible thickness. 

We first derive an expression for the strain tensor pertaining to the stretching of a plate 
(regarded as a surface) which is simultaneously bent and stretched in its plane. Let u be the 


t An exception is, for instance, the bending of a flat plate into a cylindrical surface. 


Y N 
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two-dimensional displacement vector (with components u,, uy) for pure stretching; C, as 
before, denotes the transverse displacement in bending. Then the element of length dl 
= J (dx? +dy”) of the undeformed plate is transformed by the deformation into an 
element dl’, whose square is given by dl’? = (dx + du,)? + (dy + du,)? + d¢?. Putting here 
du, = (du,/0x) dx + (du,/dy) dy, and similarly for du, and d¢, we obtain to within higher- 
order terms dl’? = di? + 2u,gdx,dx,, where the two-dimensional strain tensor is defined as 


gh Ou, , Ou, 106 ot 
bi (stat) ax," oe 


(In this and the following sections, Greek suffixes take the two values x and y; as usual, 
summation over repeated suffixes is understood). The terms quadratic in the derivatives of 
u, are here omitted; the same cannot, of course, be done with the derivatives of C, since 
there is no corresponding first-order terms. 

The stress tensor cg due to the stretching of the plate is given by formula (13.2), in which 
u, must be replaced by the total strain tensor given by formula (14.1). The pure bending 
energy is given by formula (11.6), and can be written fY, ({) dx dy, where ¥, (£) denotes 
the integrand in (11.6). The stretching energy per unit volume of the plate is, by the general 
formulae, usg Cap. The energy per unit surface area is obtained by multiplying by h, so that 
the total stretching energy can be written J'Y (Uap) df, where 


YP, =thuzgoap- (14.2) 


Thus the total free energy of a plate undergoing large deflections is 


El [EO Yatun) df. (14.3) 


Before deriving the equations of equilibrium, let us estimate the relative magnitude of 
the two parts of the energy. The first derivatives of ¢ are of the order of ¢/l, where lis the 
dimension of the plate, and the second derivatives are of the order of {/l?. Hence we see 
from (11.6) that Y, ~ Eh3¢?/I*, The order of magnitude of the tensor components up is 
¢?/I?,and so Y, ~ EhC*/I*. A comparison shows that the neglect of Y, in the approximate 
theory of the bending of plates is valid only if {? < h?. 

The condition of minimum energy is ôF + U = 0, where U is the potential energy in 
the field of the external forces. We shall suppose that the external stretching forces, if any, 
can be neglected in comparison with the bending forces. (This is always valid unless the 
stretching forces are very large, since a thin plate is much more easily bent than stretched.) 
Then we have for ôU the same expression as in §12: ôU = — f Poe df, where P is the 
external force per unit area of the plate. The variation of the integral f ¥, df has already 


been calculated in §12, and is 
afe: df=D farscar 


The contour integrals in (12.3) are omitted, since they give only the boundary conditions 

on the equation of equilibrium, and not that equation itself, which is of interest here. 
Finally, let us calculate the variation of the integral f Y, df. The variation must be taken 

both with respect to the components of the vector u and with respect to ¢. We have 


oY 
afr df= [Fe usas 
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The derivatives of the free energy per unit volume with respect to u,g are Gap hence 
OY, /Ou,, = ho,g. Substituting also for usg the expression (14.1), we obtain 


afv df=h | ap Ugg df 


dôu, up a ASL dC aC 
= : AE an, 
2h fou TP A AETA bad 


or, by the symmetry of osp, 


è fv, df =h foo fE E ar 


OX, ÔXpÔXa 


Integrating by parts, we obtain 


‘ Gece oe tian ot 
afya df= —h ie outa (ous ch df. 


The contour integrals along the circumference of the plate are again omitted. 
Collecting the above results, we have 


af a a 
ÖF, +5U =f] nehi (oag =P bac — tou, |as- 0. 


OX, Xp 


In order that this relation should be satisfied identically, the coefficients of df and ĝu, must 
each be zero. Thus we obtain the equations 


ð 4 
Die heel ge he 
A%—h los =) P, (14.4) 
06,5/0X, = 0. (14.5) 


The unknown functions here are the two components u,, u, of the vector u and the 
transverse displacement ¢. The solution of the equations gives both the form of the bent 
plate (i.e. the function ¢ (x, y)) and the extension resulting from the bending. Equations 
(14.4) and (14.5) can be somewhat simplified by introducing the function y related to oy by 
(13.7). Equation (14.4) then becomes 


ð? ĝ? @2 8? 6? 2 


ay? Ox? * Ox? dy?“ dxdy dxdy 


Equations (14.5) are satisfied automatically by the expressions (13.7). Hence another 


ae is needed; this can be obtained by eliminating u, from the relations (13.7) and 


To do this, we proceed as follows, We express u, in terms of 0,4, obtaining from (13.2) 


Max = (xx —00y Es)” ty = (0y)—00,,)/E, gy = (1 +0) 0g5/E. 
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Substituting here the expression (14.1) for u,g, and (13.7) for 6,,we find the equations 
ô 2 2 2 
sins if Hy Nias (4x 00 jota 
ôx- 2\ôx E\éy? 20x2? 


Bb E Cad al a 

dy 2\ay) E "a? | 
Ou, ôu, HA (1+0) 2x 
dy ôx éxdy E ôxðy` 


We take 0?/dy? of the first, 67/dx? of the second, — 6? /éxéy of the third, and add. The 
terms in u, and u, then cancel, and we have the equation 


00 at aC 2 
2 eR a poli = 
A rE (sx) 0. (14.7) 


i 


Equations (14.6) and (14.7) form a complete system of equations for large deflections of 
thin plates (A. Föppl 1907). These equations are very complicated, and cannot be solved 
exactly, even in very simple cases. It should be noticed that they are non-linear. 

We may mention briefly a particular case of deformations of thin plates, that of 
membranes. A membrane is a thin plate subject to large external stretching forces applied at 
its circumference. In this case we can neglect the additional longitudinal stresses caused by 
bending of the plate, and therefore suppose that the components of the tensor Cap are 
simply equal to the constant external stretching forces. In equation (14.4) we can then 
neglect the first term in comparison with the second, and we obtain the equation of 
equilibrium 

2 
Ox,0X, t 


with the boundary condition that ¢ = 0 at the edge of the membrane. This is a linear 
equation. The case of isotropic stretching, when the extension of the membrane is the same 
in all directions, is particularly simple. Let T be the absolute magnitude of the stretching 
force per unit length of the edge of the membrane. Then ho,, = Tô,p, and we obtain the 
equation of equilibrium in the form 


TAC+P=0. (14.9) 


hosp P=0, (14.8) 


PROBLEMS 
PROBLEM 1. Determine the deflection of a plate as a function of the force on it when ¢ > h. 


SOLUTION. An estimate of the terms in equation (14.7) shows that y ~ E(?.For{>h, the first term in (14.6) is 
small compared with the second, which is of the order of magnitude h{y/I* ~ Pat in (I being the dimension of 
the plate). If this is comparable with the external force P, we have ¢ ~ (I* P/Eh)? . Hence, in particular, we see that 
¢ is proportional to the cube root of the force. 


PROBLEM 2. Determine the deformation of a circular membrane (with radius R) placed horizontally in 
a gravitational field. 
SOLUTION. We have P = pgh; in polar coordinates, (14.9) becomes 
ld ( g) pgh 
== |r ja 
rdr\ dr hi 
The solution finite for r = 0 and zero for r = R is ¢ = pgh(R? —r°)/4T. 
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§15. Deformations of shells 


In discussing hitherto the deformations of thin plates, we have always assumed that the 
plate is flat in its undeformed state. However, deformations of plates which are curved in 
the undeformed state (called shells) have properties which are fundamentally different 
from those of the deformations of flat plates. 

The stretching which accompanies the bending of a flat plate is a second-order effect in 
comparison with the bending deflection itself. This is seen, for example, from the fact that 
the strain tensor (14.1), which gives this stretching, is quadratic in ¢. The situation is 
entirely different in the deformation of shells: here the stretching is a first-order effect, and 
therefore is important even for small bending deflections. This property is most easily seen 
from a simple example, that of the uniform stretching of a spherical shell. If every point 
undergoes the same radial displacement ¢, the length of the equator increases by 2n¢. The 
relative extension is 2x¢/2nR = ¢/R, and hence the strain tensor also is proportional to 
the first power of ¢. This effect tends to zero as R — ©, i.e. as the curvature tends to zero, 
and is therefore due to the curvature of the shell. 

Let R be the order of magnitude of the radius of curvature of the shell, which is usually 
of the same order as its dimension. Then the strain tensor for the stretching which 
accompanies the bending is of the order of ¢/R, the corresponding stress tensor is ~ EC/R, 
and the deformation energy per unit area is, by (14.2), of the order of Eh({/R)?. The pure 
bending energy, on the other hand, is of the order of Eh? (?/R*, as before. We see that the 
ratio of the two is of the order of (R/h)?, i.e. it is very large. It should be emphasized that 
this is true whatever the ratio of the bending deflection ¢ to the thickness h, whereas in the 
bending of flat plates the stretching was important only for ¢ 2h. 

In some cases there may be a special type of bending of the shell in which no stretching 
occurs. For example, a cylindrical shell (open at both ends) can be deformed without 
stretching if all the generators remain parallel (i.e. if the shell is, as it were, compressed 
along some generator). Such deformations without stretching are geometrically possible if 
the shell has free edges (i.e. is not closed) or if it is closed but its curvature has opposite 
signs at different points. For example, a closed spherical shell cannot be bent without being 
stretched, but if a hole is cut in it (the edge of the hole not being fixed), then such a 
deformation becomes possible. Since the pure bending energy is small compared with the 
stretching energy, it is clear that, if any given shell permits deformation without stretching, 
then such deformations will, in general, actually occur when arbitrary external forces act 
on the shell. The requirement that the bending be unaccompanied by stretching places 
considerable restrictions on the possible displacements u,. These restrictions are purely 
geometrical, and can be expressed as differential equations, which must be contained in the 
complete system of equilibrium equations for such deformations, We shall not pause to 
discuss this question further. 

__ If, however, the deformation of the shell involves stretching, then the tensile stresses are 
in general large compared with the bending stresses, which may be neglected. Shells for 
which this is done are called membranes. 

The stretching energy of a shell can be calculated as the integral 


Fy =th fison df, (15.1) 


taken over the surface. Here Ung (a, B 
appropriate curvilinear coordinates, 


= 1, 2) is the two-dimensional strain tensor in the 
and the stress tensor Ogg is related to u,. by formulae 
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(13.2), which can be written, in two-dimensional tensor notation, as 
np = EÇ (1 —o) ugg + 0ô,pu,,]/(1 — 0°). (15.2) 


A case requiring special consideration is that where the shell is subjected to the action of 
forces applied to points or lines on the surface and directed through the shell. These may 
be, in particular, the reaction forces on the shell at points (or lines) where it is fixed. The 
concentrated forces result in a bending of the shell in small regions near the points where 
they are applied; let d be the dimension of such a region for a force fapplied at a point (so 
that its area is of the order of d°). Since the deflection ¢ varies considerably over a distance 
d, the bending energy per unit area is of the order of Eh>?/d*, and the total bending 
energy (over an area ~ d?)is of the order of Eh? ¢?/d?. The strain tensor for the stretching 
is again ~ ¢/R, and the total stretching energy due to the concentrated forces is 
~ Eht? d? /R?. Since the bending energy increases and the stretching energy decreases with 
decreasing d, it is clear that both energies must be taken into account in determining the 
deformation near the point of application of the forces. The size d of the region of bending 
is given in order of magnitude by the condition that the sum of these energies be a 
minimum, whence 


d ~ \/(hR). (15.3) 


The energy ~ Eh?¢?/R. Varying this with respect to ¢ and equating the result to the work 
done by the force f, we find the deflection ¢ ~ fR/Eh?. 

However, if the forces acting on the shell are sufficiently large, the shape of the shell may 
be considerably changed by bulges which form in it. The determination of the deformation 
as a function of the applied loads requires special investigation in this unusual case. 

Let a convex shell (with edges fixed in such a way that it is geometrically rigid) be 
subjected to the action of a large concentrated force f along the inward normal. For 
simplicity we shall assume that the shell is part of a sphere with radius R. The region of the 
bulge will be a spherical cap which is almost a mirror image of its original shape (Fig. 9 
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orelov (1960). A more precise analysis of the problem together 


T i to A. V. Po; 
a Tho nelson a z obolochek pri zakriticheskikh deformatsi. iyakh (Theory of Shells 


with some similar ones is given in his book Teoriya 
at Supercritical Deformations), Moscow 1965. 


56 The Equilibrium of Rods and Plates §15 


shows a meridional section of the shell). The problem is to determine the size of the bulge 
as a function of the force. i 

The major part of the elastic energy is concentrated in a narrow strip near the edge of the 
bulge, where the bending of the shell is relatively large; we shall call this the bending strip 
and denote its width by d. This energy may be estimated, assuming that the radius r of the 
bulge region is much less than R, so that the angle « <1 (Fig. 9). Then r = R sina ~ Ra, 
and the depth of the bulge H = 2R(1 — cos a) ~ Ra’. Let ¢ denote the displacement of 
points on the shell in the bending strip. Just as previously, we find that the energies of 
bending along the meridian and of stretching along the circle of latitude? per unit surface 
area are respectively, in order of magnitude, Eh*¢?/d* and Eh{?/R?. The order of 
magnitude of the displacement ¢ is in this case determined geometrically: the direction of 
the meridian changes by an angle ~ « over the width d, and so ¢ ~ ad ~ rd/R. Multiplying 
by the area of the bending strip (~ rd), we obtain the energies Eh? r?/R?d and Ehd*r?/R*. 
The condition for their sum to be a minimum again gives d ~ J(h R), and the total elastic 
energy is then ~ Er?(h/R)°'?, ort 


constant x Eh>/?, H3/?/R, (15.4) 

In this derivation it has been assumed that d < r; formula (15.4) is therefore valid if the 
condition 

Rh/r? <1 (15.5) 


holds. When a bulge is formed, the outer layers of a spherical segment become the inner 
ones and are therefore compressed, while the inner layers become the outer ones and are 
stretched. The relative extension (or compression) ~ h/R, and so the corresponding total 
energy in the region of the bulge ~ E(h/R)? hr. With the condition (15.5) it is in fact small 
in comparison with the energy (15.4) in the bending strip. 

The required relation between the depth of the bulge H and the applied force f is 
obtained by equating f to the derivative of the energy (15.4) with respect to H. Thus we find 


H ~ f? R?JE? h5. (15.6) 


It should be noticed that this relation is non-linear. 

Finally, let the deformation (bulge) of the shell occur under a uniform external pressure 
p. In this case the work done is pA V, where AV ~ Hr? ~ H?R is the change in the volume 
within the shell when the bulge occurs. Equating to zero the derivative with respect to H of 


Me total free energy (the difference between the elastic energy (15.4) and this work), we 
obtain 


H ~ h5 E? /Rt pè. (15.7) 


The inverse variation (H increasing when p decreases) shows that in this case the bulge is 
unstable. The value of H given by formula (15.7) corresponds to unstable equilibrium for a 
given p: bulges with larger values of H grow of their own accord, while smaller ones shrink 
(it is easy to verify that (15.7) corresponds to a maximum and not a minimum of the total 
free energy). There is a critical value Pc, Of the external load beyond which even small 


+ The curvature of the shell does not a! 
this bending occurs without any general sı 
t A more accurate calculation shows 


ffect the bending along the meridian in the first approximation, so that 
tretching along the meridian, as in the cylindrical bending of a flat plate. 
that the constant coefficient is 1.2(1 —o7)" 3/4 
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changes in the shape of the shell increase in size spontaneously. This value may be defined 
as that which gives H ~ h in (15.7): 


Per ~ Eh? /R?, (15.8) 


We shall add to the above brief account of shell theory only a few simple examples in the 
following Problems. 


PROBLEMS 


PROBLEM 1. Derive the equations of equilibrium for a spherical shell (with radius R) deformed symmetrically 
about an axis through its centre. 


SOLUTION. We take as two-dimensional coordinates on the surface of the shell the angles 0, @ in a system of 
spherical polar coordinates, whose origin is at the centre of the sphere and polar axis along the axis of symmetry 
of the deformed shell. 

Let P, be the external radial force per unit surface area. This force must be balanced by a radial resultant of 
internal stresses acting tangentially on an element of the shell. The condition is 


h(o4g + 0%6)/R = P,. (1) 


This equation is exactly analogous to Laplace’s equation for the pressure difference between two media caused by 
surface tension at the surface of separation. 

Next, let Q, (0) be the resultant of all external forces on the part of the shell lying above the co-latitude 0; this 
resultant is along the polar axis. The force Q,(0) must be balanced by the projection on the polar axis of the 
stresses 2nRhogg sin@ acting on the cross-section 27Rh sin of the shell at that latitude. Hence 


2n Rhag sin?0 = Q, (8). (2) 
Equations (1) and (2) determine the stress distribution, and the strain tensor is then given by the formulae 


Ugo = (G99 — 50 44)/E, Ugg = (Og — F099)/E, Ugg = 0. (3) 
Finally, the displacement vector is obtained from the equations 
I /d 1 

Use - (Gee), sg = p (ue cotd + u,). (4) 


PROBLEM 2. Determine the deformation under its own weight of a hemispherical shell convex upwards, the 
edge of which moves freely on a horizontal support (Fig. 10). 


Fic. 10 


SOLUTION. We have P, = —pghcos0,Q, = —2nR*pgh(1 —cos8); Q, is the total weight of the shell above the 
circle of co-latitude 8. From (1) and (2) of Problem 1 we find 


Rpg ( 1 ) 
& =R —cos@ }. 
10080?) PINT F cosd 


From (3) we calculate ugs and ug, and then obtain ug and u, from (4); the constant in the integration of the first 
equation (4) is chosen so that for @ = 4x we have ug = 0. The result is 


2 
= Reali te) f co tiog +cosa)} sind, 
1+cos@ 


Coo = 


Up E 


u, = vacan a0 Ecos. log(1 toso}. 
* E l+o 


The value of u, for @ = $n gives the horizontal displacement of the support. 


TOE-c 
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i i i i ith clamped edges, convex downwards and 
. Determine the deformation of a hemispherical shell wit , i i isar 
A page (Fig. 11); the weight of the shell itself can be neglected in comparison with that of the liquid, 


Fic. 11 


SOLUTION. We have 
P, = pogR cos, P,=0, 
o 
2 3 
Q, = 2n R? | P, cos0 sind d = 375R Pooll — cos? 0), 
0 
where po is the density of the liquid. We find from (1) and (2) of Problem 1 
R? pog 1-—cos?0 


R? pog — 1+3 cos0 — 2 cos?0 
ihe 3h sin?0) : 


3h sin?0 


Top 
The displacements are 


R? pog (1 +o) cosé 
Haia sin6 +log(1+cos@) |, 
1+cosé 


Ug = 


3Eh 
R?pog(l +a) 3cosé 
u= Aae cos log(1 + cos@)—1+ ; 
3Eh 1+0 


For 8 = $n, u, is not zero as it should be. This means that the shell is actually so severely bent near the clamped 
edge that the above solution is invalid. 


PROBLEM 4. A shell in the form of a spherical cap rests on a fixed support (Fig. 12). Determine the bending 
resulting from the weight Q of the shell. 


N Pi 
2a, 
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SOLUTION. The main deformation occurs near the edge, which is bent as shown by the dashed line in Fig. 12. 
The displacement ug is small compared with the radial displacement u, = ¢, Since { decreases rapidly as we move 
away from the supported edge, the deformation can be regarded as that ofa long flat plate (with length 2nR sin a). 
This deformation is composed of a bending and a stretching of the plate. The relative extension at each point is 
¢/R (R being the radius of the shell), and therefore the stretching energy is E{?/2R? per unit volume. Using as the 
independent variable the distance x from the line of support, we have for the total stretching energy 


F NPER S 
ensina C? dx. 


§16 Torsion of rods 59 


d? 2 
Fz, pı = 2a R snadof(&) dx. 
x 


Varying the sum Fy, = Fy, pi +F pi with respect to ¢, we obtain 
dt 12(1—0?) 
— +t 
dx* h? R? 
For x > co, Ç must tend to zero, and for x = 0 we must have the boundary conditions of zero moment of the 
forces (” = 0) and equality of the normal force and the corresponding component of the force of gravity: 
2aR sina. DÇ” = Q cosa. 
The solution which satisfies these conditions is Ų = Ae~"* cos xx, where 
Es sual y se Use Vaid 
PE ee = atid 
h? R? Eh 8h? 


The bending energy is 


The bending of the shell is 


d ={(0)cosa = A cosa. 


$16. Torsion of rods 


Let us now consider the deformation of thin rods. This differs from all the cases hitherto 
considered, in that the displacement vector u may be large even for small strains, i.e. when 
the tensor u;, is small.t For example, when a long thin rod is slightly bent, its ends may 
move a considerable distance, even though the relative displacements of neighbouring 
points in the rod are small. 

There are two types of deformation of a rod which may be accompanied by a large 
displacement of certain parts of it. One of these consists in bending the rod, and the other 
in twisting it. We shall begin by considering the latter case. 

A torsional deformation is one in which, although the rod remains straight, each 
transverse section is rotated through some angle relative to those below it. If the rod is 
long, even a slight torsion causes sufficiently distant cross-sections to turn through large 
angles. The generators on the sides of the rod, which are parallel to its axis, become helical 
in form under torsion. 

Let us consider a thin straight rod with arbitrary cross-section. We take a coordinate 
system with the z-axis along the axis of the rod and the origin somewhere inside the rod. 
We use also the torsion angle t, which is the angle of rotation per unit length of the rod. 
This means that two neighbouring cross-sections at a distance dz will rotate through a 
relative angle dd = t dz (so that t = dġ/dz). The torsional deformation itself, i.e. the 
relative displacement of adjoining parts of the rod, is assumed small. The condition for this 
to be so is that the relative angle turned through by cross-sections of the rod at a distance 
apart of the order of its transverse dimension R be small, i.e. 


tR<1. (16.1) 


Let us examine a small portion of the length of the rod near the origin, and determine 
the displacements u of the points of the rod in that portion. As the undisplaced cross- 


+ The only exception is a simple extension of a rod without change of shape, in which case the vector u is 


always small if the tensor u; is small, i.e. if the extension is small. 
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section we take that given by the xy-plane. When a radius vector r turns through a small 
angle 5¢, the displacement of its end is given by 


ôr=ô¢xr, (16.2) 


where ôġ is a vector whose magnitude is the angle of rotation and whose direction is that 
of the axis of rotation. In the present case, the rotation is about the z-axis, and for points 
with coordinate z the angle of rotation relative to the xy-plane is tz (since t can be regarded 
as a constant in some region near the origin). Then formula (16.2) gives for the components 
u,, uy of the displacement vector 

Ux = —TZy, uy = T2X, (16.3) 


When the rod is twisted, the points in it in general undergo a displacement along the z- 
axis also. Since for t = 0 this displacement is zero, it may be supposed proportional to t 
when t is small. Thus 

u, = TW (x, y), (16.4) 


where (x, y) is some function of x and y, called the torsion function. As a result of the 
deformation described by formulae (16.3) and (16.4), each cross-section of the rod rotates 
about the z-axis, and also becomes curved instead of plane. It should be noted that, by 
taking the origin at a particular point in the xy-plane, we “fix” a certain point in the cross- 
section of the rod in such a way that it cannot move in that plane (but it can move in the z- 
direction). A different choice of origin would not, of course, affect the torsional 
deformation itself, but would give only an unimportant displacement of the rod as a 
whole. 

Knowing u, we can find the components of the strain tensor. Since u is small in the 
region under consideration, we can use the formula 


U;, = 4(0u;/Ox, + Ou,/Ox;). 
The result is 


Des -1(#-y) Uy, = 4 (+x). (16.5) 


It should be noticed that u; = 0; in other words, torsion does not result in a change in 
volume, i.e. it is a pure shear deformation. 
For the components of the stress tensor we find 


x ôy ô 
Oy, = 2 puy; = Bt (£-»). Oy, = 2puy. = u(Hh +x). (16.6) 


Here it is more convenient to use the modulus of rigidity y in place of E and a. Since only 


o,, and o,, are different from zero, the general equations of equilibrium d0;,/dx, = 0 
reduce to 


00, ÔO 
Ay igs 0. (16.7) 
Substituting (16.6), we find that the torsion function must satisfy the equation 
Aw =0, (16.8) 


where A is the two-dimensional Laplacian. 
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It is rather more convenient, however, to use a different auxiliary function x(x, y), 
defined by 
Ox: = 2utdyz/dy, Oy, = —2prtdy/dx; (16.9) 


this function satisfies more convenient boundary conditions on the circumference of the 
rod (see below). Comparing (16.9) and (16.6), we obtain 


=x —2——. (16.10) 


Differentiating the first of these with respect to y, the second with respect to x, and 
subtracting, we obtain for the function y the equation 


Ay=-1. (16.11) 


To determine the boundary conditions on the surface of the rod, we note that, since the 
rod is thin, the external forces on its sides must be small compared with the internal 
stresses in the rod, and can therefore be put equal to zero in seeking the boundary 
conditions. This fact is exactly analogous to what we found in discussing the bending of 
thin plates. Thus we must have o;,n, = 0 on the sides of the rod; since the z-direction is 
along the axis, n, = 0, and this equation becomes 


O,.N, + O,yny = 0. 
Substituting (16.9), we obtain 


ox 0x 
ay n= ax ny = 
The components of the vector normal to a plane contour (the circumference of the rod)are 
n, = —dy/dl,n, = dx/dl, where x and y are coordinates of points on the contour and dlis 
an element of arc. Thus we have 
ô ô 
X ax 4§ Hay = dy =0, 
ôx oy 
whence y = constant, i.e. y is constant on the circumference. Since only the derivatives of 
the function y appear in the definitions (16.9), it is clear that any constant may be added to 
y. If the cross-section is singly connected, we can therefore use, without loss of generality, 
the boundary condition 
x=0 (16.12) 


on equation (16.11).¢ 

For a multiply connected cross-section, however, y will have different constant values 
on each of the closed curves bounding in the cross-section. Hence we can put y = 0 on only 
one of these curves, for instance the outermost (Co in Fig. 13). The values of x on the 
remaining bounding curves are found from conditions which are a consequence of the 


ation from equation (16.11) with the boundary condition 


Th = ini torsion deform: 
toe problem of teenie eee he bending of a uniformly loaded plane membrane from 


(16.12) is formally identical with that of determining t 
equation (14.9). J i ł 

It is useful K note also an analogy with fluid mechanics: an equation of the form (16.11) determines the velocity 
distribution v(x, y) for a viscous fluid in a pipe, and the boundary condition (16.12) corresponds to the condition 


v = 0 at the fixed walls of the pipe (see FM, §17). 
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one-valuedness of the displacement u, = tw (x, y) as a function of the coordinates. For, 
since the torsion function w(x, y) is one-valued, the integral of its differential dy round a 
closed contour must be zero. Using the relations (16.10), we therefore have 


ow ow 


or 
dl = =S, (16.13) 


where ĝy/ôn is the derivative of the function y along the outward normal to the curve, and 
S the area enclosed by the curve. Applying (16.13) to each of the closed curves C,,C2,..., 
we obtain the required conditions. 

Let us determine the free energy of a rod under torsion. The energy per unit volume is 


F= Loi, Uix = 0,,U,, + Oyz; = (og 7 O, )/2u 


or, substituting (16.9), 


dx \?_ (ax\? 
Bia ute eee) | = ar? 2 
2 (2) (3 ) [aa (grad x)’, 


where grad denotes the two-dimensional gradient. The torsional energy per unit length of 
the rod is obtained by integrating over the cross-section of the rod, i.e. it is 4Cr?, where the 
constant C = 4y f (grad x)? df, and is called the torsional rigidity of the rod. The total 
elastic energy of the rod is equal to the integral 


Foa =} [cP ae, (16.14) 


taken along its length. 
Putting 
(grad x)? = div(y grad y)—yA x = div(y grad x) + 7 


and pay sea the integral of the first term into one along the circumference of the rod, 
we obtain 


a 
Cm aug tals 4u [xas (16.15) 
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If the cross-section is singly connected, the first term vanishes by the boundary condition 
x = 0, leaving 


C=4n feos dy. (16.16) 


For a multiply connected cross-section (Fig. 13), we put y = 0 on the outer boundary Cy 
and denote by x, the constant values of y on the inner boundaries C,, obtaining by (16.13) 


CH= 4nd un Set4u fax ax (16.17) 
k 


it should be remembered that, in integrating in the first term in (16.15), we go anti- 
clockwise round the contour Co and clockwise round all the others. 

Let us consider now a more usual case of torsion, where one of the ends of the rod is held 
fixed and the external forces are applied only to the other end. These forces are such that 
they cause only a twisting of the rod, and no other deformation such as bending. In other 
words, they form a couple which twists the rod about its axis. The moment of this couple 
will be denoted by M. 

We should expect that, in such a case, the torsion angle t is constant along the rod. This 
can be seen, for example, from the condition that the free energy of the rod be a minimum 
in equilibrium. The total energy of a deformed rod is equal to the sum Fog + U, where U is 
the potential energy due to the action of the external forces. Substituting in (16.14) 
t = dġ/dz and varying with respect to the angle , we find 


do \? dọ dig 
= = =0 
a fe(%) dz +ôU {et 2 dz+ôU =0, 


or, integrating by parts, 


- [ogee de+ su +1css9) =0. 


The last term on the left is the difference of the values at the limits of integration, i.e. at the 
ends of the rod. One of these ends, say the lower one, is fixed, so that 6¢ = 0 there. The 
variation ôU of the potential energy is minus the work done by the external forces in 
rotation through an angle d@. As we know from mechanics, the work done by a couple in 
such a rotation is equal to the product Mé¢ of the angle of rotation and the moment of the 
couple. Since there are no other external forces, ôU = — Méd, and we have 


fou dz +[46(-M+Cr)] =0. (16.18) 
zZ 


The second term on the left has its value at the upper end of the rod. In the integral over z, 
the variation 5¢ is arbitrary, and so we must have 


C dt/dz = 0, 


t = constant. (16.19) 


g the rod. The total angle of rotation of the upper 


Thus the torsi e is constant alon 
ope d is tl, where / is the length of the rod. 


end of the rod relative to the lower en 
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In equation (16.18), the second term also must be zero, and we obtain the following 
expression for the constant torsion angle: 


t= M/C. (16.20) 


PROBLEMS 
PROBLEM 1. Determine the torsional rigidity of a rod whose cross-section is a circle with radius R. 


SOLUTION. The solutions of Problems 1—4 are formally identical with those of problems of the motion ofa 
viscous fluid in a pipe of corresponding cross-section (see the last footnote to this section). The discharge Q is here 


represented by C. } M a 
For a rod of circular cross-section we have, taking the origin at the centre of the circle, x = 4(R?—x?-y’), 


and the torsional rigidity is C = 4 un R*. For the function y we have, from (16.10), y = constant. A constant , 
however, corresponds by (16.4) to a simple displacement of the whole rod along the z-axis, and so we can suppose 
that y = 0. Thus the transverse sections of a circular rod undergoing torsion remain plane. 

PROBLEM 2. The same as Problem 1, but for an elliptical cross-section with semi-axes a and b. 


SOLUTION. The torsional rigidity is C = nua?b?/(a? + b?). The distribution of longitudinal displacements is 
given by the torsion function y = (b? —a)xy/(b? + a”), where the coordinate axes coincide with those of the 
ellipse. 

PROBLEM 3. The same as Problem 1, but for an equilateral triangular cross-section with side a. 

SOLUTION. The torsional rigidity is C = sf; 3ya*/80. The torsion function is 

v= y(x/3+y) (x /3-y)/6a 


the origin being at the centre of the triangle and the x-axis along an altitude. 


PROBLEM 4. The same as Problem 1, but for a rod in the form of a long thin plate (with width d and thickness 


h<d). 
SOLUTION. The problem is equivalent to that of viscous fluid flow between plane parallel walls. The result is 
that C = $ ydh’. 


PROBLEM 5. The same as Problem 1, but for a cylindrical pipe with internal and external radii R, and Rz 
respectively. 


SOLUTION. The function y = $(R,?—r?) (in polar coordinates) satisfies the condition (16.13) at both 
boundaries of the annular cross-section of the pipe. From formula (16.17) we then find C = $ yn (R34 — R,*). 


PROBLEM 6. The same as Problem 1, but for a thin-walled pipe with arbitrary cross-section. 


SOLUTION. Since the walls are thin, we can assume that y varies through the wall thickness h, from zero on one 
side to y, on the other, according to the linear law y = x, y/h (y being a coordinate measured through the wall). 
Then the condition (16.13) gives x, L/h = S, where L is the perimeter of the pipe cross-section and S the area 
which it encloses. The second term in the expression (16.17) is small compared with the first, and we obtain 
C = 4hS?p/L. If the pipe is cut longitudinally along a generator, the torsional rigidity falls sharply, becoming (by 
the result of Problem 4) C = 4yLh?. 


§17. Bending of rods 


A bent rod is stretched at some points and compressed at others. Lines on the convex 
side of the bent rod are extended, and those on the concave side are compressed. As with 
plates, there is a neutral surface in the rod, which undergoes neither extension nor 
compression. It separates the region of compression from the region of extension. 

Let us begin by investigating a bending deformation in a small portion of the length of 
the rod, where the bending may be supposed slight; by this we here mean that not only the 
Strain tensor but also the magnitudes of the displacements of points in the rod are small. 
We take a coordinate system with the origin on the neutral surface in the portion 
considered, and the z-axis parallel to the axis of the undeformed rod. Let the bending occur 
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in the zx-plane. In a rod undergoing only small deflections we can suppose that the 
bending occurs in a single plane. This follows from the result of differential geometry that 
the deviation of a slightly bent curve from a plane (its torsion) is of a higher order of 
smallness than its curvature. 

As in the bending of plates and the twisting of rods, the external forces on the sides of a 
thin bent rod are small compared with the internal stresses, and can be taken as zero in 
determining the boundary conditions at the sides of the rod. Thus we have everywhere on 
the sides of the rod o,n, = 0, or, since n, = 0, o,,.n,.+ Gxyn, = 0, and similarly for i = y, z. 
We take a point on the circumference of a cross-section for which the normal n is parallel 
to the x-axis. There will be another such point somewhere on the opposite side of the rod. 
At both these points n, = 0, and the above equation gives o,, = 0. Since the rod is thin, 
however, o,., must be small everywhere in the cross-section if it vanishes on either side. We 
can therefore put o,, = 0 everywhere in the rod. In a similar manner, it can be seen that all 
the components of the stress tensor except o,, must be zero. That is, in the bending of a 
thin rod only the extension (or compression) component of the internal stress tensor is 
large. A deformation in which only the component o,, of the stress tensor is non-zero is 
just a simple extension or compression (§5). Thus there is a simple extension or 
compression in every volume element of a bent rod. The amount of this varies, of course, 
from point to point in every cross-section, and so the whole rod is bent. 

It is easy to determine the relative extension at any point in the rod. Let us consider an 
element of length dz parallel to the axis of the rod and near the origin. On bending, the 
length of this element becomes dz’. The only elements which remain unchanged are those 
which lie in the neutral surface. Let R be the radius of curvature of the neutral surface near 
the origin. The lengths dz and dz’ can be regarded as elements of arcs of circles whose radii 
are respectively R and R +x,x being the coordinate of the point where dz’ lies. Hence 


ar Rez ge (1 +%) dz. 
The relative extension is therefore (dz’ — dz)/dz = x/R. 


The relative extension of the element dz, however, is equal to the component u,, of the 
strain tensor. Thus 


u,, = x/R. (17.1) 


We can now find o,, by using the relation ¢,, = Eu,, which holds for a simple extension. 
This gives 
Gy = EX/R: (17.2) 
The position of the neutral surface in a bent rod has now to be determined. This can be 
done from the condition that the deformation considered must be pure bending, with no 
general extension or compression of the rod. The total internal stress force on a cross- 
section of the rod must therefore be zero, i.e. the integral foz df, taken over a cross- 
section, must vanish. Using the expression (17.2) for o,,, we obtain the condition 


f df =0. (17.3) 


We can now bring in the centre of mass of the cross-section, which is that of a uniform 
flat disc of the same shape. The coordinates of the centre of mass are, as we know, given by 


i iti igni i dinate 
the integrals f x df/{ df, fy df/J df: Thus the condition (17.3) signifies that, in a coor 
system with the origin in the neutral surface, the x coordinate of the centre of mass of any 


TOE-c* 
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cross-section is zero. The neutral surface therefore passes through the centres of mass of 


the cross-sections of the rod. 
Two components of the strain tensor besides u,, are non-zero, since for a simple 
extension we have u,, = u,,—ou,,. Knowing the strain tensor, we can easily find the 


displacement also: 
u,, = Ou,/0z = x/R, du,/0x = du,/dy = —ox/R, 
Ou, | Ou, _ ou, Ouy _ at i ie SO 
ox. dz’ dy Ox” orng rars 


Integration of these equations gives the following expressions for the components of the 
displacement: 


$ 1 2 2 2 
u= -zg +o), tm 
u, = —oxy/R, u, =xz/R. 


The constants of integration have been put equal to zero; this means that we “fix” the 
origin. 

It is seen from formulae (17.4) that the points initially on a cross-section z = constant 
= Zp will be found, after the deformation, on the surface z = Zo + u, = Zp (1 + x/R). We 
see that, in the approximation used, the cross-sections remain plane but are turned 
through an angle relative to their initial positions. The shape of the cross-section changes, 
however; for example, when a rod of rectangular cross-section (sides a, b) is bent, the sides 
y = +tb of the cross-section become y = ttb+u, = +4b(1—ox/R), ic. no longer 
parallel but still straight. The sides x = +4a, however, are bent into the parabolic curves 


x= +hatu,= tła- 5 [202+ ada? —y?)] 


(Fig. 14). 


The free energy per unit volume of the rod is 
204 Uy = 40,2 Uz, = $ Ex?/R?. 


Integrating over the cross-section of the rod, we have 
+(E/R?) |x? df. (17.5) 


This is the free energy per unit length of a bent rod. The radius of curvature R is that of the 
neutral surface. However, since the rod is thin, R can here be regarded, to the same 
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approximation, as the radius of curvature of the bent rod itself, regarded as a line (often 
called an “elastic line”). 

In the expression (17.5) it is convenient to introduce the moment of inertia of the cross- 
section, The moment of inertia about the y-axis in its plane is defined as 


Iy= fe df, (17.6) 


analogously to the ordinary moment of inertia, but with the surface element dfinstead of 
the mass element. Then the free energy per unit length of the rod can be written 


4 EI,/R?. (17.7) 


We can also determine the moment of the internal stress forces on a given cross-section 
of the rod (the bending moment). A force c., df = (xE/R) df acts in the z-direction on the 
surface element df of the cross-section. Its moment about the y-axis is xo,, df. Hence the 
total moment of the forces about this axis is 


M, = (E/R) fe df = E1,/R. (17.8) 


Thus the curvature 1/R of the elastic line is proportional to the bending moment on the 
cross-section concerned. 

The magnitude of J, depends on the direction of the y-axis in the cross-sectional plane. 
It is convenient to express 1, in terms of the principal moments of inertia. If 0 is the angle 
between the y-axis and one of the principal axes of inertia in the cross-section, we know 
from mechanics that 

I, = 1, cos?0 +1, sin?ð, (17.9) 

where /, and Z, are the principal moments of inertia. The planes through the z-axis and the 
principal axes of inertia are called the principal planes of bending. 

If, for example, the cross-section is rectangular (with sides a, b), its centre of mass is at 
the centre of the rectangle, and the principal axes of inertia are parallel to the sides. The 
principal moments of inertia are 


I, =a3b/12,. I, = ab3/12. (17.10) 

For a circular cross-section with radius R, the centre of mass is at the centre of the circle, 

and the principal axes are arbitrary. The moment of inertia about any axis lying in the 
cross-section and passing through the centre is 

1=}nR*. (17.11) 


§18. The energy of a deformed rod 


In §17 we have discussed only a small portion of the length of a bent rod. In going on to 
investigate the deformation throughout the rod, we must begin by finding a suitable 
method of describing this deformation. It isimportant to note that, when a rod undergoes 
large bending deflections, there is in general a twisting of it as well, so that the resulting 
deformation is a combination of pure bending and torsion. 


if eee 


+ By this, it should be remembered, we mean that the vector u is not small, but the strain tensor is still small. 
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To describe the deformation, it is convenient to proceed as follows. We divide the rod 
into infinitesimal elements, each of which is bounded by two adjacent cross-sections. For 
each such element we use a coordinate system č, n, (, so chosen that all the systems are 
parallel in the undeformed state, and their ¢-axes are parallel to the axis of the rod. When 
the rod is bent, the coordinate system in each element is rotated, and in general differently 
in different elements. Any two adjacent systems are rotated through an infinitesimal 
relative angle. 

Let dọ be the vector of the angle of relative rotation of two systems at a distance dl apart 
along the rod (we know that an infinitesimal angle of rotation can be regarded as a vector 
parallel to the axis of rotation; its components are the angles of rotation about each of the 
three axes of coordinates). 

To describe the deformation, we use the vector 


Q = dd/dl, (18.1) 


which gives the “rate” of rotation of the coordinate axes along the rod. If the deformation 
is a pure torsion, the coordinate system rotates only about the axis of the rod, i.e. about the 
¢-axis. In this case, therefore, the vector Q is parallel to the axis of the rod, and is just the 
torsion angle t used in §16. Correspondingly, in the general case of an arbitrary 
deformation we can call the component Q, of the vector Q the torsion angle. For a pure 
bending of the rod ina single plane, on the other hand, the vector Q has no component Q,, 
i.e. it lies in the €y-plane at each point. If we take the plane of bending as the €{-plane, then 
the rotation is about the y-axis at every point, i.e. Q is parallel to the n-axis. 

We take a unit vector t tangential to the rod (regarded as an elastic line). The derivative 
dt/dl is the curvature vector of the line; its magnitude is 1/R, where R is the radius of 
curvature, and its direction is that of the principal normal to the curve. The change in a 
vector due to an infinitesimal rotation is equal to the vector product of the rotation vector 
and the vector itself. Hence the change in the vector t between two neighbouring points of 
the elastic line is given by dt = dọ xt, or, dividing by dl, 


dt/dl = Oxt. (18.2) 
Multiplying this equation vectorially by t, we have 
Q = txdt/dl + t (t-Q). (18.3) 


The direction of the tangent vector at any point is the same as that of the Č-axis at that 
point. Hence t-Q = Q,. Using the unit vector n along the principal normal (n = R dt/dl), 
we can therefore put 


Q = txn/R + tQ,. (18.4) 


The first term on the right is a vector with two components Q., Q,. The unit vector txn is 
the binormal unit vector. Thus the components Q, ©, form a vector along the binormal to 
the rod, whose magnitude equals the curvature 1/R. 

By using the vector Q to characterize the deformation and ascertaining its properties, we 
can derive an expression for the elastic free energy of a bent rod. The elastic energy per unit 
length of the rod is a quadratic function of the deformation, i.e., in this case, a quadratic 


t It may be recalled that any curve in space is characterized at each point by a curvature and a torsion. This 


torsion (which we shall not use) should not be confused with the torsi i ich i isti 
j at ° sional 
Sodra BOA nal deformation, which is a twisting of a 
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function of the components of the vector Q. It is easy to see that there can be no terms in 
this quadratic form proportional to QQ, and Q,,Q,. For, since the rod is uniform along its 
length, all quantities, and in particular the energy, must remain constant when the 
direction of the positive C-axis is reversed, i.e. when ¢ is replaced by —C, whereas the 
products mentioned change sign. 

For Q; = Q, = 0 we have a pure torsion, and the expression for the energy must be that 
obtained in §16. Thus the term in Q, in the free energy is }CQ,2. 

Finally, the terms quadratic in Q, and Q, can be obtained by starting from the 
expression (17.7) for the energy of a slightly bent short section of the rod. Let us suppose 
that the rod is only slightly bent. We take the é{-plane as the plane of bending, so that the 
component Q; is zero; there is also no torsion in a slight bending. The expression for the 
energy must then be that given by (17.7), i.e. 4 El,/R?. We have seen, however, that 1/R? is 
the square of the two-dimensional vector (Q;, Q,,). Hence the energy must be of the form 
EI, ©,” . For an arbitrary choice of the č and y axes this expression becomes, as we know 
from mechanics, 


BE (Iyn y? + 2 yg Qp Qe + Tee Q’), 


where I,,,,, J,<, Lez are the components of the inertia tensor for the cross-section of the rod. 
It is convenient to take the € and y axes to coincide with the principal axes of inertia. We 
then have simply 4 E (J, Q? +1,Q,”), where 1,, I, are the principal moments of inertia. 
Since the coefficients of 2,7 and Q,? are constants, the resulting expression must be valid 
for large deflections also. 

Finally, integrating over the length of the rod, we obtain the following expression for the 
elastic free energy of a bent rod: 


F od = fan EQ}? +41, EQ,? +4CQ; }dl. (18.5) 


Next, we can express in terms of Q the moment of the forces acting on a cross-section of 
the rod. This is easily done by again using the results previously obtained for pure torsion 
and pure bending. In pure torsion, the moment of the forces about the axis of the rod is Cr. 
Hence we conclude that, in the general case, the moment M; about the ¢-axis must be CQ,. 
Next, ina slight deflection in the €{-plane, the moment about the n-axis is EJ,/R. In sucha 
bending, however, the vector Q is along the y-axis, so that 1/R is just the magnitude of Q, 
and EI,/R = EI,Q. Hence we conclude that, in the general case, we must have M; 
= El, Q.,M, = EIQ, (the & and n axes being along the principal axes of inertia in the 
cross-section). Thus the components of the moment vector M are 


M; = EI, Q, My, =El2Q,, M; = CQ. (18.6) 
The elastic energy (18.5), expressed in terms of the moment of the forces, is 
M M ielo M e 
= |1 — ~> > dl. (18.7) 
Frog Ms +6 


An important case of the bending of rods is that of a slight bending, in which the 
deviation from the initial position is everywhere small compared with the length of the 
rod. In this case torsion can be supposed absent, and we can put Q, = 0, so that (18.4) gives 


simply 
Q = txn/R = txdt/dl. (18.8) 
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We take a coordinate system x, y, z fixed in space, with the z-axis along the axis of the 
undeformed rod (instead of the system č, n, ¢ for each point in the rod), and denote by X, Y 
the coordinates x, y for points on the elastic line; X and Y give the displacement of points 
on the line from their positions before the deformation. 

Since the bending is only slight, the tangent vector t is almost parallel to the z-axis, and 
the difference in direction can be approximately neglected. The unit tangent vector is the 
derivative t = dr/dl of the position vector r of a point on the curve with respect to its 
length. Hence 

dt/dl = d?r/dl? = d*r/dz?; 
the derivative with respect to the length can be approximately replaced by the derivative 
with respect to z. In particular, the x and y components of this vector are respectively 
d?X/dz? and d?Y/dz?. The components 2,,Q, are, to the same accuracy, equal to 2,,Q,, 
and we have from (18.8) 


Q, = —d?¥/dz?, Q, = d? X/dz?. (18.9) 


Substituting these expressions in (18.5), we obtain the elastic energy of a slightly bent 


rod in the form 
dY 2 d? X 2 
Fea 48 ffn (£) +1, ($) laz (18.10) 


Here J, and I, are the moments of inertia about the axes of x and y respectively, which are 
the principal axes of inertia. 

In particular, for a rod with circular cross-section, J, = 1, = I, and the integrand is just 
the sum of the squared second derivatives, which in the approximation considered is the 


square of the curvature: 
€xV (ey? 1 
dz? dz?) TR? 


Hence formula (18.10) can be plausibly generalized to the case of slight bending of a 
circular rod having any shape (not necessarily straight) in its undeformed state. To do so, 
we must write the bending energy as 


poitog pr (Ludo a 18.11 
rod — R R Z, (18.11) 


0 


where Ro is the radius of curvature at any point of the undeformed rod. This expression 
has a minimum, as it should, in the undeformed state (R = Ro), and for Ry > œ it 
becomes formula (18.10). 


§19. The equations of equilibrium of rods 


; We can now derive the equations of equilibrium for a bent rod. We again consider an 
infinitesimal element bounded by two adjoining cross-sections of the rod, and calculate 
the total force acting on it. We denote by F the resultant internal stress ona cross-section. t 


t This notation will not lead to any confusion with the free energy, which does not appear in §§19-21. 
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The components of this vector are the integrals of jz Over the cross-section: 


ilim fox df. (19.1) 


If we regard the two adjoining cross-sections as the ends of the element, a force F + dF acts 
on the upper end, and — F on the lower end; the sum of these is the differential dF. Next, 
let K be the external force on the rod per unit length. Then an external force K dl acts on the 
element of length dl. The resultant of the forces on the element is therefore dF + K dl. This 
must be zero in equilibrium. Thus we have 


dF/dl = —K. (19.2) 


A second equation is obtained from the condition that the total moment of the forces on 
the element be zero. Let M be the moment of the internal stresses on the cross-section. This 
is the moment about a point (the origin) which lies in the plane of the cross-section; its 
components are given by formulae (18.6). We shall calculate the total moment, on the 
element considered, about a point O lying in the plane of its upper end. Then the internal 
stresses on this end give a moment M + dM. The moment about O of the internal stresses 
on the lower end of the element is composed of the moment — M of those forces about the 
origin O’ in the plane of the lower end and the moment about O of the total force — F on 
that end. This latter moment is — dlx — F, where dl is the vector of the element of length of 
the rod between O’ and O. The moment due to the external forces K is of a higher order of 
smallness. Thus the total moment acting on the element considered is dM + dIxF. In 
equilibrium, this must be zero: 


dM +dIxF = 0. 


Dividing this equation by dl and using the fact that dl/d/ = tis the unit vector tangential to 
the rod (regarded as a line), we have 


dM/dl = Fxt. (19.3) 


Equations (19.2) and (19.3) form a complete set of equilibrium equations for a rod bent in 
any manner. 

If the external forces on the rod are concentrated, i.e. applied only at isolated points of 
the rod, the equilibrium equations at all other points are much simplified. For K = 0 we 


have from (19.2) 
F = constant, (19.4) 


i.e. the stress resultant is constant along any portion of the rod between points where 
forces are applied. The values of the constant are found from the fact that the difference 


F, —F, of the forces at two points 1 and 2 is 
F,—F, = —2K, (19.5) 


where the sum is over all forces applied to the segment of the rod between the two points. It 
should be noticed that, in the difference F, — F1, the point 2 is further from the point from 
which | is measured than is the point 1; this is important in determining the signs in 
equation (19.5). In particular, if only one concentrated force f acts on the rod, and is 
applied at its free end, then F = constant = f at all points of the rod. 

The second equilibrium equation (19.3) is also simplified. Putting t = dl/dl = dr/dl 
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(where r is the radius vector from any fixed point to the point considered) and integrating, 


we obtain 
M = Fxr + constant, (19.6) 


since F is constant. | = 
If concentrated forces also are absent, and the rod is bent by the application of 


concentrated moments, i.e. of concentrated couples, then F = constant at all points of the 
rod, while M is discontinuous at points where couples are applied, the discontinuity being 
equal to the moment of the couple. 

Let us consider also the boundary conditions at the ends of a bent rod. Various cases are 
possible. 

The end of the rod is said to be clamped (Fig. 4a, §12) if it cannot move either 
longitudinally or transversely, and moreover its direction (i.e. the direction of the tangent 
to the rod) cannot change. In this case the boundary conditions are that the coordinates of 
the end of the rod and the unit tangential vector t there are given. The reaction force and 
moment exerted on the rod by the clamp are determined by solving the equations. 

The opposite case is that of a free end, whose position and direction are arbitrary. In this 
case the boundary conditions are that the force F and moment M must be zero at the end 
of the rod. 

If the end of the rod is fixed to a hinge, it cannot be displaced, but its direction can vary. 
In this case the moment of the forces on the freely turning end must be zero. 

Finally, if the rod is supported (Fig. 4b), it can slide at the point of support but cannot 
undergo transverse displacements. In this case the direction t of the rod at the support and 
the point on the rod at which it is supported are unknown. The moment of the forces at the 
point of support must be zero, since the rod can turn freely, and the force F at that point 
must be perpendicular to the rod; a longitudinal force would cause a further sliding of the 
rod at this point. 

The boundary conditions for other modes of fixing the rod can easily be established in a 
similar manner. We shall not pause to add to the typical examples already given. 

It was mentioned at the beginning of §18 that a rod with arbitrary cross-section 
undergoing large deflections is in general twisted also, even if no external twisting moment 
is applied to the rod. An exception occurs when a rod is bent in one of its principal planes, 
in which case there is no torsion. For a rod with circular cross-section no torsion results for 
any bending (if there is no external twisting moment, of course). This can be seen as 
follows. The twisting is given by the component Q, = Q- tof the vector Q. Let us calculate 
the derivative of this along the rod. To do so, we use the fact that Q, = M,/C: 


Substituting (19.3), we see that the first term is zero, so that 
CdQ,/dl = M -dt/dl. 


For a rod with circular cross-section, 1, = I, = I; by (18.3) and (18.6), we can therefore 
write M in the form 


M = Eltxdt/dl + tCQ,. (19.7) 


+ If a concentrated force f is applied to the free end of the rod, the boundary condition is F = f, not F = 0. 
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Multiplying by dt/dl, we have zero on the right-hand side, so that 


dQ,/dl = 0, 
whence 
Q, = constant, (19.8) 


i.e. the torsion angle is constant along the rod. If no twisting moments are applied to the 
ends of the rod, then Q, is zero at the ends, and there is no torsion anywhere in the rod. 
For a rod with circular cross-section, we can therefore put for pure bending 


dr dr 

M = Eltxdt/dl = EI —x—,. { 
/ di <a? ue) 

Substituting this in (19.3), we obtain the equation for pure bending of a circular rod: 

dr dr dr 
El —x—, = Fx—. ; 
dae Fxa (19.10) 
PROBLEMS 


PROBLEM |. Reduce to quadratures the problem of determining the shape of a rod with circular cross-section 
bent in one plane by concentrated forces. 


SOLUTION. Let us consider a portion of the rod lying between points where the forces are applied; on such a 
portion F is constant. We take the plane of the bent rod as the xy-plane, with the y-axis parallel to the force F, and 
introduce the angle between the tangent to the rod and the y-axis. Then dx/d! = sin 0, dy/dl = cos 0, where x, y 
are the coordinates of a point on the rod. Expanding the vector products in (19.10), we obtain the following 
equation for 0 as a function of the arc length l: Eld?0/d? — F sin 0 = 0. A first integration gives } El (d0/dl)? 
+F cos 0 =c,, and 


dé 
Ee s/f = $ 1 
l +vaen | Era e (1) 


The function (/) can be obtained in terms of elliptic functions. The coordinates 


x= [sino y= feosoar 


are 
x = +,/[2EI (c, — F cos 0)/F*] + constant, 


cos dð 
pe tant. (2) 
y= + yuen| (ce, -Feos®) + constan 


The moment M (19.9) is parallel to the z-axis, and its magnitude is M = Eld6/dl. 


PROBLEM 2. Determine the shape of a bent rod with one end clamped and the other under a force f 
perpendicular to the original direction of the rod (Fig. 15). 


Fic. 15 
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SOLUTION. We have F = constant = f everywhere on the rod. At the clamped end (l = 0), 0 =4n, and at the 
free end (I = L, the length of the rod) M = 0, i.e. 6’ = 0. Putting 0 (L) = 8o, we have in (1), Problem 1, c, 
= fcos ôo and 


dn 
dé 
I= VAEN | Tate 
(J 


Hence we obtain the equation for 0: 


te 
dð 
b= JAEN | Tes a 
bo 
The shape of the rod is given by 
x= JQEI/f) Los bo) - (cos 9 —cos 0)), 


4 
cos 6 dð 
y= (EINS) f NE ET 
(J 


PROBLEM 3. The same as Problem 2, but for a force f parallel to the original direction of the rod. 


SOLUTION. We have F = — f; the coordinate axes are taken as shown in Fig. 16. The boundary conditions are 
0 = 0 for l = 0, 6 = 0 for I = L. Then 


L 
dé 
l= El 
VEEN) l — cos 6)” 
o 
where ĝo is determined by the equation /(@)) = L. For x and y we obtain 
x = /QEI/f) [/( —cos 8o) — „/ (cos 0 — cos %)], 


o 
cos 6 dé 
YENE) fz (cos 8 — cos 8o) ` 
0 


For a small deflection, 0o < 1, and we can write 
bo 


dé 
L= /(EI/f) f Jar 7 VENN), 


o 
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i.e. 09 does not appear. This shows that, in accordance with the result of §21, Problem 3, the solution i i 
exists only for f > n? EI/4L?, ie. when the rectilinear shape ceases to be stable. elie ch 


PROBLEM 4. The same as Problem 2, but for the case where both ends of the rod are rted i 
applied at its centre. The distance between the supports is Lo. puppet anda forests 
Z 
a 


A 
OSs IP AEDE e 


Fic. 17 


SOLUTION. We take the coordinate axes as shown in Fig. 17. The force F is constant on each of the segments 
ABand BC, and on each is perpendicular to the direction of the rod at the point of support A or C. The difference 
between the values of F on AB and BC is f, and so we conclude that, on AB, F sin 0) = — $f, where 0, is the angle 
between the y-axis and the line AC. At the point A (l = 0) we have the conditions 0 = frand M = 0, i.e. 0’ = 0, so 
that on AB 


El sinbo H dð EI sin 0o cos @ 
-J f | Jose’ elec meen 
e f 
y= [= f Jeosoan. 


The angle 0, is determined from the condition that the projection of AB on the straight line AC must be 41, 
whence 


tn 
EI sin) f cos(@—9) 
= |e | ae 
bo 


For some value 09 lying between 0 and $z the derivative df/d0 ( f being regarded as a function of 0) passes 
through zero to positive values. A further decrease in ĝo, i.e. increase in the deflection, would mean a decrease in f. 
This means that the solution found here becomes unstable, the rod collapsing between the supports. 


PROBLEM 5. Reduce to quadratures the problem of three-dimensional bending of a rod under the action of 
concentrated forces. 
SOLUTION. Let us consider a segment of the rod between points where forces are applied, on which 
F = constant. Integrating (19.10), we obtain 
d?r 
Stas ERARE (1) 
di dP 
the constant of integration has been written as a vector cF parallel to F, since, by appr pedately, choosing the 
Origin, i.e. by adding a constant vector to r, we can eliminate any vector perpendicular to F. eee aR (C) 
scalarly and vectorially by r’ (the prime denoting differentiation with respect to l), and using the fact ay EN 
=0 (since r? = 1), we obtain F -rxr' +cF+¥ = 0, Ele’ = (Fxr)xr + cFxr'. In components (with the z-axis 
parallel to F) we obtain (xy' — yx’) + cz’ = 0, Elz” = — F (xx' + yy'). Using cylindrical polar coordinates r, $, 2, 
we have 
r2' +cz' =0, Elz" = —Frr'. (2) 


The second of these gives 
j z = F(A-P)/2El, 8) 
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where A is a constant. Combining (2) and (3) with the identity r’? +17’? +2’? = 1, we find 
rdr 


ds JIP- (P +e) (A-P PAB] 
and then (2) and (3) give 
F f (A—r?)rdr 
7 EI Jt? =F? (r? +c?) (A —r?)?/4E?1?] 


cF f (A—r?°)dr 
2= -E r JI-F (+e) (A-P PAER] 
which gives the shape of the bent rod. 


PROBLEM 6. A rod with circular cross-section is subjected to torsion (with torsion angle t) and twisted into a 
spiral. Determine the force and moment which must be applied to the ends of the rod to keep it in this state. 


SOLUTION. Let R be the radius of the cylinder on whose surface the spiral lies (and along whose axis we take 
the z-direction) and a the angle between the tangent to the spiral and a plane perpendicular to the z-axis; the pitch 
h of the spiral is related to a and R by h = 2xR tan a. The equation of the spiral is x = Rcos¢, y = Rsin@, 
z = ġR tana, where ¢ is the angle of rotation about the z-axis. The element of length is dl = (R/cosa)d@. 
Substituting these expressions in (19.7), we calculate the components of the vector M, and then the force F from 
formula (19.3); F is constant everywhere on the rod. The result is that the force F is parallel to the z-axis and its 
magnitude is F = F, = (Ct/R)sina—(EI/R?)cos? «sina. The moment M has a z-component M, = Crsina 
+(EI/R)cos? « and a $-component, along the tangent to the cross-section of the cylinder, My = FR. 


PROBLEM 7. Determine the form of a flexible wire (whose resistance to bending can be neglected in 
comparison with its resistance to stretching) suspended at two points and in a gravitation field. 


SOLUTION. We take the plane of the wire as the xy-plane, with the y-axis vertically downwards. In equation 
(19.3) we can neglect the term dM/di, since M is proportional to EJ. Then Fxt = 0, i.e. F is parallel to t at every 
point, and we can put F = Ft. Equation (19.2) then gives 


d dx d dy 

—\F—]=0, —|F—]=q, 

dl dl dl dl 
where q is the weight of the wire per unit length; hence F dx/dl = c, F dy/dl = ql,and so F = J (c? +g?) so that 
dx/dl = Al /(A* +P), dy/dl =1/,/(A? +P), where A = c/q. Integration gives x = Asinh~'(I/A), y= 
JA +17), whence y = A cosh (x/A), i.e. the wire takes the form of a catenary. The choice of origin and the 


Leora A are determined by the fact that the curve must pass through the two given points and have a given 
length. 


§20, Small deflections of rods 


The equations of equilibrium are considerably simplified in the important case of small 
deflections of rods. This case holds if the direction of the vector t tangential to the rod 
varies only slowly along its length, i.e. the derivative dt/d! is small. In other words, the 
radius of curvature of the bent rod is everywhere large compared with the length of the 
rod. In practice, this condition amounts to requiring that the transverse deflection of the 
tod be small compared with its length. It should be emphasized that the deflection need not 
be small compared with the thickness of the rod, as it had to be in the approximate theory 
of small deflections of plates given in §§11-12.+ 

Differentiating (19.3) with respect to the length, we have 


dM dF e 5 dt 
aee a ER (20.1) 


t We shall not give the complex theory of the bending of rods which are not straight when undeformed, but 
only consider one simple example (see Problems 8 and 9). 
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The second term contains the small quantity dt/dl, and so can usually be neglected (some 


exceptional cases are discussed below). Substituting in the first term dF/dl = — K, we 
obtain the equation of equilibrium in the form 
d?M/d? = txK. (20.2) 
We write this equation in components, substituting in it from (18.6) and (18.9) 
M,=—EI,Y", M,=EI,X", M,=0, (20.3) 


where the prime denotes differentiation with respect to z. The unit vector t may be 
supposed to be parallel to the z-axis. Then (20.2) gives 


EI,X™—K,=0, El, Y“—K, =0. (20.4) 


These equations give the deflections X and Yas functions of z, i.e. the shape of a slightly 
bent rod. 

The stress resultant F on a cross-section of the rod can also be expressed in terms of the 
derivatives of X and Y. Substituting (20.3) in (19.3), we obtain 


Fees KAO bR = EY": (20.5) 


We see that the second derivatives give the moment of the internal stresses, while the third 
derivatives give the stress resultant. The force (20.5) is called the shearing force. If the 
bending is due to concentrated forces, the shearing force is constant along each segment of 
the rod between points where forces are applied, and has a discontinuity at each of these 
points equal to the force applied there. 

The quantities EJ, and EI, are called the flexural rigidities of the rod in the xz and yz 
planes respectively. 

If the external forces applied to the rod act in one plane, the bending takes place in one 
plane, though not in general the same plane. The angle between the two planes is easily 
found. If «is the angle between the plane of action of the forces and the first principal plane 
of bending (the xz-plane), the equations of equilibrium become X™ = (K/I,E) cosa, 
Y = (K/I, E) sina. The two equations differ only in the coefficient of K. Hence X and Y 
are proportional, and Y = (X/,/I,)tana. The angle 6 between the plane of bending and 


the xz-plane is given by 
tan 6 = (12/1, )tan a. (20.6) 


For a rod with circular cross-section I, = 1, and « = 0, i.e. the bending occurs in the plane 
of action of the forces. The same is true for a rod with any cross-section when « = 0, i.e. 


+ An equation of the form 


px™- K,=0 (20.4a) 

; x ; k ii late (with sides a, b and 
also describes the bending of a thin plate in certain limiting cases. Let a rectangular p : 
thickness h) be fixed bA, its sides a (parallel to the y-axis) and bent along its sides b (parallel to the PA YA 
load uniform in the y-direction. In the general case of arbitrary aand b, the two-dimensional shi eet 3 Sided 
the appropriate boundary conditions at the fixed and free edges, must be used to aera y5 d hartie ‘iow 
limiting case a > b, however, the deformation may be regarded as uniform in the y pct replaced b 
dimensional equilibrium equation becomes of the form (20.4a), with the flexural The È 4 nr lat aa 
D = Eh3a/12(1 — 2). Equation (20.4a) is also applicable to the opposite limiting case a< f en bw Fee 
be regarded as a rod of length b with a narrow rectangular cross-section (a rectangle with sides a an ); in this 
case, however, the flexural rigidity is D = El, = Eh?a/12. 
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when the forces act in a principal plane. The magnitude of the deflection ¢ = y (X? +Y?) 
satisfies the equation 


EIQ =K, I= 1,l}//(1,? cos? a + l2? sin? a). (20.7) 
The shearing force F is in the same plane as K, and its magnitude is 
ESTEI (20.8) 


Here I is the “effective” moment of inertia of the cross-section of the rod. 

We can write down explicitly the boundary conditions on the equations of equilibrium 
for a slightly bent rod. If the end of the rod is clamped, we must have X = Y = 0 there, and 
also X’ = Y’ = 0, since its direction cannot change. Thus the conditions at a clamped end 
are 

X=Y=0, X=Y'=0. (20.9) 
The reaction force and moment at the point of support are determined from the known 
solution by formulae (20.3) and (20.5). 

When the bending is sufficiently slight, the hinging and supporting of a point on the rod 
are equivalent as regards the boundary conditions. The reason is that, in the latter case, the 
longitudinal displacement of the rod at its point of support is of the second order of 
smallness compared with the transverse deflection, and can therefore be neglected. The 
boundary conditions of zero transverse displacement and moment give 


PGE GAM D.C (Gea N (20.10) 
The direction of the end of the rod and the reaction force at the point of support are 
obtained by solving the equations. 


Finally, at a free end, the force F and moment M must be zero. According to (20.3) and 
(20.5), this gives the conditions 


pages yr = 0, X= yi" = 0. (20.1 1) 

Ifa concentrated force is applied at the free end, then F must be equal to this force, and not 
to zero. 

It is not difficult to generalize equations (20.4) to the case of a rod with variable cross- 


section. For such a rod the moments of inertia I ı and I, are functions of z. Formulae (20.3), 
which determine the moment at any cross-section, are still valid. Substitution in (20.2) now 


gives . 
d? d?y d? d? x 
Baa (h Gr) =k; Bsa (eir) Ke (20.12) 
in which J, and J, must be differentiated, The shearing force is 
d d? X d a Yy 
F, = ~E —| I, —- =-E— — 
RE Q JZ ), FS ET (1 a) (20.13) 


Let us return to equations (20.1). Our neglect of the second term on the right-hand side 
may in some cases be illegitimate, even if the bending is slight. The cases involved are those 
in which a large internal stress resultant acts along the rod, i.e. F, is very large. Such a force 
is usually caused by a strong tension of the rod by external stretching forces applied to its 
ends. We denote by T the constant lengthwise stress F z: If the rod is strongly compressed 
instead of being extended, T will be negative. In expanding the vector product Fxdt/d/ we 
must now retain the terms in T, but those in F, and F y can again be neglected. Substituting 
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X", Y”, 1 for the components of the vector dt/dl, we obtain the equations of equilibrium in 
i the form l 
1,EX™ —TX" —K, =0, 
} (20.14) 


1,EY™—TY"—K, =0. 


The expressions (20.5) for the shearing force will now contain additional terms giving the 
projections of the force T (along the vector t) on the x and y axes: 


F, = —EI,X"+TX', F,= —El1, Y" +TY. (20.15) 


These formulae can also, of course, be obtained directly from (19.3). 

In some cases a large force T can result from the bending itself, even if no stretching 
| forces are applied. Let us consider a rod with both ends clamped or hinged to fixed 
supports, so that no longitudinal displacement is possible. Then the bending of the rod 
must result in an extension of it, which leads to a force T in the rod. It is easy to estimate the 
magnitude of the deflection for which this force becomes important. The length L + AL of 
the bent rod is given by 


L 


Le au= | /(+x?+Y")ds, 
0 


taken along the straight line joining the points of support. For slight bending the square 
| root can be expanded in series, and we find 
L 


AL =} | (X°? +Y’) dz. 
o 


| The stress force in simple stretching is equal to the relative extension multiplied by 
Young’s modulus and by the area S of the cross-section of the rod. Thus the force T is 


L 
} ES 2 2 
=— : '2) dz. 20.16 
T AR +Y"*) dz. ( ) 
0 


| If ô is the order of magnitude of the transverse bending, the derivatives X’ and Y ‘are of 
the order of 6/L, so that the integral in (20.16) is of the order of 6?/L, and T ~ ES (5/L)?. 
The orders of magnitude of the first and second terms in (20.14) are respectively EI5/L* 
and T/L? ~ ES? /L*. The moment of inertia I is of the order of h*,and S ~ h?, where his 
the thickness of the rod. Substituting, we easily find that the first and second terms in 
(20.14) are comparable in magnitude if 6 ~ h. Thus, when a rod with fixed ends is bent, the 
equations of equilibrium can be used in the form (20.4) only if the deflection is small in 
comparison with the thickness of the rod. If ô is not small compared with h (but still, of 


ons (20.14) must be used. The force T in these 


course, small compared with L), equati . n 
equations is not known a priori. It must first be regarded as a parameter in the solution, 


and then determined by formula (20.16) from the solution obtained; this gives the relation 
between T and the bending forces applied to the rod. ant 

The opposite limiting case is that where the resistance of the rod to bending is small 
compared with its resistance to stretching, SO that the first terms in equations (20. 14) can be 
neglected in comparison with the second terms. Physically this case can be realized either 
by a very strong tension force T or by a small value of EI, which can result from a small 
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thickness h. Rods under strong tension are called strings. In such cases the equations of 
equilibrium are 
TX" + K, =0, TY"+K,=0. (20.17) 
The ends of the string are fixed, in the sense that their coordinates are given, i.e. 

x= =O! (20.18) 


The direction of the ends cannot be decided arbitrarily, but is given by the solution of the 


equations. 
In conclusion, we may show how the equations of equilibrium of a slightly bent rod may 


be obtained from the variational principle, using the expression (18.10) for the elastic 
energy: 


Frog = te fin Y2 FLX" dz. 


In equilibrium the sum of this energy and the potential energy due to the external forces K 
acting on the rod must be a minimum, i.e. we must have ôF rod — (K,6X + K,dY)dz = 0, 
where the second term is the work done by the external forces in an infinitesimal 
displacement of the rod. In varying F,,4, we effect a repeated integration by parts: 


46 frea = f X"5X" dz 
=[X"ôX']- fxrox'az 


= [X"ôX'] - [X"ôX] + x 6X dz, 
and similarly for the integral of Y”?. Collecting terms, we obtain 


fren Y™ — K,)ÒY+ (E1,X ™—K,)dX]dz+ 
+ El, [(Y"8Y’ — YoY] + El,[(X "5X" — X'"5X)] = 0. 


The integral gives the equilibrium equations (20.4), since the variations 5X and ôY are 
arbitrary. The integrated terms give the boundary conditions on these equations; for 
example, at a free end the variations 6X, òY, òX ', Y’ are arbitrary, and the corresponding 
conditions (20.11) are obtained. Also, the coefficients of 5X and ôYin these terms give the 
expressions (20.5) for the components of the shearing force, and those of 6X’ and dY’ give 
the expressions (20.3) for the components of the bending moment. 

Finally, the equations of equilibrium (20.14) in the presence of a tension force T can be 
obtained by the same method if we include in the energy a term TAL = 4T f (X’? + Y’) dz, 
which is the work done by the force T over a distance AL equal to the extension of the rod. 


PROBLEMS 


PROBLEM I. Determine the shape of a rod (with length !) bent by its own weight, for various modes of 
support at the ends, : 


SOLUTION, The required shape is given by a solution of the ei ion ((¥) i i i 
l ‘ as quation (\'”) = q/EI, where q is the weight per unit 
length, with the appropriate boundary conditions at its ends, as shown in the text. The following hanss and 
maximum displacements are obtained for various modes of support at the ends of the rod. The origin is at one 
end of the rod in each case. 


oN 
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(a) Both ends clamped: 
C= qz°(2—1)?/24E1, Cdl) = ql*/384E1. 


(b) Both ends supported: 
Ç = qz(z° — 2lz? + 1?)/24EI, C(I) = Sql*/384 EI. 


(c) One end (z = !) clamped, the other supported: 
= qz(2z? — 3lz? + 1)/48EI, (0-421) = 0-0054ql*/EI. 
(d) One end (z = 0) clamped, the other free: 
¢ = qz?(z? — 4lz + 6l?)/24EI, C(I) = ql*/8E1. 


PROBLEM 2. Determine the shape of a rod bent by a force f applied to its mid-point. 


SOLUTION. We have ¢ ") = O everywhere except at z = $l. The boundary conditions at the ends of the rod (z 
= 0 and z = l) are determined by the mode of support; at z = 4/, ¢, ¢’ and {” must be continuous, and the 
discontinuity in the shearing force F = — EIÇ" must be equal to f. 

The shape of the rod (for 0 < z < $l) and the maximum displacement are given by the following formulae: 

(a) Both ends clamped: 

Ç = fz? (31 —4z)48E1, cal) = fl?/192E1. 
(b) Both ends supported: 
Ç = fz (3 —427)/48El, C41) = fP /48E1. 
The rod is symmetrical about its mid-point, so that the functions ¢(z) in $l <z < l are obtained simply by 
replacing z by !—z. 

PROBLEM 3. The same as Problem 2, but fora rod clamped at one end (z = 0)and free at the other end (z = 1), 

to which a force f is applied. 


SOLUTION. Atall points of the rod F = constant = f, so that ¢” = —f/EI. Using the conditions { = 0, (’ = 0 
for z = 0, {” = 0 for z = l, we obtain 


t=f2G3l-2/6El, ¢(l) = fP/3El. 


PROBLEM 4. Determine the shape of a rod with fixed ends, bent by a couple at its mid-point. 


SOLUTION. Atall points of the rod ¢™ = 0, and at z = $1 the moment M = EI" has a discontinuity equal to 
the moment m of the applied couple. The results are: 


(a) Both ends clamped: 
C= mz?(l—2z)/8EIl for 0<z<4l, 
C= —m(I—z?[I-2(1-2)]/8Ell for fI<z<l. 
(b) Both ends hinged: 
Ç = mz(I? — 4z°)/24EIl for 0<z< 41, 
C= —m(l—2[P —4(l-27]/24Ell for įl<z< l. 
The rod is bent in opposite directions on the two sides ofz=}l 
PROBLEM 5. The same as Problem 4, but for the case where one end is clamped and the other end free, the 
couple being applied at the latter end. 


SOLUTION. At all points of the rod M = EIÇ” = m,andat z = 
= mz?/2El. 


Owe have { = 0,¢' = 0. The shape is given by ¢ 


PROBLEM 6, Determine the shape of a circular rod with hinged ends stretched by a force Tand bent by a force 


J applied at its mid-point. 
SOLUTION. On the segment 0 < z < $! the shearing force is $f, 
g" —TÇ/EI = —f/2El. 
The boundary conditionsare¢ = ¢” = Oforz = Qand |;? = Oforz = 
rod (in the segment 0 < z < 41) is given by 


so that (20.15) gives the equation 


41 (since ¢’ is continuous). The shape of the 


sinh kz 
Safy- noohk ouge VTE, 
Se f(s ae vi 


82 The Equilibrium of Rods and Plates §20 


For small k this gives the result obtained in Problem 2 (b). For large k it becomes ¢ = fz/ 2T, ibj in accordance 
with equations (20.17), a flexible wire under a force f takes the form of two straight pieces intersecting at z = 41. 
If the force T is due to the stretching of the rod by the transverse force, it must be determined by formula 
(20.16). Substituting the above result, we obtain the equation 
RSNA ail 3 1 ] 8E71° 
=| >+- =kl——tanh-kl | = ——, 
K [3+ sien O ERNSTS 
which determines T as an implicit function of f. 


PROBLEM 7. A circular rod with infinite length lies in an elastic substance, i.e. when it is bent a force K = 
— ağ proportional to the deflection acts on it. Determine the shape of the rod when a concentrated force facts on 
it. 

SOLUTION. We take the origin at the point where the force f is applied. The equation EI¢) = — af holds 
everywhere except at z = 0. The solution must satisfy the condition ¢ = Oat z = + — oo, and at z = 0 {’ and ¢” 
must be continuous; the difference between the shearing forces F = — EI¢” for z +0+and z + 0 — must be f. 
The required solution is 

t= f 


~ 8BEI 


a 1/4 
e™’lzl [cos $|z|+sin £|z|], s-(5) , 


PROBLEM 8. Derive the equation of equilibrium for a slightly bent thin circular rod which, in its undeformed 
state, is an arc of a circle and is bent in its plane by radial forces. 


SoLuTION. Taking the origin of polar coordinates r, ġ at the centre of the circle, we write the equation of the 
deformed rod as r = a +%(ġ), where a is the radius of the arc and ¢ a small radial displacement. Using the 
expression for the radius of curvature in polar coordinates, we find as far as the first order in ( 


Dey rrr ar? bd CARE 
Ru (r? +7232 ale wage nt 


where the prime denotes differentiation with respect to $. According to (18.11), the elastic bending energy is 


bo 
TERA EI 
Froa= 481 | (z-i) ad = 5 | CHUY do, 


a 2a? 
o 


po sig: the angle subtended by the arcat its centre. The equation of equilibrium is obtained from the variational 
principle 
$o 


ôF tog — f d(K,ad¢ = 0, 
o 
where K, is the external radial force per unit length, with the auxiliary condition 
bo 
| dp =0, 
0 


which is, in this approximation, the statement of the fact that the total length of the rod is unchanged, i.e. it 
undergoes no general extension. Using Lagrange’s method, we put 


ho $o 
ôF oa — f aK,oC dd +a | ôd = 0, 
0 0 


where « is a constant. Varying the integrand in Fog and integrating the 6¢” term twice by parts, we obtain 
EI any EI EI 
es (0 +20” +") —ak, + oa hag N pls +060") — pl +0")60] = 0. 


Hence we find the equation of equilibriumt+ 


EI(S) +20” +. O/a*—K, +a =0, (1) 


+ In the absence of external forces, K, = 0 and a = 0; the non-zero solutions of the resulting homogeneous 
equation correspond to a simple rotation or translation of the whole rod. 
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the shearing force F = — EI(Ų' +")/a®, and the bending moment M = EI(¢ +¢”)/a?; cf. th 
constant « is determined from the condition that the rod as a whole be not pete rare 


PROBLEM 9. Determine the deformation of a circular ring bent by two forces f applied along a diameter 
(Fig. 18). 


c 
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SOLUTION. Integrating equation (1), Problem 8, along the circumference of the ring, we have 2naa = 
J K,ad@ = 2f. We have equation (1) with K, = 0 everywhere except at ¢ = 0 and @ = t: 
CW) + 20" +g + fa? /nEI = 0. 
The required deformation of the ring is symmetrical about the diameters AB and CD, and so we must have {’ = 0 
at A, B, C and D. The difference in the shearing forces for ¢ + 0+ must be f. The solution of the equation of 
equilibrium which satisfies these conditions is 


a A ERE! 1 dy), 
c= (L + pcosd—incord—jsind Osos 
In particular, the points A and B approach through a distance 


Harfa 2 
LOI =r raa i 


§21. The stability of elastic systems 


The behaviour of a rod subject to longitudinal compressing forces is the simplest 
example of the important phenomenon of elastic instability, first discovered by L. Euler. 

In the absence of transverse bending forces Kx, K,, the equations of equilibrium (20.14) 
for a compressed rod have the evident solution X = Y = 0, which corresponds to the rod’s 
remaining straight under a longitudinal force |T]. This solution, however, gives a stable 
equilibrium of the rod only if the compressing force IT | is less than a certain critical value 
T,,. For |T] < T,,, the straight rod is stable with respect to any small perturbation. In 
other words, if the rod is slightly bent by some small force, it will tend to return to its 
original position when that force ceases to act. big 

If, on the other hand, |T| > T, the straight rod is in unstable equilibrium. An 
infinitesimal bending suffices to destroy the equilibrium, and a large bending of the rod 
results. It is clear that, if this is so, the compressed rod cannot actually remain straight. 


The behaviour of the rod after it ceases to be stable must satisfy the equations for 


bending with large deflections. The value Ter of the critical load, however, can be obtained 
, the straight rod is in neutral 


from the equations for small deflections. For |T| = Tor 
equilibrium. This means that, besides the solution X = Y = 0, there must also be states 
where the rod is slightly bent but still in equilibrium. Hence the critical value of T, is the 


value of |T | for which the equations 


EI,X™4+|T|X"=0, El, y™)+|T|Y" =0 (21.1) 
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have a non-zero solution. This solution gives also the nature of the deformation of the rod 
immediately after it ceases to be stable. 

The following Problems give some typical cases of the loss of stability in various elastic 
systems. 


PROBLEMS 
PROBLEM 1. Determine the critical compression force for a rod with hinged ends. 


SOLUTION. Since we are seeking the smallest value of |T | for which equations (21.1) have a non-zero solution, 
it is sufficient to consider only the equation which contains the smaller of 7, and 73. Let 1, < J. Then we seek a 
solution of the equation EJ,X")+|7|X"=0 in the form X = A+Bz+Csinkz+Dcoskz, where 
k= JUITVEl ). The non-zero solution which satisfies the conditions X = X” =0 for z=0 and z=! 
is X = C sin kz, with sin kl = 0. Hence we find the required critical force to be T, = x?E1,/I?. On ceasing to be 
stable, the rod takes the form shown in Fig. 19a. 


T T 
(b) (c) 
T 
7 
Fic. 19 


PROBLEM 2. The same as Problem 1, but for a rod with clamped ends (Fig. 19b). 
SOLUTION. Ty = 4n7EI,/P. 


PROBLEM 3. The same as Problem 1, but for a rod with one end clamped and the other free (Fig. 19c). 

SOLUTION. Ty = n?El,/4. 

PROBLEM 4. Determine the critical compression force fora circular rod with hinged ends in an elastic medium 
(see §20, Problem 7). 


SOLUTION. The equations (21.1) must now be replaced by EIX +|7|X" +aX =0. A similar treatment 
gives the solution X = A sin nnz/l, 
2E] ad 
Pte (m+ $ ), 


P n?n*EI 


where nis the integer for which T is least. Where a is large, n > 1, i.e. the rod exhibits several undulations as soon 
as it ceases to be stable. 


PROBLEM 5. A circular rod is subjected to torsion, its ends being clamped. Determine the critical torsion 
beyond which the straight rod becomes unstable. 


SoLuTION. Thecritical value of the torsion angle is determined by the appearance of non-zero solutions of the 
equations for slight bending of a twisted rod. To derive these equations, we substitute the expression (19.7) M 
= Elt x dt/dl + Crt, where t is the constant torsion angle, in equation (19.3). This gives 

dt dt 
Itx— +Cr——Fxt=0. 
EIt ap +Cr di 


We differentiate; since the bending is not large, t may be regarded as a constant vector to along the axis of the rod 


a 
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(the z-axis) in differentiating the first and third terms. Since also dF/d! = 0 (there being no external forces except 
at the ends of the rod), we obtain 
at dt 
EltpX—, +Ct—> = 
toxgp + Cap = 


or, in components, ’ 
yY™—Kx"” =0, 


x™+4xY" =0, 
where x = Cr/EI. Taking as the unknown function ¢ = X +i¥, we obtain )—ixé” = 0. We seek a solution 
which satisfies the conditions č = 0, ¢' = Oforz = Oandz = lin the form = a(l +ixz—e*) + bz, and obtain 
as the compatibility condition of the equations for a and b the relation e"! = (2 + ixl)/(2 —ixl), whence 
4x1 = tan}xl. The smallest root of this equation is 4x! = 4-49, so that ter = 8-98EI/Cl. 


PROBLEM 6. The same as Problem 5, but for a rod with hinged ends. 
SOLUTION. In this case we have € = a(1 —e** — k?z?) + bz, where x is given by 
e"! = 1, ie. kl = 2n. 


Hence the required critical torsion angle is Ter = 2nEI/Cl. 


PROBLEM 7. Determine the limit of stability of a vertical rod under its own weight, the lower end being 
clamped. 
SOLUTION. If the longitudinal stress F, = T varies along the rod, dF,/d! + 0 in the first term of (20.1), and 
equations (20.14) are replaced by 
1,EX™)—(TX') —K, =0, 
1, EY) —(TY'Y —K, = 0. 


In the case considered, there are no transverse bending forces anywhere in the rod, and T= —q(l-2), where q is 
the weight of the rod per unit length and z is measured from the lower end. Assuming that J, < /,, we consider 


the equation 
LEX” =TX' = —q(l—2z)X'; 
for z = |, X’” = 0 automatically. The general integral of this equation for the function u = X’ is 
u = nad _4(n)+bJ4(n)], 


n =$ [all - z)/E12]. 
The boundary conditions X’ = 0 for z = O and X” = 0 for z = l give for the function u(n) the eoni opsy = y 
for n =o = $ / (q? /El2), u'n?’ = 0 for n = 0. In order to satisfy these conditions we must put b = 0 an 
J_(no) =0. Ay aliat toot of this equation is o = 1°87, and so the critical length is lr = 198(E12/4)*”. 


PROBLEM 8. A rod has an elongated cross-section, so that I > 11. One end is clamped and a force fis applied 
to the other end, which is free, so as to bend it in the principal xz-plane (in which the flexural rigidity is E12). 
Determine the critical force fo at which the rod bent in a plane becomes unstable and the rod is bent sideways (in 


the yz-plane), at the same time undergoing torsion. 
h El, (and with the torsional rigidity C),t the instability 


SoLu . Si igidity El, is large compared wit! $ n 
TION. Since he npa aan ny the xz-plane is still small. To determine the point where 


as regards sideways bending occurs while the deflection in the x í th 
instability sets in, we must form the equations for slight sideways bending of the rod, retaining the terms 
proportional to the products of the force f in the xz-plane and the small displacements. Since there is a 
concentrated force only at the free end of the rod, we have F = f at all points, and at the free end (z = /) the 
moment M = 0; from formula (19.6) we find the components of the moment relative to a fixed system of 
coordinates x, y, z: M, =0, M, = (l—2)f, M; = (Y- Yo)f, where Yo = Y(l). Taking the components along 
coordinate axes č, n, ¢ fixed at each point to the rod, we obtain as far as the first-order terms in the displacements 
Mz = o(l—2)f, M, = (l-2)f, M; = (l—z)fdY/dz +f(Y— Yo), where ¢ is the total angle of rotation of a cross- 
section of the rod under torsion; the torsion angle t = dġ/dz is not constant along the rod. According to (18.6) 


and (18,9), however, we have for a small deflection 
M; = -El,Y", M,= El,X",  M,=C@'; 


where 


+ For example, for a narrow rectangular cross-section with sides b and h (b > h), we have El, = bh?E/12, 


El, = b’hE/12, C = bh°p/3. 
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comparing, we obtain the equations of equilibrium 
EI,X" =(l-2)f, ELY" = —$(l-2f, 
Co’ = (I-2)fY' + (Y¥—Yo)f. 


The first of these equations gives the main bending of the rod, in the xz-plane; we require the value of S for 
which non-zero solutions of the second and third equations appear. Eliminating Y, we find 


$" +k?(l-z}ġ=0, k? =f?/EI,C. 
The general integral of this equation is 
$ =a (l-z) GK (Iz)? +b/ (2) J ikl- z)?]. 
At the clamped end (z = 0) we must have ¢ = 0, and at the free end the twisting moment Co’ = 0. From the 


second condition we have a = 0, and then the first gives J Gk?) = 0. The smallest root of this equation is 
$kl? = 2:006, whence fy = 401 /(E1,C)/È. 


CHAPTER III 


ELASTIC WAVES 


§22. Elastic waves in an isotropic medium 


Ir motion occurs in a deformed body, its temperature is not in general constant, but varies 
in both time and space. This considerably complicates the exact equations of motion in the 
general case of arbitrary motions. 

Usually, however, matters are simplified in that the transfer of heat from one part of the 
body to another (by simple thermal conduction) occurs very slowly. If the heat exchange 
during times of the order of the period of oscillatory motions in the body is negligible, we 
can regard any part of the body as thermally insulated, i.e. the motion is adiabatic. In 
adiabatic deformations, however, oix is given in terms of ux by the usual formulae, the only 
difference being that the ordinary (isothermal) values of E and o must be replaced by their 
adiabatic values (see §6). We shall assume in what follows that this condition is fulfilled, 
and accordingly E and ø in this chapter will be understood to have their adiabatic values. 

In order to obtain the equations of motion for an elastic medium, we must equate the 
internal stress force do4,/0x, to the product of the acceleration ü; and the mass per unit 


volume of the body, i.e. its density p: 


pti; = 004,/OXx- (22.1) 


This is the general equation of motion.t 
In particular, the equations of motion 
down at once by analogy with the equatio’ 


for an isotropic elastic medium can be written 
n of equilibrium (7.2). We have 


E E ' 
i a e __ = ___ grad div u. (22.2) 
pa arie trai 


Since all deformations are supposed small, the motions considered in the theory of 
elasticity are small elastic oscillations or elastic waves. We shall begin by discussing a plane 


elastic wave in an infinite isotropic medium, i.e. a wave in which the deformation uisa 
function only of one coordinate (x, say) and of the time. All derivatives with respect to y 
and z in equations (22.2) are then zero, and we obtain for the components of the vector u 


the equations y 2 
du, t Ole aes LREN (22.3) 


o the derivative ù of its displacement. We 
eans self-evident. In crystals, uis the 
tinuum mechanics as the momentum of unit mass of the 


substance, The equation v = ù is, strictly speaking, valid only for perfect crystals, with one atom at every lattice 
site and none elsewhere. If the crystal contains defects (vacancies or interstitial atoms), mass transport relative to 
the lattice (i.e. a non-zero momentum) can occur even ‘without deformation of the lattice if there is diffusion of 


defects through it. The identity of v and ù implies that such effects are neglected, on the grounds that diffusion is 


slow or that the defect concentration is low. 


+ Itis assumed that the velocity v of a point in the medium is equal t 
must emphasize, however, that the identity of these t 
displacement of a lattice site, but v is defined in con 
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(the equation for u, is the same as that for u,); heret 


7 E(1—0) s E 
pE Janna =a Jara 224) 


Equations (22.3) are ordinary wave equations in one dimension, and the quantities ĉi 
and c, which appear in them are the velocities of propagation of the wave. We see that the 
velocity of propagation for the component u, is different from that for u, and u,. 

Thus an elastic wave is essentially two waves propagated independently. In one (u,) the 
displacement is in the direction of propagation; this is called the longitudinal wave, and is 
propagated with velocity c,. In the other wave (u,, u,) the displacement is in a plane 
perpendicular to the direction of propagation; this is called the transverse wave, and is 
propagated with velocity c,. It is seen from (22.4) that the velocity of longitudinal waves is 
always greater than that of transverse waves: we always havet 


c > y (4/3)c;. (22.5) 


The velocities c, and c, are often called the longitudinal and transverse velocities of sound. 

We know that the volume change in a deformation is given by the sum of the diagonal 
terms in the strain tensor, i.e. by u; = div u. In the transverse wave there is no component 
u,, and, since the other components do not depend on y or z, div u = 0 for such a wave. 
Thus transverse waves do not involve any change in volume of the parts of the body. For 
longitudinal waves, however, divu #0, and these waves involve compressions and 
expansions in the body. 

The separation of the wave into two parts propagated independently with different 
velocities can also be effected in the general case of an arbitrary (not plane) elastic wave in 
an infinite medium. We rewrite equation (22.2) in terms of the velocities c, and c,: 


ü = c? Au + (c? —c,?) grad div u. (22.6) 
We then represent the vector u as the sum of two parts: 
u=uų+u, (22.7) 
of which one satisfies 
divu, = 0 (22.8) 
and the other satisfies 
curlu, = 0. (22.9) 


We know from vector analysis that this representation (i.e. the expression of a vector as the 
sum of the curl of a vector and the gradient of a scalar) is always possible. 
Substituting u = u + u, in (22.6), we obtain 


ü, +O, = cA (w +u,) + (G? —c,?) grad div u. (22.10) 
We take the divergence of both sides. Since div u, = 0, the result is 
div ù = ¢,?A div u, + (c? —c¢,?)A div y, 
or div (ù, — ¢,?Au,) = 0. The curl of the expression in parentheses is also zero, by (22.9). If 
+ We may EP expressions for c, and c, in terms of the moduli of compression and rigidity and the Lame 


Eana eel = J{(A+2p)/p}, c = S(u/p). 
fficients: c, {(3K +4u)/3p} Vi( u 
ca Since a daun varies only between 0 and } (see the second footnote to §5), we always have c, > af) 2c,. 


<-> 
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the curl and divergence of a vector both vanish in all space, that vector must be zero 
identically. Thus 
u wey 
vera Au, =0. (22.11) 
Similarly, taking the curl of equation (22.10) we have, since the curls of u, and of any 
gradient are zero, curl (ù, —c,?Au,) = 0. Since the divergence of the expression in 
parentheses is also zero, we obtain an equation of the same form as (22.11): 


= — CF /NO = 0 (22.12) 


Equations (22.11) and (22.12) are ordinary wave equations in three dimensions. Each of 
them represents the propagation of an elastic wave, with velocity c, and c, respectively. One 
wave (u,) does not involve a change in volume (since div u, = 0), while the other (w) is 
accompanied by volume compressions and expansions. 

In a monochromatic elastic wave, the displacement vector is 


u=re{ug(re ‘}, (22.13) 
where uy is a function of the coordinates which satisfies the equation 
c2 Auo + (c1? — 67) grad div uo + @7Uy = 0, (22.14) 


obtained by substituting (22.13) in (22.6). The longitudinal and transverse parts of a 
monochromatic wave satisfy the equations 


Autk?u=0, Au, +k,2u, = 0, (22.15) 


where k, = w/c), k, = w/c, are the wave numbers of the longitudinal and transverse waves. 

Finally, let us consider the reflection and refraction of a plane monochromatic elastic 
wave at the boundary between two different elastic media. It must be borne in mind that 
the nature of the wave is in general changed when it is reflected or refracted. Ifa purely 
transverse or purely longitudinal wave is incident on a surface of separation, the result isa 
mixed wave containing both transverse and longitudinal parts. The nature of the wave 
remains unchanged (as we see from symmetry) only when it is incident normally on the 
surface of separation, or when a transverse wave whose oscillations are parallel to the 
plane of separation is incident (at any angle). 

The relations giving the directions of the reflected and refracted waves can be obtained 
immediately from the constancy of the frequency and of the tangential components of 
the wave vector.} Let 0 and 0’ be the angles of incidence and reflection (or refraction) andc, 
c’ the velocities of the two waves. Then 


sinb _¢ (22.16) 
sinf’ c 


ave be transverse. Then ¢ = Cu is the velocity of 


For example, let the incident w 
he transverse reflected wave we have ¢ = Cri also, so 


transverse waves in medium 1. For t 


+ See FM, §66. The arguments given there are applicable in their entirety. 
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that (22.16) gives 0 = 6’, i.e. the angle of incidence is equal to the angle of reflection. For the 
longitudinal reflected wave, however, c’ = cı, and so 


sind cy 


sin?’ cy 


For the transverse part of the refracted wave c’ = c,., and for a transverse incident wave 


sind cy 
sinb cn 
PROBLEMS 


PROBLEM 1. Determine the reflection coefficient for a longitudinal monochromatic wave incident at any 
angle on the surface of a body (with a vacuum outside).t 


Fic. 20 


SOLUTION. When the wave is reflected, there are in general both longitudinal and transverse reflected waves. It 
is clear from symmetry that the displacement vector in the transverse reflected wave lies in the plane of incidence 
(Fig. 20, where no, n, and n, are unit vectors in the direction of propagation of the incident, longitudinal reflected 
and transverse reflected waves, and uo, u, u, the corresponding displacement vectors). The total displacement in 
the body is given by the sum (omitting the common factor e~' for brevity) 


u = Aonoe'*o" + Ane + 4 a xne", 


where a is a unit vector perpendicular to the plane of incidence. The magnitudes of the wave vectors are ko = 
k, = w/c, k, = w/c,, and the angles of incidence 8o and of reflection 6,, 0, are related by 0, = bo, sin 0, = 
(c,/c;) sin 9. For the components of the strain tensor at the boundary we obtain 


uxx = iko( Ao + A,) COS? Oy +iA,k, cos 8, sin 0,, Uy = iko(Ao + A)), 
Uxy = Ika (Ao — A,) sin 8o cos A + $A, k, (cos?0, — sin?6,). 


again omitting the common exponential factor. The components of the stress tensor can be calculated from the 
general formula (5.11), which can here be conveniently written 


On = 2pc; u + p (c? — 2c,?)uy5y. 


t The more general case of the reflection of sound waves from a solid-liquid interface, and the similar problem 
of the reflection of a wave incident from a liquid on to a solid, are discussed by L. M. Brekhovskikh, Waves in 
Layered Media, 2nd edition, §7, Academic Press, New York 1980. 
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The boundary conditions at the free surface of the medium are on, = 0, whence 
Oxx = 6,,=0, 
giving two equations which express A, and A, in terms of Ao. The result is 
c? sin 20, sin 205 — c;? cos? 26, 
? sin 20, sin 20% + ¢,? cos? 26,” 
Pa 2e1¢, = 209 cos 20, ’ 
c? sin 20, sin 205 + c,? cos? 20, 


A, = Ao 
C 


A= - 


For Up = 0 we have A, = — Ao, A, = 0, i.e. the wave is reflected as a purely longitudinal wave. The ratio of the 
energy flux density components normal to the surface in the reflected and incident longitudinal waves is 
R, = | A,/Ao |°. The corresponding ratio for the reflected transverse wave is 

A lP? 
A| 


¢,cos 8, 


COS Oo 
The sum of R, and R, is, of course, 1. 
ProBLEM 2. The same as Problem 1, but for a transverse incident wave (with the oscillations in the plane of 
incidence). t 


SOLUTION, The wave is reflected as a transverse and a longitudinal wave, with 0, = 0o, ¢, sin 0, = ¢, sin Oo. The 
total displacement vector is 
u = axm Age! + Ae + axn, Ae, 
The expressions for the amplitudes of the reflected waves are 
A, c? sin 20,sin 209 — c;? cos? 20o 

AS a ¢,? sin 20, sin 205 + c,2 cos? 205" 

A, 2c,c, sin 209 cos 285 

Ao ¢2sin20,sin 209 + c/2cos® 20° 
Prostem 3. Determine the characteristic frequencies of radial vibrations of an elastic sphere with radius R. 


SOLUTION. We take spherical polar coordinates, with the origin at the centre of the sphere. For radial 
vibrations, u is along the radius, and is a function of r and t only. Hence curl u = 0. We define the displacement 
“potential” @ by u, = u = 8/ér. The equation of motion, expressed in terms of ¢, is just the wave equation 
G? A = #, or, for oscillations periodic in time (x e~“), 


$ 252 (rZ)- —k?ġ, k = 0/¢. (1) 


The solution which is finite at the origin is = (4/r) sin kr (the time factor is omitted). The radial stress is 
On = PA (Cy? 2C? Uut 2C hr} 
= pil- 2c,7)A¢+ 2¢,7"} 


OF, using (1), 
onlo = -p — 47 9'/r. (2) 
The boundary condition o,,(R) = 0 leads to the equation 
tankR 1 (3) 


ER 1—(kRe,/2c,)?” 
Whose roots determine the characteristic frequencies œ = kc, of the vibrations. 
PROBLEM 4. Determine the frequency of radial vibrations of a spherical cavity in an infinite elastic medium 
for which c, > c, (M. A. Isakovich 1949). 


SOLUTION. In an infinite medium, radial oscillations of Lech 
longitudinal sound waves, leading to loss of energy and hence to damping of the 


the cavity are accompanied by the emission of 
oscillations. When c; > c, (i.e. 


t If the oscillations are perpendicular to the plane of incidence, the wave is entirely reflected as a wave of the 
Same kind, and so R, = 1. 
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K > p), this emission is weak, and we can speak of the characteristic frequencies of oscillations with a small 


coefficient of damping. : p x 
We seek a solution of equation (1), Problem 3, in the form of an outgoing spherical wave ġ = Ae™ /r,k = w/c, 
and, using (2), obtain from the boundary condition o, (R) = 0 the result (kRe,/c,)? = 4(1 —ikR). Hence, when 


> Crn 


The real part of œ gives the characteristic frequency of oscillation; the imaginary part gives the damping 
coefficient. In an incompressible medium (c, + 00) there would of course be no damping. These vibrations are 
specifically due to the shear resistance of the medium (u #0). It should be noticed that they have 
kR = 2c,/c, < 1, i.e. the corresponding wavelength is large compared with R; it is interesting to compare this with 
the result for vibrations of an elastic sphere, where with c, > c, the first characteristic frequency is given by (3): kR 
=n. 


§23. Elastic waves in crystals 


The propagation of elastic waves in anisotropic media, i.e. in crystals, is more 
complicated than for the case of isotropic media. To investigate such waves, we must 
return to the general equations of motion pü; = 00;,/0x, and use for o, the general 
expression (10.3) oj, = AikimMéim. According to what was said at the beginning of §22, Airm 
always denotes the adiabatic moduli of elasticity. 

Substituting for o; in the equations of motion, we obtain 


ou, ð (du, du 
b= 13... se ee ee (a a 
pu; iklm Ox, Pixim ôx, (= ôx, ) 
07 u ôu 
pL ey pete a poimi 
2Aikim Bi axe +2 Aiktm ax,0x,, 


Since the tensor ikm is symmetrical with respect to the suffixes | and m we can interchange 
these in the first term, which then becomes identical with the second term. Thus the 
equations of motion are 


pli, =À (23.1) 


ikma a 
SET OxEOX; 
Let us consider a monochromatic elastic wave in a crystal. We can seek a solution of the 
equations of motion in the form u; = up,e!**-@"), where the Uo; are constants, the relation 
between the wave vector k and the frequency w being such that this function actually 
satisfies equation (23.1). Differentiation of u; with respect to time results in multiplication 
by —ia, and differentiation with respect to x, leads to multiplication by ik,. Hence the 
above substitution converts equation (23.1) into POU; = Aigimky ky Um. Putting u; = Sin Um, 
we can write this as 
(P075im — Finimkncks Um = 0. (23.2) 


This is a set of three homogeneous equations of the first degree for the unknowns u,, u,, u.. 
Such equations have non-zero solutions only if the determinant of the coefficients is zero. 
Thus we must have 


| Ainimks ky — PO? 5im| = 0. (23.3) 
This equation (the dispersion equation) determines the relation between the wave 


frequency and the wave vector, called the dispersion relation. The equation (23.3) is cubic in 
w“, and has three roots w? = œ; (k), which are in general different; the dispersion relation 


§23 Elastic waves in crystals 93 


is said to have three branches. Substituting each root in turn back into (23.2) and solving, 
we find the directions of the displacement vector u in these waves—the directions of 
polarization of the waves; since the equations (23.2) are homogeneous, they of course do 
not determine the magnitude of w, which remains arbitrary.t The directions of 
polarization of the three waves with the same wave vector k are mutually perpendicular. 
This important result follows directly from the fact that (23.3) may be regarded as an 
equation for the principal values of the symmetrical tensor of rank twot Ajsimk,ki; the 
equations (23.2) determine the principal directions of this tensor, which are known to be 
mutually perpendicular. None of these directions is, however, in general either purely 
longitudinal or purely transverse with respect to the direction of k. 

The velocity with which the wave is propagated (its group velocity) is given by the 
derivative 


U = 0w/¢k; (23.4) 


see FM, §67. In an isotropic medium, the dependence of œ on k reduces to a direct 
proportionality to the magnitude k, and the group velocity is parallel to the wave vector. In 
crystals, this is not so, and the direction of propagation of the wave is in general different 
from that of k. Only certain exceptional directions (the symmetry axes of the crystal) can 
be those of both k and U. 

It is seen from the dispersion equation (23.3) that, in a crystal, w is a first-order 
homogeneous function of the components of k. (If the ratio w/k is treated as the unknown, 
the coefficients in the equation are independent of k.) Thus U is azero-order homogeneous 
function of k,, k,, k,. In other words, the velocity of propagation of the wave depends on 
its direction but not on the frequency. 

If we construct in k-space (i.e. in the coordinates kx, k,, k,) a surface of constant 
frequency, «(k) = constant, for any branch of the dispersion relation, then the vector 
(23.4) is along the normal to the surface. Evidently, if this surface is everywhere convex, 
there is a one-to-one relation between the directions of U and k: a definite direction of U 
corresponds to each direction of k, and vice versa. If, however, the constant-frequency 
surface is not everywhere convex, the relation is no longer one-to-one: there is again one 
direction of U for each direction of k (in a given branch of the dispersion relation), but a 
particular direction of U may occur for various directions of k. 


PROBLEMS 
Jation of elastic waves in a cubic crystal which are propagated (a)in 
(b) in the [111] crystal direction, that of a cube diagonal. 
Te Aazee = Ars Ansyy = Aas Acyay = Aa (and the equal 
see §10); the x, y, and z axes are along the edges of 


PROBLEM 1. Determine the dispersion re 
the (001) crystal plane, that of a cube face, 


SOLUTION. In a cubic crystal, the non-zero elastic moduli a 
components with x and y replaced by other pairs from x, y, Z; 
the cube. 


+ In an isotropic body the branches are @ = cık (longitudinally polarized pao) and two coincident roots 
© = c,k corresponding to waves with two independent transverse directions of polarization. 


t From the symmetry of Aisin: 


Jistmkacky = Jim Kuki = Aminikiek + 


The last expression differs from the first only in the naming of the dummy suffixes k and , so that Zim kx is in 


fact symmetrical in the suffixes i and m. 
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(a) We take the (001) plane as the xy-plane. Let 0 be the angle between the wave vector k in this plane and the xX» 
axis. By constructing and solving the dispersion equation (23.3), we find three branches of the dispersion relation: 

pwi, 2° = $k? {4, +43 +0 (Ay — 13}? — 4(Ay + Az) (Ay — Az — 243) sin? 0 cos?0]''? }, 
pws? = Ask?. 

The third-branch wave is transverse and is polarized along the z-axis. The waves of the first two branches are 
polarized in the xy-plane. It is evident from symmetry that the propagation velocity U = ĝw/ðk of all these waves 
is also in the xy-plane; the expressions obtained are therefore sufficient to calculate it. 

When 0 = 0 (k is along the x-axis), 


po,? =A,k*, pw? = Ak, 


wave | being longitudinal (polarized along the x-axis) and wave 2 transverse (polarized along the y-axis). 
When 0 = łn (k along the diagonal of the cube face), 


pw? = 4 (A, +12 + 2A5)k?, 
pw? = $ (2, —A,)k?. 


Wave 1 is longitudinal; wave 2 is transverse and is polarized in the xy-plane. 
(b) Here the wave vector components are k, = k, = k, = k/,/3. The solutions of the dispersion equation are 
pw? = 4k? (A, +24, +443), 
pwz, 3° = $k? (4, +22 +13). 


Wave 1 is longitudinal; waves 2 and 3 are transverse. 


PROBLEM 2. Determine the dispersion relation for elastic waves in a crystal of the hexagonal system. 


SOLUTION. A hexagonal crystal has five independent elastic moduli (§10, Problem 1), for which we use the 
notation 
Asx = Ayyyy = G, Aryxy = b, Axxyy = a—2b, 
Arer = Ayya =C | yhes = Ayy = dyi Aas = Sh 
The z-axis is along the sixth-order axis of symmetry; the directions of the x and y axes may be chosen arbitrarily. 


We shall take the xz-plane so as to contain the wave vector k. Then k, = ksin, k, = 0, k, = kcos 0, where 8 is the 
angle between k and the z-axis. By constructing and solving the equation (23.3), we find 


pw,? = k?(bsin?0 + dcos?0), 
pwz, 3° = $k? {asin?ð + fcos?ð +d+[{ (a—d)sin20 + (d =f) cos?0\? +4(c +d)? sin?@cos?0]!?}. 
When 0 = 0, 
pos, 2° = kd, pws? = kf; 
wave 3 is longitudinal, waves 1 and 2 transverse. 


§24. Surface waves 


A particular kind of elastic waves are those propagated: near the surface of a body 
without penetrating into it (Rayleigh waves). We write the equation of motion in the form 
(22.11) and (22.12): 32 

u 
azo hua, (24.1) 
where u is any component of the vectors u,, u,, and c is the corresponding velocity c, or ¢,, 
and seek solutions corresponding to these surface waves. The surface of the elastic medium 
is supposed plane and of infinite extent. We take this plane as the xy-plane; let the medium 
be in z < 0. 
Let us consider a plane monochromatic surface wave propagated along the x-axis. 


Accordingly u = elke at) f (2) Substituting this expression in (24.1), we obtain for the 
function f (z) the equation 
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If k? — w? [e < 0, this equation gives a periodic function f, i.e. we obtain an ordinary plane 
wave which is not damped inside the body. We must therefore suppose that 
k? —w?/c? > 0. Then the solutions for f are 


f (z) = constant x exp( $ iG -4 |} 
C 


The solution with the minus sign would correspond to an unlimited increase in the 
deformation for z + — 00. This solution is clearly impossible, and so the plus sign must be 
taken. 

Thus we have the following solution of the equations of motion: 


u = constant x e!(k*~ 0 ex? (24.2) 
where 


k = J (k —w?/c?). (24.3) 


It corresponds to a wave which is exponentially damped towards the interior of the 
medium, i.e. is propagated only near the surface. The quantity x determines the rapidity of 
the damping. 

The true displacement vector u in the wave is the sum of the vectors u, and u,, the 
components of each of which satisfy the equation (24.1) with c = c; for u and c, for u,. For 
volume waves in an infinite medium, the two parts are independently propagated waves. 
For surface waves, however, this division into two independent parts is not possible, on 
account of the boundary conditions. The displacement vector u must be a definite linear 
combination of the vectors u, and u,. It should also be mentioned that these latter vectors 
have no longer the simple significance of the displacement components parallel and 
perpendicular to the direction of propagation. 

To determine the linear combination of the vectors u, and u, which gives the true 
displacement u, we must use the conditions at the boundary of the body. These give a 
relation between the wave vector k and the frequency œ, and therefore the velocity of 
propagation of the wave. At the free surface we must have o,,n, = 0. Since the normal 
vector n is parallel to the z-axis, it follows that ox: = Oyz = Oz: = 0, whence 


Ux: = 0, uy. = 0, G (Uxx aF upy) + a inl )Uzs =0. (24.4) 


Since all quantities are independent of the coordinate y, the second of these conditions 
gives 


Using (24.2), we therefore have (24.5) 


uy = 0. 


Thus the displacement vector u in a surface wave is in a plane through the direction of 


propagation perpendicular to the surface. me) hee 
The transverse part u, of the wave must satisfy the condition (22.8) div u, = 0, or 
Aux , Otis 0, 
ôx . Oz 
The dependence of u,, and u,, on x and z is determined by t 
given by the expression (24.3) with c= C, L€. 


x = J-l?) 


he factor e!** +", where «K, is 
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Hence the above condition leads to the equation 


iku,.+k,u,,=0, or u,,/u,, = —K,/ik. 
Thus we can write 
Uy, = K,aelkx+z—-iot u, = —ikaeikx+x2-iwt (24.6) 


where a is some constant. 
The longitudinal part u, satisfies the condition (22.9) curl u, = 0, or 


Ou, Om, 
oz TON 


iku,, — Kiu = 0 (k, = Vik? -@?/c?]). 


= 0; 


whence 


Thus we must have 
Mj, =Kbelketmemiot iy = — ik, beikx+x2z—ior (24.7) 


where b is a constant. 
We now use the first and third conditions (24.4). Expressing u;, in terms of the 
derivatives of u;, and using the velocities Ci, C, We Can write these conditions as 


(24.8) 


Here we must substitute u, = uj, + Urx, Uz = Uz + Uz. The result is that the first condition 
(24.8) gives 
a(k? + x,?)+2bkxK, = 0. (24.9) 


The second condition leads to the equation 
2ac,?K,k + b[c,7 (K? —k2) + 2c,?k?] =0. 
Dividing this equation by c,? and substituting 
i? k? = -w/a = — (k? — k,)e,2/¢,2, 
we can write it as 
2ak,k +b(k? +x?) =0. (24.10) 


The condition for the two homogeneous equations (24.9) and (24.10) to be compatible is 
(k? + ,*)? = 4k?x,x; or, squaring and substituting the values of K,” and x,?, 


w? 4 w? w? 
3: M > ~ 23 TEE 5 eae heraa 
(2% =) 16k (i ri )( B. } (24.11) 


From this equation we obtain the relation between w and k. It is convenient to put 
o = c kč; (24.12) 


kë then cancels from both sides of the equation, and, expanding, we obtain for č the 
equation 


2 2 
1 


cı 
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Hence we see that ¢ depends only on the ratio c,/c,, which is a constant characteristic of 
any given substance and in turn depends only on Poisson’s ratio: 


¢,/¢, = /{(1—20)/2(1 —2)}- 
The quantity č must, of course, be real and positive, and č < 1 (so that «, and x, are real). 


Equation (24.13) has only one root satisfying these conditions, and so a single value of č is 


obtained for any given value of c/c-t 
Thus, for both surface waves and volume waves, the frequency is proportional to the 
wave number. The proportionality coefficient is the velocity of propagation of the wave, 


Ushi (24.14) 


This gives the velocity of propagation of surface waves in terms of the velocities c, and c, of 
the transverse and longitudinal volume waves. The ratio of the amplitudes of the 
transverse and longitudinal parts of the wave is given in terms of č by the formula 
— #2 
f 2m (24.15) 


b ATEA 


The ratio c,/c actually varies from 1/ af’ 2 to 0 for various substances, corresponding to 
the variation of ø from 0 to 4; č then varies from 0:874 to 0-955. Fig. 21 shows a graph of € 


as a function of o. 


Fic. 21 


PROBLEMS 


Prosiem 1. A plane-parallel slab with thickness h (medium 1) lies on an elastic half-space (medium 2), 
Determine the frequency as a function of the wave number for transverse waves in the slab whose direction of 


oscillation is parallel to its boundaries. 
SOLUTION. We take the plane separating the slab from the half-space as the xy-plane, the half-space being 
in z < 0 and the slab in 0 < z < h. In the slab we have 
Uy 4a = 0, Uy, =f (ze 9, 


and in medium 2 a damped wave: 
= 2 2 2 
te = Mea = 0, 12 = P PrE a Ka = J (k? = o?ea). 


For the function f (z) we have the equation 
peee2fed, m= /(o*/eu?—K) 


+ In going from (24.11) to (24.13), the root ow? = 0 (k, = Kı = k) is lost; it corresponds to č = 0, which also is 
less than unity. However, it can be seen from (24.9) and (24.10) that this root gives a = — b and hence a total 
displacement u = uj + u, = 0, so that there is no motion at all. 


TOE-D* 
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(we shall see below that x,? > 0), whence f (z) = B sin kız +C cos x,z. At the free surface of the slab (z = h) we 
must have o,, = 0, i.e. du,,/z = 0. At the boundary between the two media (z = 0) the conditions are uyi = up, 
Hy Ouy, /ðz = py Ou, /0z, p, and py being the moduli of rigidity for the two media. From these conditions we find 
three equations for A, B, C, and the compatibility condition is tan x, h = 43x2/4; Ky. This equation gives w as an 
implicit function of k; it has solutions only for real x, and xz, and so c, > w/k > cı. Hence we see that such 
waves can be propagated only if c2 > c, 


PROBLEM 2. Determine the depth of penetration and the velocity of surface waves propagated in the crystal 
direction [100] (cube edge) on the plane surface (001) (cube face) of a cubic crystal. The crystal is assumed to have 
highly anisotropic elastic properties, in the sense that, if n = (A, —A2)/2As, either (a) n> 1 or (b)n <1. The 
elastic moduli are denoted as in §23, Problem 1.¢ 


SOLUTION. We take the crystal surface as the x 'y-plane, with the medium in the half-space z < 0, and the wave 
propagated in the x-direction. As in the text, it can be shown that u, = 0, i.e. the displacement vector uis in the xz- 
plane. We seek it in the form 


u, = aet etx at) y, = ibet pitkx—on (1) 


and use the ratios y = x/k and I = b/a = —i(u,/u,), =o; y measures the depth of penetration of the surface 
wave in units of the wavelength 1/k, and F gives the axis ratio of the wave polarization ellipse at the surface. The 
stress tensor components are 

Oxx = Ayu, + Àz Uys, 


Ozz = Ài Ups + Àz Uyyy 
Ox, = 2A3u,,. 


The volume equations of motion (22.1) with u from (1) give the two algebraic equations 


a(Az + A3)y + b(A3y? — A, + pU?) =0, (2) 
a(A,y? — A; + pU?)—b(d, +43)y =0, 
where U = w/k is the velocity of propagation.t Hence 
(Ay +a 
ic 1+43)y 8) 


A, —Asy? = pU® 
and the compatibility condition for the two equations (2) gives 
AyAsy* = Y° [Ay (Ay — pU?) + dg (Ag — pU?) — (ay +45)? + (A, — pU?)(A;—pU?) =0. (4) 
This equation determines two values Yı and yz for given values of w and k. 
Accordingly, we now seek the displacement vector in the form 
u, = (a, eM + @, ev2k2) gilkx a1), ' (5) 
u, = i(a, TP, ek 4a, TP, e722) gitkx~ or) 
Substituting these expressions in the boundary conditions o,, = Sz: = 0 for z = 0, we find the two equations 
a (1+17:)+a(1 +0272) = 0, i 
as (4,7) —42 11) + az (Ayy2 — 4212) = 0. 
The compatibility condition for these equations can be put, by means of (3), in the form 
{(42 + pU?) (43 — pU?)A, +11?h371?7? + 
+ Aiha (11? +92? +9172) (43 — pU?) — Ay Ag (42 +pU?) y2} 1—72) = 0. (7) 


When y, # 72, the factor yı — yz may be omitted. The sum y,? +yz? and the product y,*,? are given by the 
coefficients in the quadratic (in y?) equation (4), and (7) becomes 


pU[ArAs(4y ~ pU?)}# = (4, — pU?)4 (Ay? — 43? — 2, pU2), 8) 


Let us now consider the two cases mentioned in stating the problem. 


(6) 


Oe Wiame Lieys behaves asan isotropic body regarding its elastic properties; see the third footnote to 


10. r 
§ $ Because of the symmetric position of the x-axis and the (first-order) homogeneity of co(k,,k,), the velocity 


U = ĝw/ðk is also in the x-direction, and its magnitude is w/k. 
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(a) When 1 > 1, A, may be regarded as a small quantity. We then find from (7) 
pU’ = a[i = 10}: PRSNE 
4n? (Ay +42)? i 
This velocity U is much less than the velocity V (A, /p) (see §23, Problem 1(a)) of a longitudinal volume wave in 


the same direction, and in that sense the surface wave is slow, like the transverse volume waves. From (4), we then 
find the two values of y: 


Ay i” 2n(ay +43) |"? 
r =| <l, Tog padha 
i area 4 | hy | siti 


F, = Aayi m< 1, Ta = àiya /åa ~ n"? > 1. 


and from (3) 


Lastly, from (6), 

a/a, = M72 = Ayya?/A2 ~ n> 1. 
Thus, since y; > land a, > az, the depth of penetration of the surface wave is (on account of the first terms in (5)) 
much greater than the wavelength.t Its polarization ellipse in the xz-plane is elongated in the direction of the z- 


axis normal to the surface (F, < 1). 
(b) When n <1, A, —A2 is small. Then, from (4), 


nar + w] 
U? = (A, -42)} 1-5, 
p (Ay >| Dy 
The values of y from (4) are now complex: 71,2 = y' tip", where 
y =} +2s/A)} "= 1—4n(1+A3/A1). 
Inconsequence, 4,2 = 1,2 = + i,a,/a, = i. In this case too, therefore, the wave is slow and deeply penetrating 


y< 1). Since y is complex, the wave damping into the medium is here not monotonic but oscillatory; the 
oscillation period (in the z-direction) is ~ 1/y” k, about the same as the wavelength and therefore much less than 


the penetration depth. 


§25. Vibration of rods and plates 


Waves propagated in thin rods and plates are fundamentally different from those 


propagated in a medium infinite in all directions. Here we are speaking of waves of length 
large compared with the thickness of the rod or plate. If the wavelength is small compared 
with this thickness, the rod or plate is effectively infinite in all directions as regards the 
propagation of the wave, and we return to the results obtained for infinite media. 


Waves in which the oscillations are parallel to the axis of the rod or the plane of the plate 


must be distinguished from those in which they are perpendicular to it. We shall begin by 


studying longitudinal waves in rods. 

A longitudinal deformation of the rod (uniform over any cross-section), with no 
external force on the sides of the rod, is a simple extension or compression. Thus 
longitudinal waves in a rod are simple extensions or compressions propagated along its 
length. In a simple extension, however, only the component 0,, of the stress tensor (the z- 
axis being along the rod) is different from zero, it is related to the strain tensor by Ozz 
= Eu,, = Edu,/dz (see §5). Substituting this in the general equation of motion pü, 


= 00,,/0X,, we find 


atu, pau, 
ale Ga. See 


+ The possibility of deeply penetrating slow surface waves in a crystal was first noted by S. V. Gerus and 


V. V. Tarasenko (1975). 
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This is the equation of longitudinal vibrations in rods, We see that it is an ordinary wave 
equation. The velocity of propagation of longitudinal waves in rods is 


J (E/p). (25.2) 


Comparing this with the expression (22.4) for c;, we see that it is less than the velocity of 
Propagation of longitudinal waves in an infinite medium. 

Let us now consider longitudinal waves in thin plates. The equations of motion for such 
vibrations can be written down at once by substituting — phd? u,/dt? and — phd? u,/dt? 
for P, and P, in the equilibrium equations (13.4): 


p Ou, lhag perotul a 
grean 25,2 + aa ’ 
E ôt l—o* ôx? 2(1+0) dy? 2(1—a) dxdy 


(25.3) 
p uy peoi paigam Beh atiy 
p apne na Y eal E ii AA 
E ôt 1—o? dy? 2(1+6) dx 2(1—o) dxdy 


We take the case of a plane wave propagated along the x-axis, i.e. a wave in which the 
deformation depends only on the coordinate x, and not on y. Then equations (25.3) are 
much simplified, becoming 


07 u, Basoa Lg Puy Eir @u, 0 54 
Ot? p(l—c?) dx?” op 2p(l+a) ôx? ` C. 
We thus again obtain wave equations. The coefficients are different for u, and u,. The 


velocity of propagation of a wave with oscillations parallel to the direction of propagation 
(u,) is 


VIE/p(1 —0?)], (25.5) 


The velocity for a wave (u,) with oscillations perpendicular to the direction of propagation 
(but still in the plane of the plate) is equal to the velocity c, of transverse waves in an infinite 
medium. 

Thus we see that longitudinal waves in rods and plates are of the same nature as fn an 
infinite medium, only the velocity being different; as before, it is independent of the 
frequency. Entirely different results are obtained for bending waves in rods and plates, for 
which the oscillations are in a direction Perpendicular to the axis of the rod or the plane of 
the plate, i.e. involve bending. 

The equations for free oscillations of a plate can be written down at once from the 
equilibrium equation (12.5). To do so, we must replace — P by the acceleration č multiplied 
by the mass ph per unit area of the plate. This gives 

ôt A 
Paya t (D/h)A*l =0, (25.6) 


where A is the two-dimensional Laplacian. 
Let us consider a monochromatic elastic wave, and accordingly seek a solution of 
equation (25.6) in the form : 
¢ = constant x e't -00 | (25.7) 
where the wave vector k has, of course, only two components, k, and k,. Substituting in 


(25.6), we obtain the equation 
—pow?+Dk*/h=0. 
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Hence we have the following relation between the frequency and the wave number: 
w = k? / (D/ph) = k?,/{ Eh? /12p(1 - 0°)}. (25.8) 


Thus the frequency is proportional to the square of the wave number, whereas in waves in 
an infinite medium it is proportional to the wave number itself. 

Knowing the relation between the frequency and the wave number, we can determine 
the velocity of propagation of the wave from the formula 


U = ôw/ôk. 


The derivatives of k? with respect to the components kx, k, are respectively 2kx, 2ky. The 
velocity of propagation of the wave is therefore 


U = k/{Eh?/3p(1-0°)}. (25.9) 


It is proportional to the wave vector, and not a constant as it is for waves in a medium 
infinite in three dimensions.t 

Similar results are obtained for bending waves in thin rods. The bending deflections of 
the rod are supposed small. The equations of motion are obtained by replacing — K, and 
— K, in the equations of equilibrium for a slightly bent rod (20.4) by the product of the 
acceleration ¥ or Yand the mass pS per unit length of the rod (S being its cross-sectional 


area). Thus 
pSX = El,0*X /0z*, pSY= EI,0*Y/02*. (25.10) 


We again seek solutions of these equations in the form 
i(kz - i(kz — @t) 
X = constant x e'“* an; Yy = constant x e'“7 7 °". 


Substituting in (25.10), we obtain the following relations between the frequency and the 


wave number: 
o = k?,/(El,/pS, = k2,/(El,/ pS), (25.11) 
for vibrations in the x and y directions respectively. The corresponding velocities of 


propagation are 
U® = 2k,/(El,/ pS), U® = 2k/ (Elx/ pS). (25.12) 


Finally, there is a particular case of vibration of rods called torsional vibration. The 
corresponding equations of motion are derived by equating Cd1/dz (see §18) to the time 
derivative of the angular momentum of the rod per unit length. This angular momentum 1s 
pldg/dat, where 0p/0t is the angular velocity (@ being the angle of rotation of the cross- 


section considered) and I = JF y?)d fis the moment of inertia of the cross-section 


about its centre of mass; for pure torsional vibration each cross-section of the rod 


performs rotary vibrations about its centre of mass, which remains at rest. Putting T 
= 0/0z, we obtain the equation of motion in the form 


Ca? b/ 82? = p10 ġ/ðt. (25.13) 
Hence we see that the velocity of propagation of torsional oscillations along the rod is 
J(C/pl). (25.14) 


h. Hence the velocity of propagation should increase 


x k = 2n/A, where Ais the wavelengt! 
a ae is obtained because formula (25.9) is not valid 


without limit as À tends to zero. This physically impossible result 
for short waves. 
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PROBLEMS 


PROBLEM 1. Determine the characteristic frequencies of longitudinal vibrations of a rod with length /, with 
one end fixed and the other free. 


SOLUTION. At the fixed end (z = 0) we must have u, = 0, and at the free end (z = l) o,, = Eu,, = 0, ie. 
u,/0z = 0. We seek a solution of equation (25.1) in the form 


u, = A cos(wt+a) sinkz, 

where k = w,/ (p/E). From the condition at z = | we have cos kl = 0, whence the characteristic frequencies are 
w = \/(E/p)(2n+1)n/2l, 

n being any integer. 


PROBLEM 2. The same as Problem 1, but for a rod with both ends free or both fixed. 
SOLUTION. In either case w = \/(E/p) nn/I. 


PROBLEM 3. Determine the characteristic frequencies of vibration of a string with length I. 
SOLUTION. The equation of motion of the string is 
X pSax 


oz? T ” 


cf. the equilibrium equation (20.17). The boundary conditions are that X = 0 for z = 0 and l. The characteristic 
frequencies are w = VOSIT) nn/l. 


PROBLEM 4. Determine the characteristic transverse vibrations of a rod (with length /) with clamped ends. 


SOLUTION. Equation (25.10), on substituting X = Xo (z) cos (wt +a), becomes 
d* Xo/dz* = k* Xo, 
where x* = o? pS/EI,. The general integral of this equation is 
Xo = Acosxz+Bsinxz+Ccoshxz+D sinh xz. 


The constants A, B, C and D are determined from the boundary conditions that X = dX /dz = Oforz = Qand l. 
The result is 


Xo = A { (sin xl — sinh xl) (cos xz — cosh kz)— 
— (cos xl —cosh xl) (sin xz — sinh Kz)}, 


and the equation cosx! coshxl = 1, the roots of which give the characteristic frequencies. The smallest 


characteristic frequency is 
22-4 tee 
nin = —=-. | —. 
‘min È ps 


PROBLEM 5. The same as Problem 4, but for a rod with supported ends. 


SOLUTION. In the same way as in Problem 4, we obtain Xo = A sin xz, and the frequencies are given bysin xl 
=0, ie. x=nr/l (n=1,2,.. :). The smallest frequency is 


987 JEL 
Omin = a pS? 


PROBLEM 6. The same as Problem 4, but for a rod with one 
SOLUTION. We have for the displacement 


end clamped and the other free. 


Xo = A{ (cos xl +cosh kl) (cos kz — cosh Kz) + 


+ (sin xl — sinh kl) (sinkz—sinh kz)} 


(the clamped end being at z = 0 and the free end at z = 


1), and for th isti i i 
cos xl coshxl+1=0. The smalion frenis ), and for the characteristic frequencies the equation 


352 JEI 
Omin = -7 oe 
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PROBLEM 7. Determine the characteristic vibrations of a rectangular plate with sides a and b, with its edges 
supported. 
SOLUTION. Equation (25.6), on substituting £ = Ç (x,y) cos(wt +a), becornes 
Ao — x4 čo = 0, 


where x* = 12p(1—c7)w?/Eh?, We take the coordinate axes along the sides of the plate. The boundary 
conditions (12.11) become ¢ = 6?¢/4x? = 0 for x = 0 and a, 


¢ = 8 ¢/ay? =0 
for y = 0 and b. The solution which satisfies these conditions is 
Co = A sin(mnx/a) sin (nzy/b), 
where m and n are integers. The frequencies are given by 


nJ E [5 = | 
R 1202 Lar ef 


PROBLEM 8. Determine the characteristic frequencies for the vibration of a rectangular membrane with sides 
a and b. 


SOLUTION. The equation for the vibration of a membrane is T AÇ = ph’; cf. the equilibrium equation (14.9). 
The edges of the membrane must be fixed, so that ¢ = 0. The corresponding solution for a rectangular membrane is 


Ç =A sin(mnx/a) sin(nny/b) cos wt, 
where the characteristic frequencies are given by 
pi (en) 
ph\a@ b? 
m and n being integers. 


PROBLEM 9. Determine the velocity of propagation of torsional vibrations in a rod whose cross-section is a 
circle, an ellipse, or an equilateral triangle, and in a rod in the form of a long thin rectangular plate. 


SoLuTION. For a circular cross-section with radius R, the moment of inertia is 7 = 4n R4; C is given in §16, 
Problem 1, and we find the velocity to be Vi (u/p), which is the same as the velocity Gi. i ) 

Similarly (using the results of §16, Problems 2 to 4), we find for a rod with an elliptical cross-section the velocity 
[2ab/(a? + b?)]c,, for one with an equilateral triangular cross-section „/ (3/5)c,, and for one which is a long 
rectangular plate (2h/d)c,. All these are less than c,. 


PROBLEM 10. The surface of an incompressible fluid of infinite depth is covered by a thin elastic plate. 
Determine the relation between the wave number and the frequency for waves which are simultaneously 
Propagated in the plate and near the surface of the fluid. 


SOLUTION. We take the plane of the plate as z = 0, and the x-axis in the direction of propagation of the wave; 
let the fluid be in z < 0. The equation of motion of the plate alone would be 


ôg ae 
pohza = Poe 


: ; idi ight- ide of this equation must 
where po is the volume density of the plate. When the fluid is present, the right-hand side o t i 
also include the force exerted by the fluid on unit area of the plate, i.e. the pressure p of He fluid. The perane a. 
the wave, however, can be expressed in terms of the velocity potential by p = — p09/dt (we neglect gravity). 
Hence we obtain 


a ae [ | (1) 
Phat Pa LP ot |, no 
Next, the normal component of the fluid velocity at the surface must be equal to that of the plate, as 
a¢/dt = [26/02], ~0: B 
The potential $ must satisfy everywhere in the fluid the equation 
p Po (3) 
—+— =0. 
6x? on 


We seek ¢ in the form of a travelling wave { = {oe™" 7 1°"; accordingly, we take as the solution of equation (3) the 
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surface wave p = do e'“*- Ye , which is damped in the interior of the fluid. Substituting these expressions in (1) 
and (2), we obtain two equations for do and Ço, and the compatibility condition is 


gta: 
or =——_—, 
pthpok 


§26. Anharmonic vibrations 


The whole of the theory of elastic vibrations given above is approximate to the extent 
that any theory of elasticity is so which is based on Hooke’s law. It should be recalled that 
the theory begins from an expansion of the elastic energy as a power series with respect to 
the strain tensor, which includes terms up to and including the second order. The 
components of the stress tensor are then linear functions of those of the strain tensor, and 
the equations of motion are linear. 

The most characteristic property of elastic waves in this approximation is that any wave 
can be obtained by simple superposition (i.e. as a linear combination) of separate 
monochromatic waves. Each of these is propagated independently, and could exist by 
itself without involving any other motion. We may say that the various monochromatic 
waves which are simultaneously propagated in a single medium do not interact with one 
another. 

These properties, however, no longer hold in subsequent approximations. The effects 
which appear in these approximations, though small, may be of importance as regards 
certain phenomena. They are usually called anharmonic effects, since the corresponding 
equations of motion are non-linear and do not admit simple periodic (harmonic) 
solutions. 

We shall consider here anharmonic effects of the third order, arising from terms in the 
elastic energy which are cubic in the strains. It would be too cumbersome to write out the 
corresponding equations of motion in their general form. However, the nature of the 
resulting effects can be ascertained as follows. The cubic terms in the elastic energy give 
quadratic terms in the stress tensor, and therefore in the equations of motion. Let us 
suppose that all the linear terms in these equations are on the left-hand side, and all the 
quadratic terms on the right-hand side. Solving these equations by the method of 
successive approximations, we omit the quadratic terms in the first approximation. This 
leaves the ordinary linear equations, whose solution Up can be put in the form of a 
superposition of monochromatic travelling waves: constant x e!(k-"- ©!) with definite 
relations between w and k. On going to the second approximation, we must put u= 
uo +u, and retain only the terms in uo on the right-hand sides of the equations (the 
quadratic terms), Since uo, by definition, satisfies the homogeneous linear equations 
obtained by putting the right-hand sides equal to zero, the terms in ug on the left-hand 
sides will cancel. The result is a set of inhomogeneous linear equations for the components 
of the vector u, where the right-hand sides contain only known functions of the 
coordinates and time. These functions, which are obtained by substituting uo for u in the 
right-hand sides of the original equations, are sums of terms each of which is proportional 


to 
eil(ki —k,).r—(w, —w:)t] 


or 
eiL(k, +kz).r— (w; tozi], 
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where @;, @2, Kı, K2 are the frequencies and wave vectors of any two monochromatic 
waves in the first approximation. 

A particular integral of linear equations of this type is a sum of terms containing similar 
exponential factors to those in the free terms (the right-hand sides) of the equations, with 
suitably chosen coefficients. Each such term corresponds to a travelling wave with 
frequency œ; + @2 and wave vector k, + k,. Frequencies equal to the sum or difference 
of the frequencies of the original waves are called combination frequencies. 

Thus the anharmonic effects in the third order have the result that the set of fundamental 
monochromatic waves (with frequencies w,, @2, . . . and wave vectors k,, k3, . . . ) has 
superposed on it other “waves” of small intensity, whose frequencies are the combination 
frequencies such as œ, + 2, and whose wave vectors are such as k, + k,. We call these 
“waves” in quotation marks because they are a correction effect and cannot exist alone 
except in certain special cases (see below). The values œw, + œw, and k, + k, do not in 
general satisfy the relations which hold between the frequencies and wave vectors for 
ordinary monochromatic waves. 

It is clear, however, that there may happen to be particular values of w,, k; and %2, kz 
such that one of the relations for monochromatic waves in the medium considered also 
holds for œ, + w and k, + k, (for definiteness, we shall discuss sums and not differences). 
Putting w = @; + @2, ka = k, +k», we can say that, mathematically, œ, and k then 
correspond to waves which satisfy the homogeneous linear equations of motion (with zero 
on the right-hand side) in the first approximation. If the right-hand sides in the second 
approximation contain terms proportional to ei(ks*t~ ©!) then a particular integral will be 
a wave with the same frequency and an amplitude which increases indefinitely with time. 

Thus the superposition of two monochromatic waves with values of w;, k; and w, kz 
whose sum «3, k, satisfies the above condition leads, by the anharmonic effects, to 
resonance: a new monochromatic wave (with parameters 3, k3) is formed, whose 
amplitude increases with time and eventually is no longer small. It is evident that, if a wave 
with w3, k, is formed on superposition of those with œ, k; and œz, kz, then the 
superposition of waves with @,, k; and @3, k, will also give a resonance with œ, = 
(3 — 0, k, = k} — k; , and similarly œz, kz and @3, ky lead to œ, ky. y 

In particular, for an isotropic body w and k are related by w = ck or w = ck, with 
& > ¢,. It is easy to see in which cases either of these relations can hold for each of the three 
combinations 0, E E Ee A 


Ifk, and k, are not in the same direction, k3 < k, +kz, and so it is clear that resonance can 


then occur only in the following two cases: (1) the waves with oi, k; and %3, k, are 
transverse and that with œ, k, longitudinal; (2) one of the waves with w, k; and w, kz is 
transverse and the other longitudinal, and that with «3, k; is longitudinal. If the vectors k, 
and k, are in the same direction, however, resonance is possible when all three waves are 
longitudinal or all three are transverse. 

The anharmonic effect involving resonance occur: 
matic waves are superposed, but also when there is on bee 
In this case the right-hand sides of the equations of motion contain terms proportional to 
elkr -%1 If œ, and k; satisfy the usual condition, however, then 2@, and 2k, do so sr 
since this condition is homogeneous and of degree one. Thus the anharmonic effect iP # 
in the appearance, besides the monochromatic waves with %1, k; previously Jiag ; 3 
waves with 2w,, 2k,, ie. with twice the frequency and twice the wave vector, an 


amplitude increasing with time. 


s not only when several monochro- 
ly one wave, with parameters @,, ky. 
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Finally, we may briefly discuss how we can set up the equations of motion, allowing for 
the anharmonic terms. The strain tensor must now be given by the complete expression 
(1.3): 

1/du,; Ou, du, du, 
n*ala + t>— 3} 26. 
a (e 7 Ox; Ox; Ox, (26:1) 


in which the terms quadratic in u; can not be neglected. Next, the general expression for the 
energy density} &, in bodies having a given symmetry, must be written as a scalar formed 
from the components of the tensor u; and some constant tensors characteristic of the 
substance involved; this scalar will contain terms up to a given power of u;,. Substituting 
the expression (26.1) for u; and omitting terms in u; of higher orders than that power, we 
find the energy & as a function of the derivatives ĝu;/ôx, to the required accuracy. 

In order to obtain the equations of motion, we notice the following result. The variation 
ôg may be written 


ôE ĝu; 
êe = ouin Da’ 
or, putting 
ôE 
mys aðu ax) (26.2) 
06u; ô GA 
E 642 AEAN S A T E Pea 
Oik Ox, ax, (6,6 u;) ĝu; ôx, e 


The coefficients of — ôu; are the components of the force per unit volume of the body. 


They formally appear the same as before, and so the equations of motion can again be 
written 


Poll; = 06;4/Ox,, (26.3) 


where po is the density of the undeformed body, and the components of the tensor c; are 
now given by (26.2), with & correct to the required accuracy. The tensor o;, is no longer 
symmetrical. 

It should be emphasized that o,, is no longer the momentum flux density (the stress 
tensor). In the ordinary theory this interpretation was derived by integrating the body 
force density 00;,/0x, over the volume of the body. This derivation depended on the fact 
that, in performing the integration, we made no distinction between the coordinates of 
points in the body before and after the deformation. In subsequent approximations, 
however, this distinction must be made, and the surface bounding the region of integration 
is not the same as the actual surface of the region considered after the deformation. 

It has been shown in §2 that the symmetry of the tensor o;, is due to the conservation of 


angular momentum. This result no longer holds, since the angular momentum density is 
not xj, — x,u; but (x; +u;)a, — (x, + u,) uj. 


PROBLEM 
Write down the general expression for the elastic energy of an isotropic body in the third approximation. 


ü Pron From the components of 4 symmetrical tensor of rank two we can form two quadratic scalars 
ik u) and three cubic scalars (uj?, uy uj? and uuu). Hence the most general scalar containing terms 


foe steeds) © hast ee Se 


+ We here use the internal energy £, and not the free energy F, since adiabatic vibrations are involved. 
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quadratic and cubic in uy, with scalar coefficients (since the body is isotropic), is 
6 = puy? + ($K —$y)uy? +$ Auguguy + Buy? uy +4Cu,?; 


the coefficients of u? and uy” have been expressed in terms of the moduli of compression and rigidity, and A, B, C 
are three new constants. Substituting the expression (26.1) for u; and retaining terms up to and including the 
third order, we find the elastic energy to be 


x ðu, du, \? du, \? 
ents Se) +ax-$0 (54) i 

Õu; Õu, Ou, Ou, (du, \? 
teaser dost bee ae) F 


ĝu; Õu, Ou, Ôu; Ou, du, (= Ji 
AEAN tap pe E Me E hic 
t Ox, Ox, I Ox, Ox; apa 7 Ox, 


CHAPTER IV 


DISLOCATIONS} 


§27. Elastic deformations in the presence of a dislocation 


Elastic deformations in a crystal may arise not only by the action of external forces on it 
but also because of internal structural defects present in the crystal. The principal type of 
defect that influences the mechanical properties of crystals is called a dislocation. The stud y 
of the properties of dislocations on theatomic or microscopic scale is not, of course, within 
the scope of this book; we shall here consider only purely macroscopic aspects of the 
phenomenon as it affects elasticity theory. For a better understanding of the physical 
significance of the relations obtained, however, we shall first give two simple examples to 
show what is the nature of dislocation defects as regards the structure of the crystal lattice. 

Let us imagine that an “extra” half-plane is put into a crystal lattice of which a cross- 
section is shown in Fig. 22; in this diagram, the added half-plane is the upper half of the yz- 
plane. The edge of this half-plane (the z-axis, at right angles to the plane of the dia gram) is 
then called an edge dislocation. In the immediate neighbourhood of the dislocation the 
crystal lattice is greatly distorted, but even at a distance of a few lattice periods the crystal 
planes fit together in an almost regular manner. The deformation nevertheless exists even 


FIG. 22 


Another type of dislocation may be visualized as the result of “cutting” the lattice along 
a half-plane and then shifting the parts of the lattice on either side of the cut in opposite 
directions to a distance of One lattice period parallel to the edge of the cut (then called a 
eres ev t 

+ This chapter was written jointly with A. M. Kosevich. 
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screw dislocation). Such a dislocation converts the lattice planes into a helicoidal surface 
likea spiral staircase without the steps. Ina complete circuit round the dislocation line (the 
axis of the helicoidal surface) the lattice point displacement vector increment is one lattice 
period along that axis. Figure 23 shows a diagram of such a cut. 


Fic. 23 


Macroscopically, a dislocation deformation of a crystal regarded as a continuous 
medium has the following general property; after a passage round any closed contour L 
which encloses the dislocation line D, the elastic displacement vector u receives a certain 
finite increment b which is equal to one of the lattice vectors in magnitude and direction; 
the constant vector b is called the Burgers vector of the dislocation concerned. This 
property may be expressed as 


G au E = —b, (27.1) 
Ox, 


A 
where the direction in which the contour is traversed and the chosen direction of the 
tangent vector t to the dislocation line are assumed to be related by the corkscrew rule 
(Fig. 24). The dislocation line itself is a line of singularities of the deformation field. 


L 


Fic. 24 


slocations mentioned above correspond to 
straight lines D with t L b and z || b. We may also note that in the representation are Pr 
Fig. 22 edge dislocations with opposite directions of b differ in that the “extra” crysta half- 
plane lies above or below the xy-plane; such dislocations are said to have opposite e 
In the general case, the dislocation is a curve, along which the ABE PERTON 4 an } 
varies. The Burgers vector b itself is always constant along the dislocation line. It is also 


The simple cases of edge and screw di 
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evident that this line cannot simply terminate within the crystal (see the next-but-one 
footnote): it must either reach the surface of the crystal at both ends or (as usually happens 
in actual cases) form a closed loop. 

The condition (27.1) thus signifies that in the presence of a dislocation the displacement 
vector is not a single-valued function of the coordinates, but receives a certain increment in 
a passage round the dislocation line. Physically, of course, there is no ambiguity: the 
increment b denotes an additional displacement of the lattice points equal to a lattice 
vector, and this does not affect the lattice itself. 

In the subsequent discussion it is convenient to use the notation 


Wik = 044/0X;, (27.2) 
so that the condition (27.1) becomes 


f Wg dx; = —b,. (27.3) 
L 


The (unsymmetrical) tensor w; is called the distortion tensor. Its symmetrical part gives the 
ordinary strain tensor: 
Uik = $ (Wig + Wy). (27.4) 


According to the foregoing discussion the tensors Wix and uix, and therefore the stress 
tensor Gip, are single-valued functions of the coordinates, unlike the function u(r). 

The condition (27.3) may also be written in a differential form. To do so, we transform 
the integral round the contour L into one over a surface S, spanning this contour:+ 


rn dx, = | ean Matas (27.5) 

L Si 
Since the tensor eym is antisymmetrical in the suffixes | and m, and the tensor Ow,,,/0x; 
= 0?u,/8x,0x,, is symmetrical in them, the integrand is identically zero everywhere except 
where the line D meets the surface S,; on the dislocation line itself, which is a line of 
singularities, the representation of the wmx as the derivatives (27.2) is no longer 
meaningful.t At these points, the Wix are to be determined by means of the appropriate 
delta function so that the integral (27.5) has the required value —b,. Let ë be a two- 
dimensional position vector from a given point on the dislocation axis, in a plane 
perpendicular to t. The element of area in this plane is expressed in terms of the element df 
of the surface $, as t-d f. From this definition of the two-dimensional delta function 6(¢), 


[owr-ar= Ti [seas 1 


S, 


t The transformation is made, according to Stokes’ theorem, by replacing dx,, by the operator dfjejim0/O%1, 
where eiim is the antisymmetric unit tensor. It should be recalled also that any expression have the form e;ma;b, is 
the m component of the vector product axb, 

t If the dislocation line ended at Some point within the body, the surface S; could be chosen so as to enclose 


in and thus nowhere intersect the line D. The integral (27.5) would then be zero, contrary to the condition 
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It is therefore clear that to achieve the necessary result we must put 
Cim ÔWmk/ OX, = — 1;b,5(E). (27.6) 


This is the required differential form. 

The displacement field u(r) around the dislocation can be expressed in a general form if 
we know the Green’s tensor G(r) of the equations of equilibrium of the anisotropic 
medium considered, i.e. the function which determines the displacement component u; 
produced in an infinite medium by a unit force applied at the origin along the x,-axis (see 
§8). This can easily be done by using the following formal device. 

Instead of seeking many-valued solutions of the equations of equilibrium, we shall 
regard u(r) as a single-valued function, which undergoes a fixed discontinuity b on some 
arbitrarily chosen surface Sp spanning the dislocation loop D. If u, and u- are the values 
of the function on the upper and lower edges of the discontinuity S,, then 


u,-u_=b. (27.7) 


The upper and lower edges are defined as shown in Fig. 24: the normal n to the surface Sp 
in the direction indicated relative to t is from the lower edge to the upper. The integration 
along L from the upper to the lower edge then gives (27.3) with the correct sign. The 
tensors w; and uix, which are formally defined by (27.3) and (27.4), have a delta-function 
singularity on the discontinuity surface: 


Wig) = nib S(O), win! =F (ribi + mbi)Ò (0), (27.8) 


where { is the coordinate measured from the surface Sp along the normal n; df = n-dl, 
where dl is an element of length of L. 

Since there is no actual physical singularity in the space around the dislocation, the 
stress tensor c; must, as already mentioned, bea single-valued and everywhere continuous 
function. The strain tensor (27.8), however, is formally related to a stress tensor o;'° = 
Jixim Utm ®, Which also has a singularity on the surface Sp. In order to eliminate this we must 
define fictitious body forces distributed over the surface S, with a certain density f ©, The 
equations of equilibrium in the presence of body forces are ðo ixx +f; = 0 (cf. (2.8). 
Hence it is clear that we must put 
6a; tty OU (279) 


A => a= iklm ea © 
A Ox, OX, 


Thus the problem of finding the many-valued function u(r) is equivalent to that of finding 
a single-valued but discontinuous function in the presence of body forces given by 
formulae (27.7) and (27.9). We can now use the formula 


u(r) = foue- r) GOW)dV . 


tegration with the delta function is then 


We substitute (27.9) and integrate by parts; the in 


trivial, giving 
5 ô nap (27.10) 
u;(r) = — Àjkimbm [nan Gij te r)df’. 

? s 
This solves the problem.t i 
as 

s s s L M. Lifshitz and L. N. 
+ The tensor G;; for an anisotropic medium has been derived in the paper by IN 5 A i 
Rozentsveig quoted in §8, Problem. This tensor is in general very complicated. od Perian ie 
Corresponds to a two-dimensional problem of elasticity theory, it may be simpler to so! 
equilibrium directly. 
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The deformation (27.9) has its simplest form far from the closed dislocation loop. If we 
imagine the loop to be situated near the origin, then at distances r large compared with the 
linear dimensions of the loop we have 


u(r) = — À jkim dim OG; 4(8)/OXx, (27.11) 
where 
dra Side sis fra fiShen ridx, (27.12) 
Sp D 


and e;ų is the antisymmetric unit tensor. The axial vector S has components equal to the 
areas bounded by the projections of the loop D on planes perpendicular to the 
corresponding coordinate axes; the tensor d; may be called the dislocation moment tensor. 
The components of the tensor G;j are first-order homogeneous functions of the 
coordinates x, y, z (see §8, Problem). We therefore see from (27.11) that u; œ 1/r?, and the 
corresponding stress field oj, < 1/r?. 

It is also easy to ascertain the way in which the elastic stresses vary with distance near a 
straight dislocation. In cylindrical polar coordinates z, r, ġ (with the z-axis along the 
dislocation line) the deformation will depend only on r and @. The integral (27.3) must, in 
particular, be unchanged by an arbitrary change in the size of any contour in the xy-plane 
which leaves the shape of the contour the same. It is clear that this can be true only if all the 
Wi 1/r. The tensor uig, and therefore the stresses oix, will be proportional to the same 
power, 1/r.+ 

Although we have hitherto spoken only of dislocations, the formulae derived are 
pplicable also to deformations caused by other kinds of defect in the crystal structure. 
islocations are linear defects; there exist also defects in which the regular structure is 
nterrupted through a region near a given surface.t Such a defect can be macroscopically 
described as a surface of discontinuity on which the displacement vector u is discontinuous 
but the stresses c; are continuous, by virtue of the equilibrium conditions. If the 
discontinuity b is the same everywhere on the surface, the resulting strain is just the same as 
that due to a dislocation along the edge of the surface. The only difference is that the vector 
bis not equal to a lattice vector. However, the position of the surface Sp discussed above is 
no longer arbitrary; it must coincide with the actual physical discontinuity. Such a surface 
of discontinuity involves a certain additional energy which may be described by means of 
an appropriate surface-tension coefficient. 


PROBLEMS 


PROBLEM 1. Derive the differential equations of equilibrium for a dislocation deformation in an isotropic 
medium, expressed in terms of the displacement vector. § 


t Attention is drawn to a certain analogy between the elastic deformation field round a dislocation line and the 
magnetic field of constant line currents. The current is replaced by the Burgers vector, which must be constant 
along the dislocation line, like the current. Similar analogies will also be readily seen in the relations given below. 
However, quite apart from the entirely different nature of the two physical effects, these analogies are not far- 
reaching, because the tensor character of the corresponding quantities is different. 

+ A well-known example of a defect of this type is a narrow twinned layer in a crystal. 

§ The physical meaning of this and other problems relating to an isotropic medium is purely conventional, 


since actual dislocations by their nature occur only in crystals, i.e. in anisotropic media. Such problems have 
illustrative value, however. 


~ 
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SOLUTION. In terms of the stress tensor or strain tensor the equations ilibri 
i of equili 
04/0x, = 0 or, substituting Gi from (5.11), q quilibrium have the usual form 


Ou, o Oty r 

ox, 186 Ox, (1) 
To convert to the vector u we must use the differential condition (27.6). Multiplying (27.6) by ey, and summin 
over i and k, we obtaint ikn g 


“= — (exb),d(6), (2) 


n 


Writing (1) in the form 


and substituting (2), we find 


Ow, 1 Ow, an 
—+—— ON 
Ox, 1-26 Ox, (exb)d(E), 


Now changing to u in accordance with (27.2), we find the required equation for the multi-valued function u(r): 


1 
Au+—— grad div u = t xb ô(¢). (3) 


1—20 


The solution of this equation must satisfy the condition (27.1). 


PROBLEM 2. Determine the deformation near a straight screw dislocation in an isotropic medium. 


SOLUTION. We take cylindrical polar coordinates z, r, @, with the z-axis along the dislocation line; the Burgers 
vector is b, = b, = 0, b, = b. It is evident from symmetry that the displacement u is parallel to the z-axis and is 
independent of the coordinate z. The equation of equilibrium (3), Problem 1, reduces to Au; = 0. The solution 
which satisfies the condition (27.1) isțu, = b@/2x. The only non-zero components of the tensors uj, and Gi are 
Uz4 = b/4nr, o,, = ub/2nr, and the deformation is therefore a pure shear. 

The free energy of the dislocation (per unit length) is given by the integral 


F=} fousosav 


Which diverges logarithmically at both limits. As the lower limit we must take the order of magnitude of the 
interatomic distances ( ~ b), at which the deformation is large and the macroscopic theory is inapplicable. The 
Upper limit is determined by a dimension of the order of the length L of the dislocation. 
Then F = (b?/4z) log (L/b). The energy of the deformation in the “core” of the dislocation near its axis (ina 
region of cross-sectional area ~ b?) can be estimated as ~ ub?. When log (L/b)> 1 this energy is small in 


Comparison with that of the elastic deformation field.§ 


PROBLEM 3. Determine the internal stresses in an anisotropic medium near a screw dislocation which is 
Perpendicular to a plane of symmetry of the crystal. 


islocation line, and again write b, = b. 


SOLUTION. W i xis is along the di 
N. We take coordinates x, y, z so that the z-a. g e isa plane 0 f symmetry, all the 


The vector u again has only the component u, = u(x, y). Since the xy- 


+ In all the i i i take the vector t in the negative z-direction. 
obena OE E rder of magnitude for any dislocation (and not only for a 
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components of the tensor Aix, are zero which contain the suffix z an odd number of times. Thus only two 
components of the tensor d; are non-zero: 


ĝu ĝu 
amA a Aaa 
Ox é 
Ou ĝu 
Oyz = Àyrxz re FA ay 


We define a two-dimensional vector g and a two-dimensional tensor Aap: Oa = Fars Aap = Àazp: (% = 1, 2). Then 
O, = A,p0u/Ox,, and the equation of equilibrium becomes div ø = 0. The required solution of this equation must 
satisfy the condition (27.1): $ grad u-dl = b. 

In this form, the problem is the same as that of finding the magnetic induction and magnetic field (represented 
by ø and grad u) is an anisotropic medium with magnetic permeability Àp near a straight current of strength 
I = cb/4n. Using the solution derived in electrodynamics, we obtain (see ECM, §30, Problem 5) 


x b Àapepy:Xy 
AA E E E E 


Oa = 


where |A| is the determinant of the tensor Aap: 


PROBLEM 4. Determine the deformation near a straight edge dislocation in an isotropic medium. 


SOLUTION. Let the z-axis be along the dislocation line, and the Burgers vector be b, = b, b, = b, = 0. It is 
evident from the symmetry of the problem that the displacement vector lies in the xy-plane and is independent of 
z, so that the problem is a two-dimensional one. In the rest of this solution all vectors and vector operations are 
two-dimensional in the xy-plane. 

We shall seek a solution of the equation 


Au+ 


raddiv u = — bjô(r) 
ase 45 ( 
(see Problem 1; j is a unit vector along the y-axis) in the form u = u® + w, where u is a vector with components 
uo = b@/2n, u, = (b/2n) logr; these are the imaginary and real parts of (b/2n) log (x + iy),r and ¢ being polar 
coordinates in the xy-plane. This vector satisfies the condition (27.1). The problem therefore reduces to finding 
the single-valued function w. Since, as is easily verified, div u = 0, Au = bj6(r), it follows that w satisfies the 
equation 


Aw+ 


grad div w = — 2bjô(r). 


—20 


This is the equation of equilibrium under forces concentrated along the z-axis with volume density 
Ebjo(r)/2(1 +a); cf. §8, Problem, equation (1). By means of the Green’s tensor found in that problem for an 
infinite medium, the calculation of w is reduced to that of the integral 


ee ee VET 
"all R +B Joz, 


o 
R=,/(r? +2), 


The result is 
b y 1 xy 
ieee tin) sf e A 
i 3i tarah 


bfi- 2 
ma fhe o/t UMG \ 


2n (21 —0) 2(1 — 0) x? +y? 
The stress tensor calculated from this has Cartesian components 
2 2: 
ae pp! C +Y ) 

(x? +y?)? 
y(x? —y?) 
PrP 
x(x? — y?) 


AP (x? + y?)?” 
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and polar components 
On = C$ = — (bB/r)sin ġ, 
a, = (bB/r)cos ġ, 
where B = pp/2n(1 — 0). 


PROBLEM 5. An infinity of identical parallel straight edge di TRADI e 
2 i ge dislocations i iim Het 

perpendicular to their Burgers vectors and at equal distances h apart. Find pora eaiem lie in one plane 
“dislocation wall” at distances large compared with h. Stresses due to such a 


SoLuTION. Let the dislocations be in the yz-plane and parall i 
el to the z-axis, i 
Problem 4, the total stress due to all the dislocations at eg point (x, ID ni aah vial 


wo 2 2 
0,,(X, y) = bB. ye nny 
ri kot lnag aT 


| 


1 
AE EEN EE teh = fe 


According to Poisson's summation formula 


This may be written in the form 


ðJ (a, P) 
a 


a 
Oy = -B> | Jaa P 


where 


æ 


y fine 5 f (xje2"™*dx, 


n=-@ el 
we find hie 


dé pth f ertag 
i | stared e A [Se 


2: æ% 
ane D e7? cos 2nkB. 


C E e 


When æ = x/h > 1 only the first term need be retained in the sum over k, and the result is 
bxs 
ay, = 4n°B pe 2ax/h cos (2ny/h). 
Thus the stresses decrease exponentially away from the wall. 


PROBLEM 6. Determine the deformation of an isotropic medium around a dislocation loop (J. M. Burgers 
1939), 


SOLUTION. We start from (27.10). The tensor Aisim for an isotropic medium may be written as 
20 
Aitim = H { Ta 5in5im + iÔrm + imn \ 


The Green's tensor for an isotropic medium has been derived in §8, Problem, and may be written as 


1 
4 8:40) Sut \ 
G(R) loxu( aR fi ik k 
Here R = r—r' is the radius vector from the element df’ 
Considered; v = R/R is a unit vector in that direction. Substituting 


the differentiations in the integral, we obtain finally 


at r' to the point r at which the deformation is 
these expressions in (27.11) and carrying out 


‘elo i i >fe bev) (v-df". 1) 
u(r) = Sxl =a) le {b(v-df’) + (b-v)df POA Fame R v(b-v) (v-df’) ( 
'D 


Sp 
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The integrals here can be expressed in terms of integrals along D, i.e. along the dislocation loop. To do so, we 
use the formulae 


1 1 ; ; 
f bxd! = fi {(o-nat voar}, 


Sp 


D 
dbx =- [phar ee-no-ary} 
D 


Sp 
The integrals on the right are derived from the contour integrals on the left by means of Stokes’ theorem, 
according to which the transformation is made by the change dl’ + dfxV' (where V’ = 0/dr’); since the integrand 
depends only on r—r’, this transformation is equivalent to dl’ + df’xV (where V = 0/dr). We also define the 
solid angle Q subtended by the loop D at the point considered: 


1 
Q= fa v-df’, 
The displacement field is then 


read fe bas 1 
= b—+— = bxdl + ———_ V (bxv): dl. 
u(r) beet be xa + Vi xv) -dI 
D D 


The non-uniqueness of this function lies in the first term: the angle Q changes by 47 on passing round D 
Far from the loop, the expression (1) becomes 


AOS 1—20 
~ 8n(1—0)R? 


This could also be obtained directly from (27.11) and (27.12). 


{S@-+bS-y-vs-)}+ 2 z (S+ v) (b-v)v. 
o)R 


8n(1— 


§28. The action of a stress field on a dislocation 


Let us consider a dislocation loop D in a field of elastic stresses o,, created by given 
external loads, and calculate the force on the loop in such a field. According to the general 
rules, this must be done by finding the work Rp done on the dislocation when it 
undergoes an infinitesimal displacement. 

Let us return to the concept of the dislocation loop D (§27) as the line spanned by the 
displacement vector discontinuity surface Sp; the amount of the discontinuity is given by 
(27.7). The displacement of D changes the surface Sp. Let ôx be the displacement vector of 
points on D. Under this displacement, the line element dl sweeps out an area ôf = ôx xl 
= 6xxtdl, and this gives the increase in the area of the surface S,. Since we are here 
considering an actual physical displacement of the dislocation, we have to take into 
account the fact that the operation mentioned is accompanied by a change in the physical 
volume of the medium. Since the displacements u of the points in the medium on either 
side of the surface differ by b, the change is given by the product 


ôV = b-df = (5xxt)-bdf = dx-(txb)df. (28.1) 


Two physically different situations are therefore possible. In one, ôV = 0, and the 
displacement of the dislocation line involves no change in volume. This will happen if the 
displacement occurs in the plane defined by the vectors t and b, called the glide plane or slip 
plane of the dislocation element concerned. The envelope of the family of glide planes of all 
the elements of length in the loop D is called the glide surface of the dislocation; it is a 
cylinder with its generators parallel to the Burgers vector b.t The physically distinctive 
+ The possible systems of glide planes in an anisotropic medium are actually governed by its crystal lattice 
structure. 
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feature of the glide plane is that itis the only one in which a comparatively easy mechanical 
movement of the dislocation is possible (usually referred to in this case as a glide).t 

As the area of the surface Sp changes during the movement of the dislocation, so does 
the deformation singularity (27.8) concentrated on the line D. This change may be 


expressed as 
Sud = $ (bi(Öx X1) + by (xX XT):) 5(6), (28.2) 


where 6(€) is the two-dimensional delta function defined in §27. We must emphasize that 
this value is uniquely determined by the shape of D and the displacement ôx, in contrast to 
(27.8), which depends on the arbitrary choice of the surface Sp- 

The expression (28.2) describes a local inelastic residual or plastic strain not associated 


with elastic stresses. The corresponding work done ultimately by external sources 1s given 
by the integral 


fonua dV 


(cf. (3.2)), where duix is the total geometrical change in the deformation. This consists of 
elastic and plastic parts, we are concerned here only with the work related to the plastic 
part.f After substituting dui from (28.2), there remains (because of the delta function) 


only an integration along the dislocation loop D: 


bRp= pou” Cm OX1 Tm dl- (28.3) 
D 
The coefficient of 6x, in the integrand is the force fiacting on unit length of the dislocation 


line. Thus 
fi = Cin Tim” bm (28.4) 


(M. O. Peach and J. S. Koehler 1950). This force f is perpendicular to q, ie. to the 


dislocation line. 
Formula (28.3) has an intuitive interpretation. From the above discussion, the 
displacement of the dislocation line element amounts to the cutting of an area df anda 
shift of the upper edge through b relative to the lower edge. The internal stress force 
applied to df is od fer and the work done by this force in the shift is bon dfi 
Since (28.4) in that form relates only to movement in the glide plane, the component of 
the force f in that plane may be introduced immediately. Let xK be a unit vector along the 


normal to the dislocation line in the glide plane. Then 
ipl hai CisKitxDmFim 
or 
A, = 10m Pin (28.5) 


where v = KXT is a vector normal to the glide plane. Since band vare at right angles, we 


+ For example, for the movement of the edge dislocation shown in Fig. 22 in its glide plane (the xz-plane), 
comparatively slight atomic displacements are sufficient, which make crystal half-planes farther and farther from 
the yz-plane into “extra” half-planes. y : 

stic and elastic strains are to be regarded as independent 


} In deriving the equations of motion, virtual plastic a i ; d 
variables. Since the equation of motion of the dislocation 1s under consideration, only the plastic strain need be 


taken into account. 
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can take two of the coordinate axes along these vectors and find that J, is determined by 
only one component of the tensor o;,,°). 

If, however, the displacement of the dislocation is not in the glide plane, ôV + 0. This 
means that the shift of the edges of the cut would give rise to an excess of material (when 
one edge encroaches on the other) or a deficiency of material (when a gap is formed 
between the edges as they move apart). This is not acceptable if we suppose that the 
medium remains continuous with constant density (apart from the elastic Strains) as the 
dislocation moves. In an actual crystal, the excess material is removed, or the deficiency 
made good, by diffusion, the dislocation axis becoming a source or sink for diffusional 
fluxes of matter.t Movement of dislocations accompanied by the healing of defects in the 
continuous medium by diffusion is called climb.t 

It is clear from the above that, allowing dislocation climb as a possible virtual 
displacement, one must suppose that climb, like glide, occurs without any local change in 
the volume of the medium. This means that from the strain (28.2) we have to subtract the 
part $ .5;,4,,"" which accounts for the change in volume, representing the plastic strain by 
the tensor 

ôu = {4b,(5xxt), +4, (6xxt); — $54b + (5xxz)} 5(2). (28.6) 


Accordingly (28.4) is replaced by the following expression for the force acting on the 
dislocation: § 


Í = eiu TD in (im ay Sim nn”) (28.7) 


(J. Weertman 1965). 
The total force on the entire dislocation loop is 


F; E Einbm fion” —45imFnn) dx. (28.8) 
D 


This is zero except in an inhomogeneous stress field: when c ® = constant, the integral 
reduces to $dx, = 0. If the stress field varies only slightly along the loop, we can write 


ô 
F; = Cit Dm ax, (Can —4 bm nn) xran 
D 


the loop is assumed to be near the origin. The integrals here form an antisymmetric tensor: 


x, dx, = ~fudy, 


We can then easily express the force in terms of the dislocation moment dy, in (27.12)9: 


ÔO im? Omn? | Bay) 
ax; +4 (4 Tir d, ) (28.9) 


F; = dim u ax 
i 


+ For example, the dislocation shown in Fig. 22 can move in the Yz-plane only through a loss of material from 
the “extra” half-plane by diffusion. Rae jai p 

t Since such a process is limited by diffusion, it can be important in practice only at sufficiently high 
temperatures. p 
` § Evidently, a uniform compression of the crystal cannot produce a force f, and the expression (28.7) has this 


roperty. 
p The derivation uses also the formula eix €imn = SkmOin — Stn Sm and the equilibrium equation 861m! Xn = 0. 
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In a homogeneous stress field this force is zero, as already mentioned. In that case, 
however, the loop is acted on by a torque 


K,= eon dl, 


which can also be expressed in terms of the dislocation moment: 
K; = Cite (im =F inna” ). (28.10) 


PROBLEMS 


PROBLEM 1. Find the force of interaction between two parallel screw dislocations in an isotropic medium. 


SOLUTION. The force per unit length acting on one dislocation in the stress field due to the other dislocation is 
determined from formula (28.5), using the results of §27, Problem 2. It is a radial force of magnitude 
f= ub,b,/2nr. Dislocations of like sign (b;b2 > 9) repel, while those of unlike sign (bb. < 0) attract. 
PROBLEM 2. A straight screw dislocation lies parallel to the plane free surface of an isotropic medium. Find 
the force acting on the dislocation. 
SoLUTION. Let the yz-plane be the surface 
coordinates x = Xo, y = 9. 
surface is described by the sum of the fields of the 


The stress field which leaves the surface of the medium a free 
-plane, considered to lie in an infinite medium: 


of the body, and let the dislocation be parallel to the z-axis with 


dislocation and its image in the yz 


5 ard 
at = n (x— x0)? +” (+x) +” £ 


al x—Xo x+Xo | 
oy Sst ee rer at | 
‘af In| (x—xo) + y (x+ xo) +)" 


ion considered which is equal to the attraction exerted by its image, i.e- 


Such a field exerts a force on the dislocat 
he medium by a force f= pb? /Anxo- 


the dislocation is attracted to the surface of t 
PROBLEM 3. Find the force of interaction between two parallel edge dislocations in an isotropic medium 

which are in parallel glide planes. 
nd let the z-axis be parallel to the dislocation lines; 


SOLUTION. Let the glide planes be parallel to the xz-plane al 

as in §27, Problem 4, we put t: = ~ 1,b, = b. Then the force on unit length of the dislocation in the field of the 
elastic stresses gą has components fa = basy Sy = —bo,,. In the case considered, oj is determined by the 
expressions derived in §27, Problem 4. If one dislocation is along the z-axis, it exerts on the other dislocation 


(passing through the point (x, Y 0)) a force whose polar components are f= b,b2D/r, fy = (b,b2D/r) sin 2¢, 
D = p/2n(1 — 0). The component of this force in the glide plane is fe = (b,b,D/r)cos ġ cos 2, which is zero 
when ġ = $n or n. The former position corresponds to stable equilibrium when b,b, > 0, the latter when 


b,b, <0. 


§29. A continuous distribution of dislocations 


If a crystal contains several dislocations at the same time which are at relatively short 
distances apart (although far apart compared with the lattice constant, of course), it is 
useful to treat them by means of an averaging process: we consider “physically 


infinitesimal” volume elements in the crystal with a large number of dislocation lines 


through each. 
ses a fundamental property of dislocation deformations can 


An equation which expres 
be formulated by a natural generalization of equation (27.6). We define a tensor pix (the 
dislocation density tensor) such that its integral over a surface spanning any contour L is 
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equal to the sum b of the Burgers vectors of all the dislocation lines embraced by the 
contour: 


fon df; = by. (29.1) 
S, 
The continuous functions p; describe the distribution of dislocations in the crystal. This 
tensor now replaces the expression on the right of equation (27.6): 


CitmOWmx/ OX) = — Piv- (29.2) 
This equation shows that the tensor p, must satisfy the condition 
Opix/Ox; = 0; (29.3) 


for a single dislocation, this condition simply states that the Burgers vector is constant 
along the dislocation line. 

When the dislocations are treated in this way, the tensor w; becomes a primary quantity 
describing the deformation and determining the strain tensor through (27.4). A 
displacement vector u related to w;, by the definition (27.2) cannot exist; this is clear from 
the fact that with such a definition the left-hand side of equation (29.2) would be identically 
zero throughout the crystal. 

So far we have assumed the dislocations to be at rest. Let us now see how a set of 
equations may be formulated so as to allow in principle elastic deformations and stresses 
in a medium where dislocations are moving in a given mannert (E. Kröner and G. Rieder 
1956). 

Equation (29.2) is independent of whether the dislocations are at rest or in motion. The 
tensor w; still determines the elastic deformation; its symmetrical part is the elastic strain 
tensor, which is related to the stress tensor in the usual way, by Hooke’s law. 

This equation, however, is now insufficient for a complete formulation of the problem. 
The full set of equations must also determine the velocity v of the points in the medium. 

It must be borne in mind that the movement of dislocations causes not only a change in 
the elastic deformation but also a change in the shape of the crystal which does not involve 
stresses, i.e. a plastic deformation. The motion of dislocations is, as already mentioned, a 
mechanism of plastic deformation. This is clearly illustrated by Fig. 25, where the passage 
of the edge dislocation from left to right causes the part of the crystal above the glide plane 
to be shifted to the right by one lattice period; since the lattice is then regular, the crystal 
remains unstressed. Unlike an elastic deformation, which is uniquely defined by the 
thermodynamic state of the body, a plastic deformation depends on the process which 
occurs. In considering dislocations at rest we have no need to distinguish elastic and plastic 
deformations, since we are concerned only with stresses which are independent of the 
previous history of the crystal. 

Let u be the geometrical displacement vector of points in the medium, measured, say, 
from their position before the deformation process begins; its time derivative ù = v. If the 
“total distortion” tensor W, = du,/dx; is formed from the vector u, its “plastic part” w; ®” 


+ We shall not discuss here the problem of determining this motion itself from the forces applied to the body. 

The solution of such a problem requires a detailed study of the microscopic mechanism of the motion of 

dislocations and their retardation by various defects, which must take account of the conditions occurring in 
ctual crystals. 


929 A continuous distribution of dislocations 
121 


isobtained by subtracti 
y $ cting from Wa the “elastic distortion” tensor. which i 
j y is the sam 
tensor w; in (29.2). We use the notation ‘ei 


m — jin = ôW” ôt; (29.4) 
es ‘ Te 
peal paa of ja gives the rate of variation of the plastic strain tensor: the 
ge in uP” in an infinitesimal time interval ôt is 
buy = —4 (ja + jdt. 


W . i 
Ba = particular, that, if a plastic deformation occurs without destroying the 
on or c e body, the trace of the tensor Jix 18 zero: a plastic deformation causes no 
internal st ompression of the body (which would always involve the appearance of 
Sibat resses), i.e. u,” = 0, and therefore ji = — ĝu P’ /ôt = 0. 
stituting in the definition (29.4) wa”? = Wix— Wir» We can write it as 


awa Oe, i, (29.6) 


(29.5) 


tic deformations. Here 


ane A å 
quation which relates the rates of change of the elastic and plas 
nditions ensuring the 


the j, 
Ja must be regarded as given quantities which must satisfy co 


TOE-p 
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compatibility of equations (29.6) and (29.2). These conditions are found by differentiating 
(29.2) with respect to time and substituting (29.6), and are 

Pix Oink tO (29.7) 


at Om Gx, 

The complete set of equations is given by (29.2) and (29.6), together with the dynamical 
equations 
pb; = O6;4/OX,, Oik = AiktmYlim = AikimWim (29.8) 
(A. M. Kosevich 1962). The tensors p; and jix which appear in these equations are given 
functions of the coordinates (and time) which describe the distribution and movement of 
the dislocations. These functions must satisfy the compatibility conditions of equations 
(29.2) with one another and with (29.6), which are given by (29.3) and (29.7). 

The condition (29.7) may be regarded as a differential expression of the “law of 
conservation of the Burgers vector” in the medium: integrating both sides of this equation 
over a surface spanning some closed line L, defining by (29.1) the total Burgers vector b of 
the dislocations embraced by L, and using Stokes’ theorem, we obtain 


oe = -$ Jud X;. (29.9) 
L 
The form of this equation shows that the integral on the right gives the “flux” of the 
Burgers vector through the contour L per unit time, i.e. the Burgers vector carried across L 
by moving dislocations. We may therefore call jix the dislocation flux density tensor. 
In particular, it is clear that for an isolated dislocation loop the tensor j,, has the form 


Jik = CitmPikV m 
= Citmt VimD,O(E), (29.10) 


in accordance with the expression (28.2) for the plastic strain when the dislocation moves; 
V is the velocity of the dislocation line at a particular point on it. The flux vector through 
the element dl of the contour L is j,dl; and is proportional to dl-txV = V-dIxz, i.e. the 
component of V in a direction perpendicular to both dl and t; from geometrical 
considerations it is evident that this is correct, since only that velocity component causes 
the dislocation to intersect the element dl. 

We may note that the trace of the tensor (29.10) is proportional to the component of the 
velocity of the dislocation along the normal to its glide plane. It has been mentioned above 
that the absence of any inelastic change in density of the medium is ensured by the 
condition j; = 0. We see that for an individual dislocation this condition signifies motion 
in the glide plane, in accordance with the previous discussion of the physical nature of the 
movement of dislocations; see the second footnote to §28. 

Finally, let us consider the case where dislocation loops are distributed in the crystal in 
such a way that their total Burgers vector (denoted by B) is zero.} This condition signifies 
that integration over any cross-section of the body gives 


fouss =0, (29.11) 


t The presence of a dislocation involves a certain bending of the crystal, as shown schematically in Fig. 26 
(greatly exaggerated). The condition B = 0 means that there is no macroscopic bending of the crystal as a whole. 
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Fic. 26 


From this it follows that the dislocation density in this case can be wri 
written as 
Pik = CitmO Pn OX; (29.12) 


(F. Kroupa 1962); then the inte on 
F = gral (29.11) becomes an int ontour outside th 
at egral i 
body, and is zero. It may also be noted that the expression aN et a her aed 
scadition (29.3) .12) necessarily satisfies the 
It is easy to see that the tens he di 
is ¢ or Py, thus defined represe islocation mom 
mi present i 
Frc, in the deformed crystal, and may therefore be called the a sor a ariza! ie 
e total dislocation moment Dy of the crystal is by ore nai at 


Dy = DSa A grid 


D 
ny tfen XiPmk d V, 


where the summation is i i 
over all dislocation loops and the integration i 
eo q ` 4 f 
volume of the crystal. Substituting (29.12), we obtain Pa AAR DA 


ôP 
D; En Citmem, aan 
k iha EmpqXı ox, dv 


fe. (F= 
sfl ie -Fa av 


and, ¢ i i 
d, after integrating by parts in each term, 


Dy = [Paar (29.13) 
The di ` + PAR 
e dislocation flux density is given in terms of the same tensor Pi by 
ju = —OPi/Ot. (29.14) 


This is easi 
the Seabees : pS r example, by calculating the integral f ja dV over an arbitrary part of 
loops within th e body, using the expression (29.10), to give a sum over all dislocation 
automaticall at volime; We may note that the expression (29.14) together with (29.12) 
eoin y satisfies the condition (29.7). 
Bitte d Taree (29.14) and (29.4) shows that dwix 
eformation as absent in the state with Pix = 0, then Wix 


(D = 5P,. If we agree to regard the 
(P) = Py,t and 


Wa = Wie — Wn) = ĝu, Ox — Pir (29.15) 


th B = 0. This point must be emphasized, since 


t Itis 5 
assumed that the entire deformation process occurs Wi 
Wwa”; whereas Pix is a function of the state of the 


there j 
e enia | difference between the tensors Pa and 
nsor wP’ is not, but depends on the process which has brought the body into that state. 


124 Dislocations §30 


where u, is again the vector of the total geometrical displacement from the position in the 
undeformed state. Equation (29.6) is then satisfied identicaly, and the dynamical equation 
(29.8) becomes 

pli — Jkt? Um/OX,O%X, = — AixtmOP im/OXx- (29.16) 


Thus the determination of the elastic deformation due to moving dislocations with B = 0 
reduces to a problem of ordinary elasticity theory with body forces distributed in the 
crystal with density — Ajgim@Pim/OX,- 


§30. Distribution of interacting dislocations 


Let us consider a large number of similar straight dislocations lying parallel in the same 
glide plane, and derive an equation to determine their equilibrium distribution. Let the 
z-axis be parallel to the dislocations, and the xz-plane be the glide plane. 

We shall suppose for definiteness that the Burgers vectors of the dislocations are in the 
x-direction. Then the force in the glide plane on unit length of a dislocation is bo,,, where 
axy is the stress at the position of the dislocation. 

The stresses created by one straight dislocation (and acting on another dislocation) 
decrease inversely as the distance from it. The stress at a point x due to a dislocation at a 
point x’ is therefore bD/(x — x’), where D is a constant of the order of the elastic moduli of 
the crystal. It may be shown that this constant D is positive, i.e. two like dislocations in the 
same glide plane repel each other.+ 

Let p(x) be the line density of dislocations on a segment (a; , az) of the x-axis; p(x) dx is 
the sum of the Burgers vectors of dislocations passing through points in the interval dx. 
Then the total stress at a point x on the x-axis due to all the dislocations is given by the 


integral 
a 


5,,(x) = —D | p ae (30.1) 


ay 


For points in the segment (a, , a2) this integral must be taken as a principal value in order 
to exclude the physically meaningless action of a dislocation on itself. 

If the crystal is also subjected to a two-dimensional stress field o,y(x, y) in the xy- 
plane, caused by given external loads, each dislocation will be subjected to a force 
b(o,, + p(x)), where for brevity p(x) denotes 6xy"!(x, 0). The condition of equilibrium is 
that this force be zero: Oxy +p = 0, ice. 


* pede —_ P(X) a 
Pale eat, (30.2) 


a 
where P denotes, as usual, the principal value. This is an integral equation to determine the 
equilibrium distribution p(x). It is a singular equation with a Cauchy kernel. 


The solution of such an equation is equivalent to a problem in the theory of functions of 
a complex variable which may be formulated as follows. 


+ For an isotropic medium this has been proved in §28, Problem 3. 
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Let Q(z) denote a function defined throughout the complex z-plane (cut from a, to a))as 


the integral 
a, 


p(č)dč 

Q(2) =| ===? 

(z) | aa (30.3) 
a 

Let Q+ (x) and Q` (x) denote the limiting values Q(z) on the upper and lower edges of the 

cut. They are equal to similar integrals along the segment (a; , a2) with an indentation in 

the form of an infinitesimal semicircle below or above the point z = x respectively, i.e. 


âz 


Qt(x) =P | peje + inp(x). (30.4) 
é-x 
If p(é) satisfies equation (30.2), the principal value of the integral is w(x), and we therefore 


have 
Q* (x) + Q(x) = 2@(x), (30.5) 


Q* (x) —Q> (x) = 2imp(x). (30.6) 


Thus the problem of solving equation (30.2) is equivalent to that of finding an analytic 
function Q(z) with the property (30.5); p(x) is then given by (30.6). The physical conditions 
of the problem in question also require that Q(«) = 0; this follows because far from the 
dislocations (x + + œ) the stresses oxy must be zero (by the definition (30.3), Oxy(X) = 
— DQ(x) outside the segment (ay, 42))- 

Let us first consider the case where there are no external stresses (p(x) = 0), and the 
dislocations are constrained by some obstacles (lattice defects) at the ends of the segment 
(a,, a2). When w(x) = 0 we have from (30.5) Q* (x) = -97 (x), ie. the function Q(z) must 
change sign in a passage round each of the points a,, az. This condition is satisfied by any 
function of the form 

Fi) (30.7) 


2) = Tian e-al’ 


where P(z) is a polynomial. The condition (00) = 0 means that we must take P(z) = 1 
(apart from a constant coefficient), so that 


1 
Q(z) = ; (30.8) 
©) = Ta ea] 
The required function p(x) will, according to (30.6), have the same form. The coefficient is 


determined from the condition 
az 


| econ =B, (30.9) 


um of the Burgers vectors of all the dislocations, and so we have 


re B 
PM) = Fea — x) (xa) 


We see that the dislocations pile up towards the obstacles at the ends of the segment, with 


density inversely proportional to the square root of the distance from the obstacle. The 


where B is the s 
(30.10) 
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stress outside the segment (a, , a2) increases in the same manner as the ends of the segment 
are approached, e.g. for x > a, 
BD 
Oxy = 4 
Hý y [(x — az) (az — a, )] 

In other words, the concentration of dislocations at the boundary leads to a stress 
concentration beyond the boundary. 

Let us now suppose that under the same conditions (obstacles at the fixed ends of the 
segment) there is also an external stress field p(x). Let Q(z) denote a function of the form 
(30.7), and let us rewrite equation (30.5) divided by Qo* = —Q,~ as 

Q*(x) Q(x) _ 2a(x) 
MQ * (x) Qo x) Np * (x) 


A comparison of this with (30.6) shows that 


be 


Q@) _1f of dé 
w in) wE Ez 


a 


+inP(z), (30.11) 


where P(z) is a polynomial. A solution which satisfies the condition Q(co) = 0 is obtained 
by taking as Qo(z) the function (30.8) and putting P(z) = C, a constant. The required 
function p(x) is hence found by means of (30.6), and the result is 


i} 
CEE TEEGI 


2 d Li 
p(x) = | ote: TA -ay)) + 


a 


C 


EE E (30.12) 


The constant C is determined by the condition (30.9). Here also p(x) increases as 
(a, —x)*/? when x —> a, (and similarly when x > a), and a similar concentration of 
Stresses occurs on the other side of the boundary. 

If there is an obstacle only on one side (at a}, say) the required solution must satisfy the 
condition of finite stress for all x < az, including the point x = a,; the position of the latter 
point is not known beforehand and must be determined by solving the problem. With 
respect to Q(z) this means that Q(a,) must be finite. Such a function (satisfying also the 
condition Q(0o) = 0) is obtained from the same formula (30.11) by taking for Qo(z) the 
function Jie —4,)/(a, —z)], which is also of the form (30.7), and putting P(z) = 0 in 
(30.11). The result is 


T N LAN AET: 
p(x) ajase] [es ee (30.13) 


When x — a,, p(x) tends to zero as WA (x —a,). The total stress 6,,(x) + p(x) tends to zero 
according to a similar law on the other side of the point a,. 

Finally, let there be no obstacle at either end of the segment, and let the dislocations be 
constrained only by external stresses p(x). The corresponding Q(z) is obtained by putting 
in (30.11) Qo(z) = Vila —2)(z—a,)], P(z) = 0. The condition Q(0o) = 0, however, here 
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requires the fulfilment of a further condition: taking the limit as z > o0 in (30.11), we find 


ET eee 
| TENETE (30.14) 


a 
The function p(x) is given by 


a. 


1 2 
p= -A Vim- aP (ee ONS 


a 


the coordinates a, and a, of the ends of the segment being determined by the conditions 
(30.9) and (30.14). 


PROBLEM 


Find the distribution of dislocations in a uniform stress field p(x) = Po over a segment with obstacles at one or 
both ends. 


SoLUTION. When there is an obstacle at one end (az) the calculation of the integral (30.13) gives 
Po [*¥—41 
nD VY a,—x 


The condition (30.9) determines the length of the segment occupied by dislocations: a, — 4; = 2BD/Po. Beyond 
the obstacle there is a concentration of stresses near it according to 


a, — ay 
Oxy = Po $ 
x-a, 


For a segment of length 2L bounded by two obstacles we take the origin of x at the midpoint and obtain from 
(30.12) 


(x)= (Pex + B) 
p m /(L -x)\D i 


§31. Equilibrium of a crack in an elastic medium 


The problem of the equilibrium of a crack is somewhat distinctive among the problems 
of elasticity theory. From the point of view of that theory, a crack is a cavity in an elastic 
medium, which exists when internal stresses are present in the medium and closes up when 
the load is removed. The shape and size of the crack depend considerably on the stresses 
acting on it. The mathematical feature of the problem is therefore that the boundary 
conditions are given on a surface which is initially unknown and must itself be determined 
in solving the problem. t 

Let us consider a crack in an isotropic medium, with infinite length and uniform in the 
z-direction and in a plane stress field on (x, y); this is a two-dimensional problem of 
elasticity theory. We shall suppose that the stresses are symmetrical about the centre of the 
cross-section of the crack. Then the outline of the cross-section will also be symmetrical 
(Fig. 27). Let its length be 2L and its variable width h(x); since the crack is symmetrical, 


h(—x) = h(x). 


+ The quantitative theory of cracks discussed here is due to G. I. Barenblatt (1959). 
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We shall assume the crack to be thin (h < L). Then the boundary conditions on its 
surface can be applied to the corresponding segment of the x-axis. Thus the crack is 
regarded asa line of discontinuity (in the x y-plane) on which the normal component of the 
displacement u, = +4h is discontinuous. 

Instead of h(x) we define a new unknown function p(x) by the formulae 


L 


h(x) = fas, p(—x) = — p(x). (31.1) 


x 


The function p(x) may be conveniently, though purely formally, interpreted as a density of 
straight dislocations lying in the z-direction and continuously distributed along the x-axis, 
with their Burgers vectors in the y-direction.} It has been shown in §27 that a dislocation 
line may be regarded as the edge of a surface of discontinuity on which the displacement u 
has a discontinuity b. In the form (31.1) the discontinuity h of the normal displacement at 
the point x is regarded as the sum of the Burgers vectors of all the dislocations lying to the 
right of that point; the equation p(—x) = — p(x) signifies that the dislocations to the right 
and to the left of the point x = 0 have opposite signs. 

By means of this representation we can write down immediately an expression for the 
normal stresses (ø,,) on the x-axis. These consist of the stresses ,,°(x, 0) resulting from 
the external loads (which for brevity we denote by p(x)) and the stresses o, (x) due to the 
deformation caused by the crack. Regarding the latter stresses as being due to dislocations 
distributed over the segment (— L, L), we obtain (similarly to (30.1)) 

L 
opi = —D fee: (31.2) 
-L 
for points in the segment (—L, L)itself, the integral must be taken asa principal value. For 
an isotropic medium, 
Dien EP n 
2n(1—0) 4r(1- 0?) 
see §28, Problem 3. The stresses xy due to such dislocations in an isotropic medium are 
zero on the x-axis. 


The boundary condition on the free surface of the crack, applied (as already mentioned) 
to the Corresponding segment of the X-axis, requires that the normal stresses o,, = 


(31.3) 


ee E 
t It is for this reason that the theory of cracks is described here in the chapter on dislocations, although 
physically the phenomena are quite different. 
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o, + p(x) be zero. This condition, however, needs to be made more precise, for the 
following reason. 

Let us make the assumption (which will be confirmed by the result) that the edges of the 
crack join smoothly near its ends, so that the surfaces approach very closely. Then it is 
necessary to take into account the forces of molecular attraction between the surfaces; the 
action of these forces extends to a distance ro large compared with interatomic distances. 
These forces will be of importance in a narrow region near the end of the crack where 
h S ro; the length of this region will be denoted by d in order of magnitude, and will be 
estimated later. 

Let G be the force of molecular cohesion per unit area of the crack; it depends on the 
distance h between the surfaces.t When these forces are taken into account, the boundary 
condition becomes 

Oy) + p(x) —G =0. (31.4) 


It is reasonable to suppose that the shape of the crack near its end is determined by the 
nature of the cohesion forces and does not depend on the external loads applied to the 
body. Then, in finding the shape of the main part of the crack from the external forces p(x), 
the quantity G becomes a given function G(x) independent of p(x) (over the region d, 
outside which it is unimportant). 

Substituting o,,'“ from (31.2) in (31.4), we thus obtain the following integral equation 
for p(x): 

L 
p(čjdč _ 1 1 
abadani i ia = w(x). (31.5 
p (a p Pp 9 (x) ) 
-L 

Since the ends of the crack are assumed not fixed, the stresses must remain finite there. 
This means that, in solving the integral equation (31.5), we now have the last of the cases 
discussed in §30, for which the solution is given by (30.15). With the origin at the midpoint 
of the segment (— L, L) this formula becomes 

L 
off)  dč cos 


1 
emae CADA |m 


-L 


The condition (30.14) must be satisfied, which in this case gives 


L L 

plx)dx _ f _Gœdx o (31.7) 
| (=) [Jez 
0 0 


(where the integrals from — L to L have been replaced by integrals from 0 to L, using the 
symmetry of the problem). Since G(x) is zero except in the range L — x ~ d, in the second 
integral we can put L? — x? = 2L(L — x); the condition (31.7) then becomes 


p(x)dx_ ____M (31.8) 
JEA Jeb’ 


ts) 


+ Inthe macroscopic theory, the function G(x) is to be regarded as increasing smoothly, as L — x decreases, up 
to a maximum value at the end of the crack. 


TOE-E* 
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where M denotes the constant 


G(g) dé (31.9) 


dd ca 


which depends on the medium concerned. This constant can be expressed in terms of the 
ordinary macroscopic properties of the body, its elastic moduli and surface tension a; as 
will be shown later, the relation is 


M =\/{naE/(1 —0?)]. (31.10) 


The equation (31.8) determines the length 2L of the crack from the given stress 
distribution p(x). For example, for a crack widened by concentrated forces applied to the 
midpoints of the sides (p(x) = f ô(x)) we find 


2L = f?/M? 
= f?(1—07)/nak. (31.11) 


It must be remembered, however, that stable equilibrium of a crack is not possible for 
every distribution p(x). For instance, with uniform widening stresses (p(x) = constant 
= Po) (31.8) gives 

2L = 4M? /r?po? 


= 4xE/n(1 — 0?)po?. (31.12) 


This inverse relation (L decreasing when po increases) shows that the state is unstable. The 
value of L determined by (31.12) corresponds to unstable equilibrium and gives the 
“critical” crack length: longer cracks grow spontaneously, but shorter ones close up, a 
result first derived by A. A. Griffith (1920). 

Let us now return to the consideration of the shape of the crack. When L — x Sd, the 
region L —& ~ d is the most important in the integral in (31.6). The integral can then be 
replaced by its limiting value as x => L; the result is p = constant x Yi (L—x), whencet 


h(x) = constant x (L =x)?  (L-x~ d). (31.13) 


We see that over the terminal region d the two sides of the crack in fact join smoothly. 
The value of the coefficient in (31.13) depends on the properties of the cohesion forces and 
can not be expressed in terms of the ordinary macroscopic parameters. $ 

For the part farther from the end, where d < L—x< L, the region L— č ~ d is again 
the most important in the integral in (31.6), and w(č) = — G(č)/D. In addition to putting 
Laran IEE x) aE ? = 2L(L — 2), we can here replace č — x by L — x, obtaining 
p= M/r?D (L—x), where M is the Same constant as in (31.9), (31.10). Hence 


h(x)=2M/(L—xjn?D (dx L—x <L). (31.14) 
Thus the end of the crack has a shape independent of the applied forces (and therefore of 


atom (using a ~ aE, M ~ E,/a). An estimate of the length d is obtained from the condition h(d) ~ ro, whence 
d ~ ro?ja > ro. It should be mentioned, however, that in practice the required inequalities are satisfied only bya 
small margin, so that the resulting shape of the terminal projection of the crack is not to be taken as exact. 
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the length of the crack) throughout the range L — x < L: when L— x > d the shape is given 
by (31.14), and when L — x ~ d it has an infinitely sharp projection (31.13) (Fig. 28). The 
shape of the remainder of the crack does depend on the applied forces. 


Fic. 28 


If we ignore details, of the order of the radius of action of the cohesion forces, the 
crack therefore has a smooth outline with ends rounded according to the parabolas 
(31.14), and this shape is entirely determined by the applied forces and the ordinary 
macroscopic parameters. The small (~ d) terminal projections which actually occur are of 
fundamental significance, however, since they ensure that the stresses remain finite at the 
ends of the crack. 

The stresses caused by the crack on the continuation of the x-axis are given by formula 
(31.2). At distances x — L such that d << x—L < L, we havet 


Gy Z By) = Mja x- L). (31.15) 


The increase in the stresses as the edge of the crack is approached continues according to 
this law up to distances x — L ~ d, and o,, then drops to zero at the point x = L. 

It remains to derive the formula (31.10) already given above, which relates the constant 
M to the ordinary macroscopic quantities. To do this, we write down the condition for the 
total free energy to be a minimum by equating to zero its variation under a change in the 
length L. 

Firstly, when the length of the crack increases by ÔL the surface energy at its two free 
surfaces increases by OF „p = 20L. Secondly, the “opening” of the crack end reduces the 
elastic energy Fq by $fo,,(x)n(x)dx, where (x) is the difference in width between the 
displaced and undisplaced crack shapes. Since the shape of the crack end is independent of 
its length, (x) = h(x — dL) — h(x). The stress o, = 0 for x < L, and h(x) = 0 for x > L. 
Hence 

L+ôL 


ôFa= —4 f o„(x)h(x — òL) dx. 


but it is not necessary to do this if we use the relation between the 


t The integral is easily calculated directly, 
Si A L, which is evident from the results of §30. 


functions p(x) for x < L and a,, for x > 
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Substituting (31.14) and (31.15), we find 


L+ôL 


M? L+dL—x 
gl sa | IE dx 
L 
ôL 


I 

| 
©% 
i 


Finally, the condition ôF surf + OF = 0 gives the relation M2 = 4n?aD, and hence we have 
(31.10). 


t It may be noted that the theory described above, including the relation (31.10), is in fact applicable as it 
stands only to ideally brittle bodies, i.e. those which remain linearly elastic up to fracture, such as glass and fused 
quartz. In bodies which exhibit plasticity the formation of the crack may be accompanied by plastic deformation 
at its ends, 


CHAPTER V 


THERMAL CONDUCTION AND VISCOSITY IN SOLIDS 


§32. The equation of thermal conduction in solids 


Non-UNiFORM heating of a solid does not cause convection as it generally does in fluids. 
Hence the transfer of heat is effected in solids by thermal conduction alone. The processes 
of thermal conduction in solids are therefore described by somewhat simpler equations 
than those for fluids, where they are complicated by convection. 

The equation of thermal conduction in a solid can be derived immediately from the law 
of conservation of energy in the form of an “equation of continuity for heat”. The amount 
of heat absorbed per unit time in unit volume of the body is T0S/dt, where S is the entropy 
per unit volume. This must be put equal to — div q, where q is the heat flux density. This 
flux can almost always be written as — x grad T, i.e. it is proportional to the temperature 
gradient (« being the thermal conductivity). Thus 


TOS/0t = div (x grad T). (32.1) 
According to formula (6.4), the entropy can be written as 
S = So (T) + Kau;;, 
where « is the thermal expansion coefficient and Sọ the entropy in the undeformed state. 


We shall suppose that, as usually happens, the temperature differences in the body are so 
small that quantities such as x, a, etc. may be regarded as constants. Then equation (32.1), 


after substitution of the above expression for S, becomes 


OSo Ou;; 
— —=KkAT. 
T at +aKT at K 


According to a well-known formula of thermodynamics, we have 
C,-C, = KaT, 


whence 
aKT =(C,—C,)/a. 


The time derivative of Sọ can be written as (ôSo/3T) - (T /ôt), where the derivative ôSo/ðT 
is taken for u; = div u = 0, i.e. at constant volume, and therefore is equal to C,/T. 


The resulting equation of thermal conduction is 


uE ie ii EM r (32.2) 


In order to obtain a complete system of equations, it is necessary to add an equation 
describing the deformation of a non-uniformly heated body. This is the equilibrium 


equation (7.8): 
2(1 — o) grad div u — (1 — 2ø) curl curl u = 4a(1 +0) grad T. (32.3) 
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From equation (32.3) we can in principle determine the deformation of the body for any 
given temperature distribution. Substituting the expression for div u thus obtained in 
equation (32.2), we derive an equation giving the temperature distribution, in which the 
only unknown function is T(x, y, z, t). 

For example, let us consider thermal conduction in a infinite solid in which the 
temperature distribution satisfies only one condition: at infinity, the temperature tends to 
a constant value T}, and there is no deformation. In such a case equation (32.3) leads to the 
following relation between diy uand T (see §7, Problem 8): 

+o 
3(1—@) 


div u = a(T-To). 


Substituting this expression in (32.2), we obtain 


U +0)C, +2(1—20)C, ôT 
~nan KAT, 32.4 
3—0) oe aaa 

which is the ordinary equation of thermal conduction. 
An equation of this type also describes the temperature distribution alonga thin straight 
rod, if one (or both) of its ends is free. The temperature may be assumed constant over any 
transverse cross-section, so that Tis a function only of the coordinate x along the rod and 


equation C,07/dt = kô? T/ðx?. 

It should be mentioned, however, that the temperature distribution in a solid can in 
practice always be determined, with sufficient accuracy, by a simple thermal conduction 
equation. The reason is that the second term on the left-hand side of equation (32.2) is a 
Correction of order ( C, — C,)/C, relative to the first term. In solids, however, the difference 
between the two specific heats is usually very small, and if it is neglected the equation of 
thermal conduction in solids can always be written 


OT/at = XAT, (32.5) 
where y is the thermometric conductivity, defined as the ratio of the thermal conductivity x 
to some mean specific heat per unit volume C, 
§33. Thermal conduction in crystals 


In an anisotropic body, the direction of the heat flux q is not in general that of the 
temperature gradient, Hence, instead of the formula 


q= -k gradT 
relating q to the temperature gradient, we have in a crystal the more general relation 
Gi = —k;,0T/Ox,. (33.1) 


The tensor Kin, of rank two, is called the thermal conductivity tensor of the crystal. In 
accordance with (33.1), the equation of thermal conduction (32.5) has also a more general 


2 
ci _ OT 
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A general theorem can be stated: the thermal conductivity tensor is symmetrical, i.e. 
Kik = Kxi- (33.3) 


This relation, which we shall now prove, is a consequence of the symmetry of the kinetic 
coefficients (see SP 1, §120). 

The rate of increase of the total entropy of the body by irreversible processes of thermal 
conduction is 


: div q t 1 
Sto = = [Ekar =- farga V+ fa-eraazav. 
The first integral, on being transformed into a surface integral, is seen to be zero. Thus 


: 1 ' 
Stot = [a-eraazay = - (carter, 


or 


: Hn ag 

Stot = — fa 5 dV. (33.4) 

In accordance with the general definition of the kinetic coefficients,t we can deduce 
from (33.4) that in the case considered the coefficients T? kj, in 


1 OT 
ee Ti ee 
qi lý Kik (7: ax, ) 


are kinetic coefficients. Hence the result (33.3) follows immediately from the symmetry of 
the kinetic coefficients. 


The quadratic form 
oT ôT ôT 


A s Kik oy, Ox, 


must be positive, since the time derivative (33.4) of the entropy must be positive. The 
condition for a quadratic form to be positive is that the eigenvalues of the matrix of its 
coefficients be positive. Hence all the principal values of the thermal conductivity tensor Kj, 
are always positive; this is evident also from simple considerations regarding the direction 
of the heat flux. 

The number of independent components of the tensor K; depends on the symmetry of 
the crystal. Since the tensor Kix is symmetrical, this number is evidently the same as the 
number for the thermal expansion tensor (§10), which is also a symmetrical tensor of rank 


two. 


§34. Viscosity of solids 

bodies, we have so far assumed that the deformation is 
namically reversible only if it occurs with 
librium is established in the body at every 
the body is not in equilibrium at 
d to return it to 


In discussing motion in elastic 
reversible. In reality, this process is thermody 
infinitesimal speed, so that thermodynamic equi 
instant. An actual motion, however, has finite velocities; y 
every instant, and therefore processes will take place in it which ten 


+ We here use the definition given in FM, §59. 
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equilibrium. The existence of these processes has the result that the motion is irreversible, 
and, in particular, mechanical energy is dissipated, ultimately into heat. 

The dissipation of energy occurs by two means. Firstly, when the temperature at 
different points in the body is different, irreversible processes of thermal conduction take 
place in it. Secondly, if any internal motion occurs in the body, there are irreversible 
processes arising from the finite velocity of that motion. This means of energy dissipation 
may be referred to, as in fluids, as internal friction or viscosity. 

In most cases the velocity of macroscopic motions in the body is so small that the energy 
dissipation is not considerable. Such “almost irreversible” processes can be described by 
means of what is called the dissipative function.t If we have a mechanical system whose 
motion involves the dissipation of energy, this motion can be described by the ordinary 
equations of motion, with the forces acting on the system augmented by the dissipative 
forces or frictional forces, which are linear functions of the velocities. These forces can be 
written as the velocity derivatives of a certain quadratic function R of the velocities, called 
the dissipative function. The frictional force f, corresponding to a generalized coordinate 
qa of the system is then given by f, = —0R/0q,. The dissipative function R is a positive 
quadratic form in the velocities g,. The above relation is equivalent to 


ôR = — F fadda, (34.1) 


where OR is the change in the dissipative function caused by an infinitesimal change in the 
velocities. It can also be shown that the dissipative function is half the decrease in the 
mechanical energy of the system per unit time. 

It is easy to generalize equation (34.1) to the case of motion with friction in a continuous 
medium. The state of the system is then defined by a continuum of generalized 
coordinates. These are the displacement vector u at each point in the body. Accordingly, 
the relation (34.1) can be written in the integral form 


ò [Rav = frana, (34.2) 


where v = ù and the f; are the components of the dissipative force vector f per unit volume 
of the body; we write the total dissipative function for the body as { R dV, where R is the 
dissipative function per unit volume. 

Let us now determine the general form of the dissipative function R for deformed 
bodies. The function R, which describes the internal friction, must be zero if there is no 
internal friction, and in particular if the body executes only a general translatory or rotary 
motion. In other words, the dissipative function must be zero if ù = constant or ù = Q xr. 
This means that it must depend not on the velocity itself but on its gradient, and can 
contain only such combinations of the derivatives as vanish when ù = Q x r. These are the 


sums wi ay, ot 
Pa ON Gx, Ox, 


i.e. the time derivatives of the components of the strain tensor.} Thus the dissipative 
function must be a quadratic function of v;,. The most general form of such a function is 


+ By mechanical energy we here mean the sum of the kinetic energy of the macroscopic motion in the elastic 
body and its (elastic) potential energy arising from the deformation. 
f See SP 1, §121. 
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R = 3 NikimYinim- (34.3) 


The tensor ikim, of rank four, may be called the viscosity tensor. It has the following 
evident symmetry properties: 

Nikim = "imik = "kilm = Nikmi + (34.4) 

The expression (34.3)is exactly analogous to the expression (10.1) for the free energy ofa 

crystal: the elastic modulus tensor is replaced by the tensor Mirim» and u;, by vix- Hence the 

results obtained in §10 for the tensor À irim in crystals of various symmetries are wholly 


valid for the tensor Mirim also. 
In particular, the tensor Mikim in an isotropic body has only two independent 
components, and R can be written in a form analogous to the expression (4.3) for the 


elastic energy of an isotropic body: 
R= n (vir — $x tu)? +4000" (34.5) 


where n and ¢ are the two coefficients of viscosity. Since R is a positive function, the 
coefficients 7 and ¢ must be positive. 

The relation (34.2) is entirely analogous to that for the elastic free energy, ô j FdV= 
— | F,ou, dV, where F; = 60;/0X, is the force per unit volume. Hence the expression for 
the dissipative force fiin terms of the tensor vix can be written down at once by analogy 
with the expression for F; in terms of uix. We have 


fi = 80'ix/ Xk, (34.6) 
where the dissipative stress tensor o'x is defined by 
Cn OR/Ov;_ = NikimYim- 


The viscosity can therefore be taken into account in the equations of motion by simply 
replacing the stress tensor oj, in those equations by the sum Cikrt Tik- 
In an isotropic body, 


(34.7) 


O' in = 2M (Vik —45j0) + Cop dix- (34.8) 


This expression is, as we should expect, formally identical with that for the viscosity stress 


tensor in a fluid. 


§35. The absorption of sound in solids 


The absorption of sound in solids can be calculated in 
that used for fluids (see FM, §79). Here we shall give the ca: 
The total energy dissipated in the body is the sum 


Emen = — (K/T) jon dv-2 fr dV, 


a manner entirely analogous to 
Iculations for an isotropic body. 


CE thereat iscosity of fluids in FM, §15. 
+ Cf. th logous arguments on the viscosity 0! A, Ee J $ 
t The pai the dissipative function is a consequence of Onsagel z Bee imation is 
kinetic coefficients. This principle leads to the first equation (344) for the coe i ete imilar context in §42. ‘ 
whereby the dissipative function can be defined. This will be shown directly in a $ §42. 
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the first term being due to thermal conduction and the second to viscosity. Using the 
expression (34.5), we therefore have 


EN = ~F | erad Ty d V—2n [ew — 45.0)? dV -g four dV. (35.1) 


To calculate the temperature gradient, we use the fact that sound oscillations are 
adiabatic in the first approximation. Using the expression (6.4) for the entropy, we can 
write the adiabatic condition as So(7) + Kau; = So(T>), where T is the temperature in 
the undeformed state. Expanding the difference So (T) — So(7o) in powers of T— To, we 
have as far as the first-order terms So(T) —So(T>) = (T—Tp) OS0/0T) = C,(T—T \/To. 
The derivative of the entropy is taken for u; = 0, i.e. at constant volume. Thus 


T—To = —TaKu;,/C,. 
Using also the relations K = Kiso = C,Kyg/C, and K,4/p = cÊ —4c,?/3, we can rewrite 
this result as 


(35.2) 


Tap (c? — 4c,2/3 
T-T) = — Tap ler" — 4c,*/3) u; 
C, 
Let us first consider the absorption of transverse sound waves. The thermal conduction 
cannot result in the absorption of these waves (in the approximation considered). For, in a 


transverse wave, we have u; = 0, and therefore the temperature in it is constant, by (35.2). 
Let the wave be propagated along the x-axis; then 


u,=0, u, = up, cos(kx — ot), U, = Up, Cos(kx — wt), 


and the only non-zero components of the strain tensor are Uxy = —Fkuoy sin (kx — ot), 
Uxz = —tkup, sin (kx — ot). 

We shall consider the energy dissipation per unit volume of the body; the (time) average 
value of this quantity is, from (35.1), 
Pa r or inot (uoy? + Uo:”)/¢,?, 
where we have put k = @/c,. The total mean energy of the wave is twice the mean kinetic 
energy, i.e. 


E=p f ù? dV; 
for unit volume we have 
E= tpa? (uo? re uoz’). 


The sound absorption coefficient is defined as the ratio of the mean energy dissipation 
to twice the mean energy flux in the wave; this quantity gives the manner of variation of the 
wave amplitude with distance, The amplitude decreases as e~ *. Thus we find the following 
expression for the absorption coefficient for transverse waves: 


Ve = FE mecnl/c:E = neo?/2pe,>. (35.3) 


In a longitudinal sound wave Ux = uo Cos (kx — wt), u, = u, = 0. A similar calculation, 
using formulae (35.1) and (35.2), gives 


ow [/4 KTa? p7¢,? 4c,? \? 
pod WG SEER Bed qye 4 
Yı FE [(Gr+s)+ G? (1 xs) | (35.4) 
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These formulae relate, strictly speaking, only to a completely isotropic and amorphous 
body. They give, however, the correct order of magnitude for the absorption of sound in 
anisotropic single crystals also. 

The absorption of sound in polycrystalline bodies exhibits peculiar properties. If the 
wavelength A of the sound is small in comparison with the dimensions a of the individual 
crystallites (grains), then the sound is absorbed in each crystallite in the same way as in a 
large crystal, and the absorption coefficient is proportional to w°. 

If > a, however, the nature of the absorption is different. In such a wave we can assume 
that each crystallite is subject to a uniformly distributed pressure. However, since the 
crystallites are anisotropic, and so are the boundary conditions at their surfaces of contact, 
the resulting deformation is not uniform. It varies considerably (by an amount of the same 
order as itself) over the dimension of a crystallite, and not over one wavelength as in a 
homogeneous body. When sound is absorbed, the rates of change of the deformation (vix) 
and the temperature gradients are of importance. Of these, the former are still of the usual 
order of magnitude. The temperature gradients within each crystallite are anomalously 
large, however. Hence the absorption due to thermal conduction will be large compared 
with that due to viscosity, and only the former need be calculated. 

Let us consider two limiting cases. The time during which the temperature is equalized 
by thermal conduction over distances ~ a (the relaxation time for thermal conduction) is 
of the order of a?/y. Let us first assume that w < y/a?. This means that the relaxation time 
is small compared with the period of the oscillations in the wave, and so thermal 
equilibrium is nearly established in each crystallite; in this case we have almost isothermal 
oscillations. 

Let T’ be the temperature difference in a crystallite, and To’ the corresponding difference 
in an adiabatic process. The heat transferred by thermal conduction per unit volume is 
-div q = «x AT’ ~ xT'/a?. The amount of heat evolved in the deformation is of the order 
of Ty'C ~ wTo'C, where C is the specific heat. Equating the two, we obtain T’ ~ To’ wa?/y. 
The temperature varies by an amount of the order of 7’ over the dimension of the 
crystallite, and so its gradient is of magnitude ~ T'/a. Finally, To' is found from (35.2), 
with u; ~ ku ~ u/c (u being the amplitude of the displacement vector): 


Ty’ ~ Tapewu/C; (35.5) 


urally neglect the difference between the various 


in obtaining orders of magnitude, we nat twe á 
we can calculate the energy dissipated per unit 


velocities of sound. Using these results, 
volume: 


= K Bt ele 2 
Ë max ~ 7 (Brad T) ST TI ; 
~ cpw?u?, we find the damping coefficient to be 


(35.6) 


Dividing this by the energy flux cE 
y ~ To2pca?w*/xC for w< x/a? 


eneral expressions (35.3) and (35.4), 


CZ ; ing this expression with the g ) 
a E be oe fsound by a polycrystalline body is 


we can say that, in the case considered, the absorption o 
the same as if it had a viscosity 
n ~ Ta? p?c*a?/xC, 


which is much larger than the actual viscosity of the component crystallites. 
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Next, let us consider the opposite limiting case, where w > y/a?. In other words, the 
relaxation time is large compared with the period of oscillations in the wave, and no 
noticeable equalization of the temperature differences due to the deformation can occur in 
one period. It would be incorrect, however, to suppose that the temperature gradients 
which determine the absorption of sound are of the order of 7)’ /a. This assumption would 
take into account only thermal conduction in each crystallite, whereas heat exchange 
between neighbouring crystallites must be of importance in the case in question (M. A. 
Isakovich 1948). If the crystallites were thermally insulated the temperature differences 
occurring at their boundaries would be of the same order Ty’ as those within each 
individual crystallite. In reality, however, the boundary conditions require the continuity 
of the temperature across the surface separating two crystallites, We therefore have 
“temperature waves” propagated away from the boundary into the crystallite; these are 
damped at a distancet ô ~ J (x/@). In the case under consideration ô < a, i.e. the main 
temperature gradient is of the order of T)'/5 and occurs over distances small compared 
with the total dimension of a crystallite. The corresponding fraction of the volume of the 
crystallite is ~ a?6; taking the ratio of this to the total volume ~ a?, we find the mean 
energy dissipation 


met TN 6 ia? Tad 
Substituting for To’ the expression (35.5) and dividing by cE ~ cpwu?, we obtain the 
required absorption coefficient: 


Y ~ Te pe./(ya)/aC for w> y/a?. (35.7) 


It is proportional to the square root of the frequency. 

Thus the sound absorption coefficient in a polycrystalline body varies as w° at very low 
frequencies (w < x/a’); for x/a? < w < c/ait varies as Jo, and for œ > c/a it again varies 
as w. 

Similar considerations hold for the damping of transverse waves in thin rods and plates 
(C. Zener 1938). If h is the thickness of the rod or plate, then for A> h the transverse 
temperature gradient is important, and the damping is mainly due to thermal conduction 
(see the Problems). If also w < x/h?, the oscillations may be regarded as isothermal, and 
therefore, in determining (for example) the characteristic frequencies of vibrations of the 
rod or plate, the isothermal values of the moduli of elasticity must be used. 


E (x i aô _ kTo'? 


PROBLEMS 
PROBLEM 1. Determine the damping coefficient for longitudinal vibrations of a rod. 


: SOLUTION. The damping coefficient for the vibrations is defined as p= IÉ speck |/2E; the amplitude of the 
vibrations diminishes with time as e~**, 

In a longitudinal wave, any short section of the rod is subject to simple extension or compression; the 
components of the strain tensor are u,, = du,/0z, u,, = uy, = —0,40u,/dz. We put u, = uo cos kz cos wt, where 


t It may be recalled that, if a thermally conducting medium is bounded by the plane x = 0, at which the excess 
temperature varies periodically according to T” = To’ e~'®, then the temperature distribution in the medium is 
given by the “temperature wave” T” = To’ e '® exp[- (1+ i)x,/ (w/2y)]; see FM, §52. 

t The same frequency dependence is found for the absorption of sound propagated in a fluid near a solid wall 
(in a pipe, for instance); see FM, §79, Problems. 
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k = wl y/ (Ega/P)- Calculations similar to those given above lead to the following expression for the damping 


coefficient: A 
o 3c? — 4c? 2 22 
EE ace | 
2p Bleee (c ) (3c, — 4c?) 9C, 
Here we have written Esq and Gg in terms of the velocities c,, c, by means of formulae (22.4). 


PROBLEM 2. The same as Problem 1, but for longitudinal oscillations of a plate. 
SOLUTION. For waves whose direction of oscillation is parallel to that of their propagation (the x-axis, say) the 
non-zero components of the strain tensor are 
u,, = 0u,/OX, Uz = — [oaq/(1 —%aa)] 6u,/Ox; 
see (13.1). The velocity of propagation of these waves is Ly [E/P (1 6,47). A calculation gives 
o? {" 3qj* +4c,* —6e;7c,” te? KTo? p? (1+ say} 
a2 as Ms Dehn ee gly Daal 
pU aa) ete) 9C, 
For waves whose direction of oscillation is perpendicular to the direction of propagation, uu = 0, and the 
damping is caused only by the viscosity 7. In this case the damping coefficient is B = no/2pc,2. This applies also 
to the damping of torsional vibrations of rods. 


PROBLEM 3. Determine the damping coefficient for transverse vibrations of a rod (with frequencies such that 
w > z/h?, where h is the thickness of the rod). 


SoLUTION. The damping is due mainly to thermal conduction. According to §17, we have for each volume 
element in the rod uz: = X/R, Uxx = My = ~ 9 x/R (for bending in the xz-plane); for œ > z/h?, the vibrations 
are adiabatic. For small deflections the radius ‘of curvature R = 1/X", so that u; = (i -20,)x X", the prime 
denoting differentiation with respect to Z. The temperature varies most rapidly across the rod, and so 
(grad T} = (ðT/ðx}. Using (35.1) and (35.2), we obtain for the total mean energy dissipation in the rod 
— (kTa? E,g?S/9C,) f X. "3 àz, where S is the cross-sectional area of the rod. The mean total energy is twice the 
potential energy Epa 1y | X”? dz. The damping coefficient is 
p= Ta2SE,q/181,C,’ - 


PROBLEM 4. The same as Problem 3, but for transverse vibrations of a plate. 


SoLuTION. According to (11.4), we have for any volume element in the plate 


1-204 6 
Mu Biga. Ox" 


for bending in the xz-plane. The energy dissipation is found from formulae (35.1) and (35.2) and the mean total 


energy is twice the expression (11.6). The damping coefficient is 
2kTa Epa 1+ Fd _ 2xTa?p Bc? nacia 
3C,7h? 1-64 T 3C 7h? (ci? =c) c? 


se vibrations of a rod due to 


PR i in the characteristic frequencies of transver: 
OBLEM 5. Determine the change in hi q f thickness h. The surface of 


the fact that the vibrations are not adiabatic. The rod is in the form of a long plate 0 
the rod is supposed thermally insulated. 


SOLUTION. Let T,g(x, t) be the temperature 
actual temperature distribution; x is a coordinate acro: 
the yz-plane is neglected. Since, for T = Tad» there is no 


clear that the thermal conduction equation must be 


distribution in the rod for adiabatic vibrations, and T(x, t) the 
ss the thickness of the rod, and the temperature variation in 
heat exchange between various parts of the body, it is 


ô T-T. eT 
Fins et oe 
iodic vibrati i - =T- he equilibrium 
For periodic vibrations of frequency œ, the differences Tad = “ad To, t=T- To from the brit 
temperature To are proportional to e“ iat and we have 1" +iot/y = iOtag/X% the prime denoting differentiation 
with respect to x. Since, by (35.2), Tag is proportional to up, and the components ui, are proportional tox ive 
§17), it follows that tag = 4x, where “4 is a constant which need not be calculated, since it does ot ape t! ; 
final result, The solution of the equation q+ iwt/x = i@Ax/%, with the boundary condition r = Oforx = + 
(the surface of the rod being insulated), is 
sin kx 2 
Aa at e a WP) YEN +i) /(0/2x). 
TAN n) 
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The moment M, of the internal stress forces in a rod bent in the xz-plane is composed of the isothermal part 
My, iso (i.e. the value for isothermal bending) and the part due to the non-uniform heating of the rod. If M patie 
the moment in adiabatic bending, the second part of the moment is reduced from My, ad — My, iso in the ratio 


th th 
1+f(w) = EJ f sae 
-4h -4h 


Defining the Young’s modulus E, for any frequency w as the coefficient of proportionality between M, and 
1,/R (see (17.8)), and noticing that E,4 — E = E?Ta?/9C, (see (6.8); E is the isothermal Young’s modulus), we can 
put 
Eo = E+[1+f(w)] E?Tx?/9C,. 

A calculation shows that f (w) = (24/k*h*) ($kh — tan kh). For w > œ we obtain f = 1, which is correct, since 
E = E,g, and for w +0, f = 0 and Ey = E. 

The frequencies of the characteristic vibrations are proportional to the square root of the Young's modulus 
(see §25, Problems 4-6). Hence 


ETa? 
w= on ‘So tae | 


where wọ are the characteristic frequencies for adiabatic vibrations. This value of w is complex. Separating the 
real and imaginary parts (w = w + iB), we find the characteristic frequencies 


ETa? 1 e] 
3C, č? coshé+cosé 


w= o1- 


and the damping coefficient 


il r aitten ] 
gE č coshč +cosč |` 
where č = h /(wo/2x). 

For large ¢ the frequency w tends to wọ, as it should, and the damping coefficient to 2ETa?x/3C,h? , in 
accordance with the result of Problem 3. 

Small values of č correspond to almost isothermal conditions; in this case 


ETa? 
ox a(t = a) = @/(E/Eqg), 


and the damping coefficient 8 = ETa*h?@?/180C, x. 


§36. Highly viscous fluids 


For typical fluids, the Navier-Stokes equations are valid if the periods of the motion are 
large compared with times characterizing the molecules. This, however, is not true for very 
viscous fluids. In such fluids, the usual equations of fluid mechanics become invalid for 
much larger periods of the motion. There are viscous fluids which, during short intervals of 
time (though these are long compared with molecular times), behave as solids (for 
instance, glycerine and resin). Amorphous solids (for instance, glass) may be regarded as a 
limiting case of such fluids having a very large viscosity. 

The properties of these fluids can be described by the following method, due to 
Maxwell. They are elastically deformed during short intervals of time. When the 
deformation ceases, shear stresses remain in them, although these are damped in the 
course of time, so that after a sufficiently long time almost no internal stress remains in the 
fluid. Let t be of the order of the time during which the stresses are damped (sometimes 
called the Maxwellian relaxation time). Let us suppose that the fluid is subjected to some 
variable external forces, which vary periodically in time with frequency œw. If the period 1/w 
is large compared with the relaxation time t, i.e. wt < 1, the fluid under consideration will 
behave as an ordinary viscous fluid, If, however, the frequency w is sufficiently large (so 
that wt > 1), the fluid will behave as an amorphous solid. 
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In accordance with these “intermediate” properties, the fluids in question can be 
characterized by both a viscosity coefficient y and a modulus of rigidity p. It is easy to 
obtain a relation between the orders of magnitude of n, 4 and the relaxation time t. When 
periodic forces of sufficiently small frequency act, and so the fluid behaves like an ordinary 
fluid, the stress tensor is given by the usual expression for viscosity stresses in a fluid, i.e. 


On = Nh = — Liwnu;, - 


In the opposite limit of large frequencies, the fluid behaves like a solid, and the internal 
stresses must be given by the formulae of the theory of elasticity, ie. oj, = 2HUixs We are 
speaking of pure shear deformations, i.e. we assume that u; = G; = 0. For frequencies 
æ ~ 1/t, the stresses given by these two expressions must be of the same order of 
magnitude. Thus nu/At ~ pu/A, whence 

n~ TH. (36.1) 


This is the required relation. 

Finally, let us derive the equation of motion which qualitatively describes the behaviour 
of these fluids. To do so, we makea very simple assumption concerning the damping of the 
internal stresses (when motion ceases); namely, that they are damped exponentially, i.e. 


doj,/dt = —9;,/t- Ina solid, however, We have dik = 2pu;,,and so do;,/dt = 2udu;,/dt. It 
is easy to see that the equation 


doi , Sik _ duik (36.2) 
dt E a TEN dt 


gives the correct result in both limiting cases of slow and rapid motions, and may therefore 


serve as an interpolatory equation for intermediate cases. 


For example, in periodic motion, where uix and o;, depend on the time through a factor 


et we have from (36.2) iodi + Cilt = — POH whence 
a tin (36.3) 


~T+i/ot 


i.e. the usual expression for solid bodies, while 


For wt > 1, this formula gives Fix = Quix» ( s, whi 
the usual expression for a fluid of viscosity 


for wt < 1 we have oj, = —2i@PTMik = 2pttiz, 
pt. 


CHAPTER VI 


MECHANICS OF LIQUID CRYSTALS} 


§37. Static deformations of nematics 


Liquip crystals are, macroscopically, anisotropic fluids. The mechanics of these subst- 
ances has features characteristic of ordinary liquids and of elastic media, and is in this 
respect intermediate between fluid mechanics and elasticity theory. 

There are various types of liquid crystals. The nematic liquid crystals or nematics are 
substances which in the undeformed state are both macroscopically and microscopically 
homogeneous; the anisotropy of the medium is due only to the anisotropic spatial 
orientation of the molecules (see SP 1, §§ 139, 140). The great majority of known nematics 
belong to the simplest type, in which the anisotropy is fully defined by specif ying at each 
point in the medium a unit vector n along one particular direction; n is called the director. 
The quantities n and —n are physically equivalent, and so only a particular axis is 
distinguished, the two opposite directions along it being equivalent. The properties of 
these nematics in each volume element are invariant under inversion (a change in sign of all 
three coordinates).t Only this type of nematic liquid crystals will be discussed here. 

The state of a nematic substance is thus described by specifying at each point, together 
with the usual quantities for a liquid (density p, pressure p and velocity v), the director n. 
All these appear as unknown functions of coordinates and time, in the equation of motion 
of a nematic, 

In equilibrium, a nematic at rest under no external forces (which includes forces exerted 
by the boundary walls) is homogeneous, with n constant throughout its volume. In a 
deformed nematic, the direction of n varies slowly in space, the word “slowly” being taken 
in the sense usual in macroscopic theory: the characteristic dimensions of the deformation 
are much greater than molecular dimensions, so that the derivatives On;,/Ox, are to be 
regarded as small quantities. 

In this chapter, it will be more convenient to relate all thermodynamic quantities to unit 
volume of the deformed body, not of the undeformed body as in previous chapters. Then 
the free energy density F of a nematic Substance is made up of the free energy Fo (p, T) of 
the undeformed nematic and the deformation energy F,. The latter is given by an 
expression quadratic in the derivatives of n, its general form being 


F,=F-F, 
= 4K, (div n? +4K, (n-curl n)?+4K3 (nxcurl n)?; (37.1) 


see SP 1, §140. For the unit vector n(r), since Vn? = 0, 


t This chapter was written jointly with L. P, Pitaevskiy. 
+ Nematics not invariant under inversion are unstable with respect to a deformation which converts them into 
cholesterics; see SP 1, §140, and §44 below. 
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nxcurln = —(n-V)n, (37.2) 


and so the last term in (37.1) can be written in the equivalent form }K3 [(n-V)n]?. 

The energy (37.1) in nematic mechanics has a role similar to the elastic energy of a 
deformed solid, and its presence gives this mechaniés some of the features of elasticity 
theory.t 

The three quadratic combinations of derivatives in (37.1) are independent, each can be 
different from zero when the other two are not. The condition for the undeformed state to 
be stable is therefore that all three coefficients K,, K2, Ka (functions of density and 
temperature) be positive. We call these the elastic moduli or Frank's moduli of the nematic. 

Deformations in which only one of the quantities div n, n-curl n and n x curl nis not zero 
are called respectively splays, twists and bends. In general, of course, the deformation of a 
nematic includes all three kinds simultaneously. To illustrate their nature, some simple 
examples will be given. Let a nematic medium occupy the space between two coaxial 
cylindrical surfaces; r, ġ, z be cylindrical polar coordinates with the z-axis along the axis of 
the cylinders. If the director n is radial at every point in the medium (n, = 1,ny =n, = 9), 
the deformation is a splay (div n = 1/r). Ifit is everywhere along a circle whose centre is on 
the z-axis (ng = 1, n, = M; = 0), we have a pure bend (curl,n = 1/r). If the director changes 
across a plane parallel slab of nematic at right angles to the z-axis according to 
n, = cos ġ (z), n, = sin ġ (z), nz = 0, we have a pure twist (n-curl n= — ' (z)). 

The walls which form the boundary of the volume occupied by a liquid crystal, and the 
free surface, tend to orient the medium, as will be discussed more fully below. Hence the 
mere presence of a boundary causes in general a deformation of a liquid crystal at rest. The 


question arises of finding the equations which describe this deformation, that is, which 


determine the equilibrium distribution n(r) for given boundary conditions (J. L. Ericksen 
1966). 

To do so, we start from the general thermodynamic condition of equilibrium: a 
minimum of the total free energy J Ear, which is a functional of n(r). Since nisa unit 
vector, this functional is to be minimized with the auxiliary condition n? = 1. With the 
familiar method of undetermined Lagrange multipliers, we must equate to zero the 


variation 


a f -pamar (37.3) 


where A(r) is an arbitrary function. 
The integrand depends on the functions n 


ôF ôF 
” = | 4— òn; 0, Ôn; p aV 
5 frav AE k n} 


oF . OF OF 
peek dV + O n: dh- (37.4) 
- Yn agen bond + bse) sr 


an electric field (the piezoelectric or -flexoelectric peeing ES M, Laer Sikem a o ac i uaa 

on the mechanical properties of the substance will here be neg lected. flue é 

external magnetic EAR the properties of liquid crystals; because of the anisotropy Me the a ac in ee 

diamagnetic) susceptibility of the nemat field has an orienting effect on it, 

considerable. a 
t In this chapter, to simplify the notation, we shall use the abbreviation ð; = 0/6x; for the operator of 

differentiation with respect to a coordinate, which is common in recent literature. 


i(r) and on their derivatives. We havet 
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The second term, an integral over the surface of the body, is important only in determining 
the boundary conditions. Putting at present ôn = 0 at the boundaries, we thus find as the 
variation of the total free energy 


ò frav- - [it-onay, (37.5) 


where H is a vector whose components are 
H; = 0,0; -OF/én, Ty; = OF /0(8, n)). (37.6) 


This H acts as a field which tends to “straighten out” the direction of n throughout the 
liquid crystal, and is called the molecular field. 
Equation (37.3) becomes 


[et+im-onav =0, 
from which, since the variation ôn is arbitrary, we find the equilibrium equation H = — An, 
Hence 4 = — H-n, so that the longitudinal component of this equation is satisfied 
by choosing 4. The equilibrium equation thus reduces in practice to the condition that H 


and n be collinear at every point in the medium; the longitudinal component of H has no 
physical significance. The equilibrium condition may therefore be written as 


h= H — n(n- H) = 0, (37.7) 


with a vector h which is such that n-h = 0. 
An explicit expression can be found for the molecular field corresponding to the free 
energy (37.1). To differentiate with respect to On; We note that 


div n = ôn, curl, n = e,; O,n; 
(where e;,, is the antisymmetric unit tensor), and so 


ôdiv n ô oà 
An) (Gyn) UD = Cae 


The resulting expression for the tensor My is 
Thi = K; ô divn + K2(n-curl n) ney; +K, [ (nxcurl n)xn}J,e,,;. (37.8) 


The further differentiation in accordance with the definition (37.6) yields the following 
fairly complicated formula for the molecular field: 


H = V (K, div n) — {K2 (n -curl n) curl n+ curl [ K; (n -curl n)n] }+ 
+ K3[ (nxcurl n)xcurl n] + curl [ K; nX(nXcurl n) J. (37.9) 
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between nand the normal to the surface is specified. If this angle is zero, the direction of nis 
definite, along the normal to the surface. If the angle is not zero, the possible directions 
form a conical surface with a definite vertex angle. 

In the latter case, an additional boundary condition has to be imposed. This is 
determined by the requirement that the surface integral in (37.4) be zero for variations on 
that are rotations of n about the normal at each point on the surface without change in the 
angle to the normal (that is, variations which do not affect the surface energy). Such 
variations have the form ôn = vxn dd, where v is a unit vector along the normal, and d¢ is 
the angle of rotation, which is arbitrary (at each point on the surface). Writing the surface 
element as df = vd f, we find 


rt Cimn Mn Vm Ve OP df = 0, 


from which, since 5¢ is arbitrary, we get the boundary condition 
Ni Cimn ny Vm Vk = 0, (37.10) 


or, if the z-axis is along v, 
TI, <n, — Uys = 0. (37.11) 


Lastly, the following comment may be made regarding the elastic moduli occurring in 
(37.1). Since they are defined as coefficients in the free energy, they determine the 
isothermal deformations of the body. It is easy to see, however, that the same coefficients in 
nematics determine the adiabatic deformations also. We have seen in §6 that fora solid the 
difference between the isothermal and adiabatic moduli results from a term in the free 
energy that is linear in the strain tensor. A term linear in the derivatives 0,7; might play a 
similar role for nematics. Such a term would have to bea scalar and also invariant under a 
change in the sign of n. It is evident that no such term can be constructed: the product 
n-curl nis a pseudoscalar, and the only true scalar is div n, which changes sign with n. For 
this reason, the isothermal and adiabatic moduli of a nematic are the same, just as for the 
shear modulus of an isotropic solid (§6). These arguments can also be expressed ina 
slightly different manner. In the absence of a linear term, the quadratic elastic energy (37.1) 
isa first “small correction” to the thermodynamic quantities for an undeformed body. The 
theorem of small increments (SP 1, §15) shows that, when expressed in terms of the 
corresponding thermodynamic variables (temperature or entropy), this correction Is the 


same for the free energy and the internal energy. 


§38. Straight disclinations in nematics 


The equilibrium state of a nematic substance wit! ) onditions 
necessarily have at all points a continuous distribution n(r) with a definite direction of the 


vector n everywhere. In the mechanics of nematics, it is necessary to consider also 
deformations where n(r) may have singular points or lines at which the direction of nis not 


i i i ities are called disclinations. i 
detrito eae eee be illustrated by means of simple 


The necessary occurrence of disclinations may 


examples. Let us consider a nematic in a long cylindrical vessel, the boundary cage 
requiring n to be perpendicular to the surface of the vessel. It is reasonable to con t e in 
equilibrium the vector n at each point lies radially in the cross-section of the cylinder (Fig. 


29a); the direction of n is then obviously indeterminate on the cylinder axis, which is 


with given boundary conditions does not 
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Fic. 29 


therefore a disclination. If, on the other hand, the boundary conditions require n to be 
parallel to the vessel wall and in the cross-section plane, we get a distribution in which the 
vectors n are everywhere along concentric circles in the cross-section planes, with the 
centre on the cylinder axis (Fig. 29b); here again, the direction of n on the axis is 
indeterminate. 

These are two simple cases of straight disclinations. Let us now take the general problem 
of the possible distributions n(r) in straight disclinations in an infinite nematic medium. 
The distribution n(r) in such a disclination is evidently independent of the coordinate 
along its length, and we need therefore consider the distribution only in planes 
perpendicular to the disclination axis. We shall suppose that nitself iseverywhere in sucha 
plane. Thus we have a two-dimensional problem in the mechanics of nematics. Some 
general properties of the solution can be derived from general arguments without looking 
at any specific equilibrium equations. 

We use cylindrical polar coordinates r, œ, z, with the z-axis along the disclination axis. As 
already noted, the distribution n(r) is independent of z. It also cannot depend onr, since in 
the problem as formulated (a disclination in an infinite medium) there are no parameters 
having the dimensions of length from which a dimensionless fi unction of r, such as n(r) is, 
could be constructed. The required distribution therefore depends only on the angle 
variable: n = n(¢). 

Let be the angle between nand the position vector in the plane z = constantthrougha 
given point (Fig. 30); the components of the two-dimensional (in this plane) vector n are 


n, =cosy, n= siny. 


The polar angle ¢ is measured from some chosen polar axis in the plane. We shall use also 
the angle 9 between n and the polar axis; evidently 9 = ġ + y. 

The required solution is given by the function y(¢). It must satisfy the condition of 
physical uniqueness: when ¢ changes by 2z (that is, ina passage round the origin), n must 
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be unchanged apart from sign (a change of sign is permissible, since the directions n and 
—n are physically equivalent). This means that we must have 


(ob + 2x) = NG) + 2a0, 
where n is a positive or negative integer Or half-integer; n = 0 corresponds to the 
“undeformed” state n = constant. Hence y($) = 9-¢ is such that 
yio + 2x) = 2n(n— 1) + Y$). (38.1) 
The number n is called the Frank index of the disclination. 
The equation of equilibrium (to be written out below) determines the derivative dy/dġ: 
dy/dġ = 1/f (W); (38.2) 


the right-hand side does not contain the independent variable ġ, because the equation 
must be invariant under any rotation of the whole nematic system about the z-axis (i.e. a 
transformation + $ + $o). Thè function f (Y) is periodic, with period z, since the values 
y and y +7 are physically identical. Hence 


v 
pik | f(x)dx, (38.3) 
s . . 
the constant of integration being chosen so that y = 0 when ? = 0. Substitution in (38.1) 
gives d 
a g | d 1 
f=- |JoQd =- (38.4) 
n n-1 


0 
if n # 1; the bar denotes averaging over the period of the function. Desai 
From this, we can draw an important conclusion as to the symmetry of the disclination: 
when the whole picture is rotated through $o = 2n/2(n— 1) about the z-axis, the angle y 
changes by 7, the distribution thus remaining unchanged: when the periodicity of f (W) is 
taken into account, this transformation gives the identity 


wtr y yt 
d+ = | f(xydx = [ross | Jods =o +I 
E 
0 y 


0 
Thus, simply from the condition of uniqueness, the z-axis is necessarily a symmetry axis Ca 
whose order is 
m-an ih we) (38:5) 
The “streamlines” of the director are such that at each point the element of length dl 
(dl, = dr, dl = rdġ) is parallel to n: The differential equation of these lines is 


dl,/dl, kg ng" 


9p (38.6) 


do/dlogr = tan y. 
From this we see, in particular, that the streamlines include some that are straight, with 
W = pn and p an integer. These are 2\n—1| radii 


T 
E _p=op, V=P™% p=0,1,2,..-.™ 
¢ toa be j 


-1. (38.7) 
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The cross-section plane of the disclination is divided by these radii into m equal sectors. 
Let us now go on to the specific solution for a nematic whose deformation energy is 
given by (37.1).+ 
For a two-dimensional distribution, 


S Sh Sia booty 9, 
BAO aro 7 
Glas Oe ; 
curl,n = opi po Typ OM (l+y), 
n-curln = 0, 


with Y’ = dy/dọġ. In the free energy only the K, and K; terms remain:t 


[rardrap =4(K,+ ky fu —acos 2) (1 + w’2) do dr/r, 
a = (K3—K,)/(K3+K,). 


The integral with respect to r is logarithmically divergent. In actual problems it is cut off 
above at some distance R that is of the order of the dimensions of the sample, and below at 
distances of the order of the molecular dimensions a, where the macroscopic theory ceases 
to be valid. To determine the required solution at distances a < r < R, we can take the 
factor 

L = fdr/r = log (R/a) 


to be a constant simply, so that the equilibrium distribution W(ġ) is found by minimizing 
the functional 


2n 
f (1 —acos 2) (1+ W’?)dd = minimum. (38.8) 
0 
Euler’s equation for this variational problem is 
(1 — acos 24) y" = asin 2y (1 — 2). (38.9) 
This has, first of all, the two obvious solutions 
wv =0 (38.10) 
and 
Y =4n. (38.11) 


These are axially symmetrical solutions corresponding to Figs. 29a and 29b respectively.§ 
They are single-valued; that is, the Frank index for these disclinations is n = 1 (cf. (38.1)). 


„t This problem was solved by C, W. Oseen (1933) and F. C. Frank (1958) for the particular case of a nematic 
with K, = K3. The general solution given below is due to I. E. Dzyaloshinskit (1970). 
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To find solutions with n + 1, we note that (38.9) has a first integralt 
(1 —acos 2) (w’? — 1) = constant =2-1 (38.12) 


From this, the solution has the form (38.3), with 


_ [ 1-acos2y } 
so- af asses | (38.13) 
The constant q is found from the condition (38.4): 
1—acos2y }} 3 
a-d (| | dy = 1; (38.14) 
4 ; 


here, we must have |a|q? < 1. These formulae give the required solution. The solution is 
unique for each n; since the left-hand side of (38.14) increases monotonically with q, the 
equation is satisfied by only one value of q. Since f (x) is even, ¢ (Y) is odd. The plane ¢ = 0 
is therefore a plane of symmetry for the distribution; since there is a symmetry axis Cm, 
there are consequently another m— 1 planes of symmetry passing through the z-axis. 
Lastly, z = 0 is evidently a plane of symmetry. Thus a disclination with index n has the full 


symmetry of the point group Dmh: t 
When n = 2, it is obvious from (38.14) that q = 1, and the corresponding solution is 


simply 
y=¢=ł}9. (38.15) 


To determine the qualitative nature of the solutions found, let us examine the behaviour 
of the streamlines near the radii $ = $, (38.7). On these radii, y = pr, and near them 


Y x pn; the function (38.13) becomes a constant: 


Ya } 
8 fiza, evil ) ii (38.16) 


y-ap = ($ — $)/4- 


The differential equation of the streamlines is 


Hence 


dlogr A 


1 
=coty.2-—— = > 
dp OY =, = A 
from which we find the streamlines near the radius: 


r = constant x |p— pl". 
jus, we have near the latter r = x, 


(38.17) 


With Cartesian coordinates and the x-axis along the rad 
$ — $p = y/x; the streamline equation becomes 


y = constant x poets (38.18) 


+ If the integrand in (38.8) is regarded as the Lagrangian of a one-dimensional mechanical system (with y as 
the generalized coordinate and ¢ as the time), then (38.12) is the energy integral. 
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Various cases have now to be considered. When n > 3, n—1 > 0, and from (38.14) q 
> 0, so that 4 > 0. In this case, the streamlines start from the origin and the radius is a 
tangent to them. 

When n = $,q < 0, and so 4 < 0. A numerical analysis of (38.14) shows that q? > land 
therefore |A| > 1. From (38.18), y increases with x. The region near the origin cannot be 
dealt with in this way, since according to (38.17), when 2 < 0, small values of p-p, 
correspond to large r. 

Lastly, when n < 0, —1 < À < 0, and from (38.18) y = 0 as x + æ; the streamlines 
approach the radii asymptotically. 

Figure 31 shows schematically the streamlines for disclinations with n = ł, ł and —4. 
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§39. Non-singular axially symmetrical solution of the 
equilibrium equations for a nematic 


The axially symmetrical deformations (38.10), (38.11) (Fig. 29) are disclinations with 
Frank index n = 1 and are exact solutions of the equations of equilibrium for a nematic 
medium with specified boundary conditions at the walls of the container. They are not, 
however, the only solutions of such problems. They are unique only as two-dimensional 
solutions. If we abandon the hypothesis that the vectors n are everywhere in planes 
transverse to the axis of the vessel, other solutions are possible which do not have a 
singularity on the axis. For example, if the boundary conditions are such that n must be 
perpendicular to the wall, the director streamlines in such a singularity-free solution are in 
meridional planes as shown in Fig. 32. At the wall, they leave at right angles, then bend 
towards the axis r = 0, on which n therefore has a quite definite direction. Moreover, we 
shall see that the absence of singularities from such a solution makes it thermodynamically 
more favourable (the total elastic free energy is less) than one with a singularity on the axis 
(P. E. Cladis and M. Kléman 1972). Let us now proceed to construct this solution. 

We shall seek a solution that is axially symmetrical and uniform along the z-axis in 
cylindrical polar coordinates: 


n, =cosy(r), ng=0, n, =sinz(r); (39.1) 

the angle y is as shown in F ig. 32. The boundary condition at the wall is 
x=0 for r=R (39.2) 
where R is the radius of the cylindrical vessel, and on the axis we impose the condition 
x=4n for r=0, (39.3) 
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which, as already shown, corresponds to the absence of any singularity. We have 
curlyn = —dn,/dr = —cos x-dy/dr, 


i 1 d(rn,) -ndra Cosy 
diva = - —— = — Sh aca 
mach sing a + ort: 


The free energy of the deformation per unit length along the z-axis is 


R logR 
| Fa'2nrdr = n | {(K, sin? x +K3 cos? x)? + Kı cos? y= K1 sin 2z+7'} dé, 
0 -0 
(39.4) 


where the prime denotes differentiation with respect to the variable č = logr.t 
The first integral of the equilibrium equation (that is, Euler’s equation for the 
f the functional (39.4)) is 


variational problem of finding the minimum o0 

(Kı sin? y+ Ks cos? x) x? — K 
According to the condition (39.3), we must have x +4 and ¢ + — 0. This evidently 
implies that y’ + 0 as y > $r; the constant is therefore zero, so that 


VKıcosx 


x an OAK] sin? y+ K3 cos? x) ` 


satisfying the condition (39.2), as 


, cos? y = constant. (39.5) 


From this we get the required solution, 
x 


1 JK, sin? y + K3 cos? x) 
= vA Sie A dy. 39.6 
log (R/r) TK | Ta X (39.6) 


0 
since it involves the 


In contrast to the disclination (38.10), this solution is not self-similar, 


tating the variational problem, but is needed when 


A 


+ The last term in the integrand is unimportant in s 
calculating the total free energy- 
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dimensional length parameter R. The integral (39.6) can be expressed in terms of 
elementary functions. The result, if K, > K,, is 


area f i PEN l 

= ~~ sinik À 

18 Ue ak ag aa (39.7) 
k? =(K3—K,)/K3, k? =1-k? = K/K. 


When r-+0,4x—y tends to zero as r, and the streamlines approach the z-axis 
exponentially: r oc exp (constant x z). The free energy associated with this solution is 
found to be 


R 
1 
[Fe asrar= nk {24 sine (39.8) 
o 
This is independent of the radius R of the vessel. The energy of the disclination in Fig. 29a 
(the solution (38.10)) is 


R 


Í F,°2nrdr = mK, L, (39.9) 
0 


where L = log (R/a) is a large logarithm arising from the singularity on the axis. We see 
that the solution without a singularity is energetically more favourable than the other, 
unless K, is unusually small, 

The field n(r) of this axially symmetrical non-singular solution of the equations of 
equilibrium can be derived from that of a disclination with n = 1 by a deformation that is 
continuous, i.e. does not involve tearing, the vectors n being gradually brought away from 
the planes z = constant. This is one case of a very general situation to be discussed in §40. 


PROBLEMS 


PROBLEM 1. Find the axially symmetrical solution of the equations of equilibrium for a nematic medium in a 
cylindrical vessel, having no singularity on the axis and corresponding to the boundary conditions in Fig. 29b. 


SOLUTION. We seek the solution in the form 
n,=0, n= Cos y(r), n, = sin y(r) 
with the boundary conditions 
x(R) = 0, (0) = 41. 
Then 
curl, n = — cos x dx/dr, 
curl. n = (1/r) cos y — sin xdz/dr, 


divn = 0. 
The free energy is 
R log R 
EZE =n {K2 (sin xcosx- y)? +K, cos* y} dé. 
0 -%0 


The first integral of the equilibrium equation is 
K27? - (K3 sin? x cos? y + K cos* y) = 0. 
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Integration of this gives (if K, > K2) 
/R= AS —k? sin? y) —k’ sin x 
(1 — k? sin? y) +k’ sin f’ 
k? = (K3 — K2)/K3, k? = K2/K3. 
As r = 0, y > $n in the manner $x—y = 2k'r/R. 


The free energy of this deformation is 
R 


A een 
f Frar = aks f+ in va, 


o 


whereas that of the two-dimensional disclination in Fig. 29b is nK, L. 


PROBLEM 2. Examine the stability of disclinations with n = 1 with respect to small perturbations having the 
form dn(¢) (S. I. Anisimov and I. E. Dzyaloshinskit 1972). 
_ SOLUTION. (a) The unperturbed field of a radial discliniation (Fig. 29a) isn, = 1,ng = n, = 0. The perturbed 
field will be written as 
n, = cos O cos ® = 1-$(0? +”), 
n, = cos@ sin® = ®, 
n, = sin O = 0. 
where the angles © and ® are functions of the angle coordinate ġ. The energy associated with this perturbation is 


[rorarao =4R? fix, 2 +K,0'? + (K; —K,)®* - K, O° }dġ. 


For a general analysis, we should have to put 


o © 
o= Z 9e, o¢)= E e 
however, immediately obvious that the disclination 
because of the term — K, Oo? in the energy. 
= n, = 0, nę = 1. We write the perturbed 


s=-@ 


and express the energy asa function of all the ©, and ®,. It is, 
in question is always unstable with respect to the perturbation Oo, 
(b) The unperturbed field of a circular disclination (Fig. 29b) is n, 


field as 
n, = cos@ cos ($r +®) ~—®, 
ny = cos@ sin (fn +®) = 1 -4(0? + 0), 
n, = sin® = ©; 
here, the definition of ® is different from that in the preceding case. The corresponding energy is 


[rararap = 4R? fikse” +0?) + (Kı —K3)®? + (K2 —2K3)0*} dd. 


The most “dangerous” perturbations are Oo and Qo; the stability conditions for these are 


K,>K3, K2>2Ks. 

t the free energy of the deformation in disclinations with 
rical solution signifies only that these disclinations are at 
r unstable, and the circular one is stable (as 
lations exist between the elastic moduli. 


In itself, the result in the text and in Problem 1 thai 
n = 1 exceeds that of the non-singular axially symmet 
best metastable. We now see that the radial disclination is altogethe: 
regards perturbations of the type considered) only when certain re! 


PROBLEM 3. A nematic medium occupies the space between two parallel planes; the boundary conditions 
require the director to be perpendicular to one plane and parallel to the other. Determine the equilibrium 
configuration n(r). 

n is evidently two-dimensional; we take the relevant plane as the xz- 


lanes (z = 0 and z = h). We put 


SOLUTION. The equilibrium configuratio 
plane, with the z-axis perpendicular to the boundary p! 


n, = sinz(z), 1, = 00S x(2)- 
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The free energy of the deformation is 
[reac = + fix, sin? y + K, cos? y} y? dz. 


The first integral of the equilibrium equation is 
(K, sin? y + K3 cos? y)7’? = constant, 


whence, with the boundary conditions, 


x dn 
[vu sin? y + K cos? x) dy = emf VIK, sin? x+ K, cos? x) dy, 
0 o 


or 
z = hE (x, k)/E($n, k), k? = (K, -K,)/K,, 


where E(x, k) is an elliptic integral of the second kind. 


§40. Topological properties of disclinations 


The definition of the Frank index given in §38 depended essentially on the assumption 
that the disclination deformation is two-dimensional and is uniform along the discli- 
nation. We shall now show how this concept can be used in the general case of any curved 
disclinations in a nematic medium. 

The energy of the nematic is not affected by a simultaneous arbitrary rotation of the 
director at every point. In this sense, we can say that the states of the nematic are 
degenerate with respect to the directions of the director, which are referred to as a 
degeneracy parameter. We can define degeneracy space as the range of variation of the 
degeneracy parameter that can occur without a change in energy. In the present case, this is 
the surface of a sphere with unit radius, each point of which corresponds to a particular 
direction of n. Here, however, we must also take into account that states of a nematic that 
differ by a change in the sign of n are physically identical. That is, diametrically opposite 
points on the sphere are physically equivalent. The degeneracy space of the nematic is 
therefore a sphere on which every pair of opposite points are regarded as equivalent. t 

Let us imagine that, in the physical volume of the nematic, we pass along a closed 
contour y round a disclination line. We trace this passage in terms of the direction of n. The 
point representing it in the spherical degeneracy space describes another closed contour 
I’. Two cases are to be distinguished here. 

In one case, T is literally closed. In returning to its original position, the point describes 
an integral number n of loops (for instance, n = 1 and 2 for the contours T ı and T; in 
Fig. 33). This number is the integral Frank index. 


Fic. 33 


t In topology, this geometrical picture corresponds to what is called a projective plane. 
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In the other case, [F starts from a point on the sphere and ends at the diametrically 
opposite point. Such a contour also is to be regarded as closed, since diametrically 
opposite points are equivalent. The Frank index is defined as the half-integral number of 
“loops” then described by the point (for instance, n = $ for the semicircle 1). 

Any closed contour on a sphere can be transformed into any other by a continuous 
deformation (i.e. one that does not break the contour). Moreover, any closed contour can 
be continuously shrunk to a point. 

It is also possible to transform into one another any contours which begin and end at 
diametrically opposite points on the sphere. Such contours cannot be shrunk to a point, 
however: when deformation occurs, the ends of the contour may move, but must remain at 
the two ends of the some diameter of the sphere. 

The Frank index is therefore not a topological invariant. Only its being integral or half- 
integral has this property. 

It follows from the above that all disclinations in a nematic medium fall into two 
categories, each containing topologically equivalent disclinations which can be converted 
into one another by a continuous deformation of the field n(r) (S. I. Anisimov and 
I. E. Dzyaloshinskif 1972). One category includes disclinations with integral Frank indices, 
which are topologically unstable and can be removed by a continuous deformation. 
Disclinations with integral index may terminate within the nematic. 

The other category consists of disclinations with half-integral indices. These discli- 
nations are not removable and are topologically stable. 

The question of which of the topologically equivalent structures will in fact occur under 
any specified conditions depends on the relative thermodynamic favourability of these 
structures and is therefore outside the range of a topological analysis. dial 

There can be point singularities in a nematic medium, as well as the linear disclination 
singularities. The simplest example is a point from which the vectors n radiate in all 
directions (a “hedgehog”). f ; 

To determine the topological classification of point singularities, we again use the 
mapping on a unit sphere as degeneracy space. In the physical space occupied by T 
nematic, we take two points A and B joined by a contour y surrounding the singularity ¢ 
(Fig. 34). The contour y corresponds to a certain contour F on the unit sphere, If now y 18 
rotated about the straight line AB, it describes a closed surface ø in physical space during a 
complete rotation back to its original position. The image È of g, described by I, ae 
the unit sphere, possibly more than once. The number N of times it does so isa tapelne 
characteristic of the singular point. It is possible to regard ¥ asa closed film drawn over the 


ictor int; this 
sphere, which evidently cannot, without cutting it ın some way, be shrunk to 2 ik 
y 
o 
. 
paa A 
H B 
Fic. 34 

ey ysical space orachangein 


°, i yi h. 
+ A deformation of the contour may represent either a change in the contour" i 


the field n(r) itself. 
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corresponds to the irremovability of the singularity. The value N =0 (incomplete 
covering) corresponds to an absent or removable singularity: a film that does not 
completely cover the sphere can be shrunk toa point on the sphere. For singular points ina 
nematic, the sign of N has no significance; if the sign is changed, the directions of n are 
simply reversed in all space, and this does not affect the state of the nematic. 

The number N corresponding to a point singularity can only be integral. It is easy to see 
that a half-integral N would in fact signify the presence of an irremovable line, not point, 
singularity. If £ covers half the sphere (N = 4), this means that, if we follow any one point 
on y, we find that its image describes a contour on the sphere like I’, in Fig. 33, which 
would indicate the presence of an irremovable disclination with Frank index n = $.f 

In connection with this discussion of the topological properties of singularities in 
nematics, let us briefly consider the topological interpretation of dislocations, i.e. line 
singularities in crystal lattices. We take an infinite lattice with the x,, x2, x3 axes along the 
three basic lattice periods a,, a2, a3. The lattice energy is unchanged by parallel 
displacements through any distances along the axes. The ranges of variation of the 
degeneracy parameters (amounts of displacement) are segments with length a,, a2, a3, for 
each of which the two end-points are regarded as equivalent, because a displacement by 
one period leaves the lattice in the same position and therefore in identically the same state. 
A segment with equivalent ends is topologically the same as a circle. Thus the degeneracy 
space of the lattice is a three-dimensional region based on three circles. This region can be 
regarded as a cube with pairs of opposite faces equivalent or, alternatively, as the three- 
dimensional surface of a torus in four-dimensional space.{ On such a torus there are 
contours I that cannot be shrunk to a point, each of which is described by three integral 
topological invariants n;, n2, n3, the numbers of passages around the three circular 
generators of the torus. If F is the image of a contour y which in physical space passes 
round a singular line (a dislocation), then its three invariants are the three components of 
the Burgers vector measured in units of the corresponding periods a,, az, a3. Thus 
dislocations are topologically stable irremovable singular lines, and their Burgers vectors 
are topological invariants. 


§41. Equations of motion of nematics 


The state of a nematic medium in motion is defined by the spatial distribution of four 
quantities: the director n, the mass density p, the velocity v, and the entropy density S. 
Accordingly, the complete system of hydrodynamic equations of motion of a nematic 
consists of four equations giving the time derivatives of these (J. L. Ericksen 1960, F. M. 
Leslie 1966, T. C. Lubensky, P. C. Martin, J. Swift and P. S. Pershan 1971). 

Let us begin with the equation for the director. If the nematic is in equilibrium, so that 
h = 0, and moves as a whole with a velocity constant in space, then this equation simply 
expresses the fact that the values of n are transported in space at the same velocity. That is, 
each liquid particle moves in space with its own fixed n. This is expressed by equating to 
zero the total or substantial time derivative: 

dn On 


a aad 3 =0. | 
as at U V)n = 0. (41.1) 


t A corresponding conclusion does not follow from similar arguments when N is integral, since a disclination 
with integral index is removable, and the image with integral N corresponds to an irremovable singularity. 

ł Just as a square with pairs of opposite sides equivalent is topologically the same as the two-dimensional 
surface of a torus in three-dimensional space. 
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In the general case of any motion, the right-hand side contains terms which depend on h 
and on the space derivatives of the velocity; in the first non-vanishing hydrodynamic 
approximation, we take just the terms linear in these quantities. The derivatives Ov;/ OX. 
form a tensor, which may be divided into symmetrical and antisymmetrical parts: 


Vig =$ (iVe +0), Qik = 4$(0;0_ — ôx vi). (41.2) 


To determine the dependence on Qix, it is sufficient to note that, in uniform rotation of the 
nematic as a whole with angular velocity Q, the entire field n(r) rotates with that velocity. 
Such a rotation is represented by 


dn/dt =4curlyxn or daj/dt = Qun: 


the velocity of points in a body rotating as a whole is y = QX r, and so curl y = 2Q, and the 
rate of change of the director is given by a similar expression, dn/dt = xn. The terms 
depending on vix are subject to the condition n-dn/dt = 0, since n? = | is constant. We 
thus arrive at the following general form of the equation of motion of the director: 


dnj/dt = Quink + À (Òu — Ni) MK Pe +Ni, (41.3) 
wheret 

N =h/. (41.4) 
The term N represents the relaxation of the director towards equilibrium under the action 
of the molecular field; the second term in (41.3) gives the orienting effect of the velocity 
gradient on the director. The coefficients y, with the dimensions of viscosity, and a 

dimensionless, in these terms are kinetic, not thermodynamic, coefficients. t 
The equation for the time derivative of the liquid density is the continuity equation 


ôp/ðt + div (pv) = 0. (41.5) 


This essentially determines the hydrodynamic velocity as the material flux density per unit 


mass, 
The equation for the time derivative of the velocity is the dynamical equation 
pdv/dt = F, (41.6) 


where F is the force on unit volume. In accordance with the general arguments in §2, body 


forces can be written as a tensor divergence: 
F; = Ôk Gik» 


where o, is the stress tensor. The dynamical equation then becomes 


dvi ĝvi 
piei iath Vu; | = ôk Cik- (41.7) 
; ol ar +(v | k Fik 


The form of the stress tensor will be established later. rel 
Lastly, there is an equation for the entropy. In the absence of dissipative processes, the 
motion of the liquid would be adiabatic, and would be so in each volume element, which 


+ The notation N is used to show more clearly the structure of some of the following formulae, and witha view 
to further generalizations in §44. ? a 

ł The anal of terms so the gradients of density and entropy (or temperature) on ie a ie ve r9 
is due to the necessary invariance under spatial inversion and under a change in the sign of n. This is further 


discussed in §44. 


160 Mechanics of Liquid Crystals §41 


would move with a constant entropy. The entropy conservation equation would be simply 
the entropy continuity equation: 


aS /at + div (Sv) = 0, 


where S is the entropy per unit volume and Sy the entropy flux density. t When dissipative 
processes are included, the entropy equation becomes 


2S | div (Sv +4/T) = 2R/T. (41.8) 


Here R is the dissipative function, and 2R/T givest the rate of increase of entropy; it is a 
quadratic form in the components of the tensor Vix, the vector h, and the temperature 
gradient vector VT. The vector q is the heat flux density, related to the thermal 
conductivity. The components of this vector are linear functions of the temperature 
gradient components: 

Gi = —KyO,T. (41.9) 


In a nematic medium, the thermal conductivity coefficient tensor x, has two independent 
components and may be put in the form 


Kik = Kink +K, (ik — NM), (41.10) 


where x, and x, describe the thermal conductivity in the directions longitudinal and 
transverse relative to n. 
The energy conservation law in hydrodynamics is expressed by 


£ (pv? +£)+divQ =0, (41.11) 


where E is the internal energy density and Q the energy flux density. The energy density is 
E = Eo + Ey, where Eo (p, S) relates to the undeformed homogeneous medium and E, is 
due to the distortion of the field n(r). According to the remark at the end of §37, E, is the 
same as the free energy F; (37.1), except that the elastic moduli K, , K3, K3 are supposed to 
be expressed in terms of the density and the entropy, not the temperature. 

The energy conservation law is, of course, contained in the equations of motion. We 
shall use it to establish the relation between the function R, the tensor ¢,, and the vector N 
defined above. 

We expand the time derivative in (41.11), using the thermodynamic relations 


(GE/@S),,=T, (E/ap),. = u, 


t This equation can be put in the equivalent form 
d ô 
~~ (S/p) = — (S/p) + (v*V)(S/p) = 0, 
de ot 


which expresses the constancy of the entropy per unit mass transported by the liquid particles. 
t 2R itself is, as in §34, the rate of dissipation of mechanical energy (FM, §79). 
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where u is the chemical potential.t Then 


6 2 op ov op os ôE 
i LB) E E L A TER ween tele ee 
ôt (łpv eae Be Page hee ôt ôt ) s GIRE 


Let us consider separately the last term. With Mp; from (37.6), we write 


OE, OE,\ On; On; 
( at ie i (5 Fi a Mid 5, 


OE, ôn; On; 
rm -alu a(n m) 


—h -On/ot $ ôr (Ty; 0n;/ Ot); 


here we replace H by h, since the longitudinal part of H disappears at once by virtue of the 
equation n-0n/dt = 0. Substituting ôn/ôt from (41.3), we write 


ll 


ôt 


and, separating another total divergence, 


(%5) = (Vk Ôk Ni + Qe — Àvan)hi— N +h +div (. . .) 
ps 


(5) = —G:y—h?/)+div(..-), (41.13) 
ôt Jos 
where 

G, = — hôi +404 (ih, — nhi) — 424, (nh, +n hj). (41.14) 


e total divergences are not written in full, so as to make the 


Here and henceforward, thi 
lving the problem stated, 


formulae less complicated; these terms are not important in so! 
though we shall return to them at the end of the section. 
The expression (41.14) can be written as 


Gi = Oo!” + (0i Ea) p, s> (41.15) 
where 
ox” = — Ma dim —4A(njhy + ny hi) + 3 (ni hy = Meh). (41.16) 
The transformation makes use of the equation 
(G:Ea)p,s = (BE 4/Onx)O;M + Mið: ÔN- 
© is not unique: the expression (41.15) is unchanged if we 
add to gg” any term 0;Xin» Where Xix is any tensor antisymmetrical in the last pair of 
suffixes (xı = — Xix). Although the tensor (41.16) is not symmetrical, it can be made so by 
adding a term of this form with an appropriate choice of the tensor Zin. The practical 
execution of this quite laborious operation will be left till the end of the section. Hore, we 
will continue with the derivation of the equations of motion, assuming that oj," has 


already been symmetrized. 


The definition of the tensor oj. 


i t E relates to a specified (unit) volume; the number N of particles (molecules) in 
ee T anoula a ae T chemical ENAA is everywhere relative to one particle, i.e. is defined as u 
= ĝE/ðN. Since N = p/m, where m is the mass of one molecule, the definition used here aes fron s Srt 
only by a factor m. To avoid misunderstanding when comparing with the ihermopy naria identi A .2a), n : 
that E here is the internal energy per unit volume in the strict sense, whereas in §3 & was defined as the energy o! 
the matter in unit volume of the undeformed body. 
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Substituting (41.15) in (41.13) and separating in one term a total divergence (using the 
symmetry of o”), we gett 


(5) = —N-h+ og” v4 —(0;E), sv; +div (... ). (41.17) 
ps 


Lastly, substituting in (41.12) the time derivatives from (41.5), (41.7), (41.8) and (41.17), 
and expressing the partial derivative (with p and S constant) of E in terms of the total 
derivative by 

OE = (0,E), s+ uO, + T9;S, 


we find after some algebra (separating total divergences) 
: (pY? +E) = —oy'v,—N-h+(1/T)q-VT +2R +div (.. .), (41.18) 


where o;,’ is related to o; by 
Oik = — PÒ + ou + ox’, (41.19) 
and the pressure is thermodynamically defined: 
p =pp—E+TS,; (41.20) 


pu = Mis the thermodynamic potential (Gibbs free energy) of unit volume of material and 
determines, as it should, the isotropic part of the stress tensor. 
Comparison of (41.18) with the energy conservation equation (41.10) shows that 


2R = ox’ vj, +N-h-(1/T)q: VT. (41.21) 


This function determines the entropy increase due to dissipative processes. It is therefore 
clear that the tensor ø;x' in (41.19) is the dissipative (viscous) part of the stress tensor. The 
tensor c” does not appear in (41.21); it is the non-dissipative (additional to the pressure- 
dependent) part of the stress tensor and is specific to a nematic (as opposed to an 
ordinary) liquid. 

It should also be noted that the coefficient À does not appear in the dissipative function. 
Although the effect represented by this dimensionless coefficient is clearly a transport and 
not a thermodynamic effect, it is not dissipative. § 

The density of body forces in a moving nematic medium is 


F, = —0p + d.04 + O,0n' = -âp HF O+ F. 


In a medium that is at rest in equilibrium (even if deformed), F’ = 0, and according to the 
equilibrium condition (37.7) h = 0 also. According to (41.14) and (41.15), in this case 


FO = =(VEa) s» F = —Vp—(VEa)p s. 


If we assume the elastic moduli to be constants independent of p and S, then 


t Since Eo = Eo(p, S), (0;Ea)p,s = (G:E)p, s. 

+ Sometimes called the reactive part, whence the superscript (r). 
Ag This situation is paralleled, for example, by the Hall effect in the electrodynamics of conductors, which is 
likewise not accompanied by dissipation, 
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(VEu),.s = VEs, and F = —V(p+E,).+ In equilibrium, we must also have F = 0. It 
follows that (on the assumption stated) the pressure distribution in a nematic medium in 
equilibrium is 

p = constant — Ey. (41.22) 


Let us now carry out explicitly the above-mentioned operation of symmetrizing the 
tensor ca”. First, we calculate explicitly the antisymmetrical part of this tensor. To 
calculate the difference og” — ax”, we have to use the fact that 


OE, 
By = On," + My Opry, — My Ôi M 
i 
is symmetrical in the suffixes i and k. It is not easy to verify this symmetry directly. A 
simpler method is an indirect one using the fact that the energy E4 is a scalar and therefore 
invariant under any rotations of the coordinates. With an infinitesimal rotation through 
an angle d@, the coordinates are transformed according to 
r=r+o6r, or =dpxr, 
that is 5X; = EikXks Eix = Cie ÔQ, = — Eki + 
The changes in the vector n and the tensor ôn; are correspondingly 
Ôn; = e, O(OxMi) = Eu OyM + Eki Ôr Ni 


The invariance of E, under this rotation signifies that By, & =0. Since £x is any 
antisymmetrical tensor, it follows that Bix is symmetrical. 
We can then easily bring the antisymmetrical part of the tensor g” to the form (2.11), 


with Pin = ni Mik — Me M. 
The symmetrized tensor dx” is then found immediately from (2.13). After some 
simplification, the result is 
oy = —FA(ni + nhi) — 4 (Muôn + Ma ôkn) — 
— 40 [ (Ma + Mk) — Tan — Mang]. 
ve to the subscript k) components of the 


(41.23) 


This actually involves only the transverse (relati 
tensor IM. If the latter is written as 
My, = Wx? + Man, 
so that I1,n, = 0, only the Mi” terms remain in (41.23). 
Lastly, let us consider the total divergence terms, which so far have not been written out. 
Comparison of (41.18) and (41.11) shows that the argument of div in all these terms 
determines the energy flux density. The final result thus obtained is 


Q; = (Wivi Tha { — ôn + Qun + Am (Vu — "k NmVim) $+ 
+4 (nhy — nhi) Yk + SA (nih, + Nkhi)Vk — Oi Ve — Kin Ts (41.24) 


where W = p+E is the heat function. The first term is the same as the energy flux in 


ordinary fluid dynamics. 


i be written as F = — pV», and the 
t Ifth tions are not made, the force F at constant temperature can . 

aint son thos reduces to the usual 4 = constant: by differentiating eh GA i oa) Si the 
pressure and using the thermodynamic relation dE = TdS + pdp + (dEu)p,s» we find — Vp = -PVH 

+ (VEa)p,s, whence, if T = constant, we get the above expression for F. 
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§42. Dissipative coefficients of nematics 


The N and o;,’ terms in the equations of motion represent relaxation processes arising 
from the departure of the medium from thermodynamic equilibrium, which causes h and 
Vix to have non-zero values. In the ordinary hydrodynamic approximation, the departure 
from equilibrium is assumed to be weak; that is, hand vi are in some sense small. Then the 
Oix are linear functions of them. 

However, with the above form of the equations of motion, the terms in Gx that depend 
on hneed not be written out. The reason is that such terms from the components of hand n 
would have the form constant x (n;h, + nhi). Such a term is already present in the non- 
dissipative part of the stress tensor o;x” (41.18); the addition of a similar term in Gik would 
therefore simply amount to redefining the coefficient 2. 

The general form of the linear dependence of Gik ON Vy is 


Oik = Niktm Vim- (42.1) 
where the rank-four tensor nix, has the obvious symmetry properties (resulting from the 
SYRIIERY OP a ta) Nikim = Nkitm = Nikmt + (42.2) 

This tensor also has a deeper symmetry which results from Onsager’s general 
principle of the symmetry of the kinetic coefficients (see SP 1, §120; as in §33, in the rest of 
this section we shall formulate this principle as in FM, §59, and use x, and X, as defined 
there). The expression R/T for the rate of increase of entropy shows that, if the x, are taken 
to be the components of the tensor ox, then the X, thermodynamically conjugate to them 
are the components of the tensor — vj_,/ T.t The components of the tensor ikim act as the 
kinetic coefficients y,,. Onsager’s principle requires that ya, = Ypa, i.e. 


Nikim = Mimik - (42.3) 


The tensor nix has to be constructed from only the unit tensor 5, and the vector n, 
taking account of the symmetry properties mentioned. There are only five linearly 
independent combinations of this kind: 


ANN Nm, NN Otm + MM dix s 
PiN, km + GM Sim + NN Sys + Nm Ôi, 
Si Sims Öit Skm + Ska Sim - 
Accordingly, Mirm has five independent components; the stress tensor formed from it may 
be written ast 


Gin’ = N1 Vik + (N2 — M ) Six Vu + (4 +11 — n2) (Six Ni Nm Vim + Ningtu) + 
(42.4) 
+ (ns — 2m1) (amd +ngmva) + (Ns +N + N2 — 2n3 — 2g) NNNM mVim - 
The suitability of this definition of the various coefficients is seen from the following 
expression for the dissipative function when the z-axis is taken parallel to n: 


2R = 2m (Usp Te LOTUN H + N2Vaa7 a 23V_2” + 


1 
+ 214 Vez Vaa + Ns Vez? + gT +.TP} +h?/y, (42.5) 


a ee Je l 
t In the literature, the X,and X, are often called thermod lynamic fluxes and thermodynamic forces respectively. 
$ The dissipative coefficients of nematics were introduced (in a different form) by F. M. Leslie (1966) and O. 

nthe (1970). The choice of definitions of the viscosity coefficients of nematics seems to be not yet agreed upon in 
e literature. 


§43 Propagation of small oscillations in nematics 165 


where the suffixes, «, $, y take the values x and y. Since we must have R > 0 (the entropy 
increasing), the coefficients 11, 72, 3, Ns, Ky K1» and y are positive, and 
noNs > Na? (42.6) 


A nematic medium thus has a total of nine kinetic coefficients: five viscosity coefficients, 
two thermal conductivities, the coefficient y (which also has the dimensions of viscosity), 
and the non-dissipative dimensionless coefficient A. 

The number of viscosity coefficients which appear in the equations of motion is smaller 
in the important case where the fluid in motion may be regarded as incompressible; for 
this, its velocity must be much less than that of sound. The equation of continuity for an 
incompressible fluid is just div v = vu = 0. The second term in the stress tensor (42.4) 
disappears, and the third becomes constant x ĝi (NNmVım). The latter term makes no 
contribution to the dissipative function, since it gives zero in the product oj,’ Vik because of 
the resulting factor vad = Vix = 0; it has the same tensor structure as — pd, in the 
complete stress tensor oj. On the other hand, in incompressible fluid dynamics the 
pressure appears (like the velocity) as just one of the unknown functions of coordinates 
and time, determined by solving the equations of motion; it is here not a thermodynamic 
quantity related to other similar ones by the equation of state. The terms — pd, and 
constant x 5;,(1)"%_U;m) in the stress tensor can therefore be combined; this simply amounts 
to redefining the pressure. The viscous stress tensor for an incompressible nematic fluid 
therefore reduces to 

Gig = 2m Vie + (M3 — 2M1) (MM + MAMA) + (Ma + — 273) NNN N mVn» 


where ñ> = n2 +s — 2na; it contains only three independent viscosity coefficients. The 
corresponding dissipative function is (with the z-axis along n) 


(42.7) 


2R = 2m (Vag —t6np vy)? F itz + 2n3 Dust + 


tE OTP +e, (0T) +y, (428) 


since v,, +v,, = 0; the inequality (42.6) makes the coefficient #2 positive. 


PROBLEM 


Determine the force on a straight disclination (with Frank index n = 1) moving transverse to itself (H, Imura 


and K. Okano 1973). 

SOLUTION. Let us consider the disclination in coordinates for which it is at rest and along the z-axis, while the 
liquid moves at a constant speed vin the x-direction. The distribution n(r) in the disclination in these coordinates 
is steady, and is given (for a disclination with radial director streamlines, Fig. 29a) by 


n, =cos¢, n = sing, 


tan`! (y/x). In equation (41.3), we have ôn/ôt = 0 and v = 0 (the flow being 


where the polar angle @ = 


uniform), leaving Sposa) 
n/ôx = h/y. 


Iting from the motion 
h = yov Xn ĝġ/0x, 
where v is a unit vector in the z-direction; in the absence of motion, h = 0, sin 
equilibrium state of the medium. The dissipative function is 

2R = h? /y = yr? (0ġ/0x)}* = wyt. 
he disclination is represented by the integral 


This gives for the weak molecular field resul 


ce a disclination at rest is an 


The energy dissipated per unit time and per unit length of t 
2R dx dy =7w?L, L= log(R/a), 
s dissipation 


where R is the transverse dimension of the region of motion and a the molecular dimensions. Thi 
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must be compensated by the work vf done by the force f acting on the disclination. Hence 
S=nyvL. 


A similar result is obtained for a disclination with circular streamlines (Fig. 29b). 


§43. Propagation of small oscillations in nematics 


The complete system of exact equations for the hydrodynamics of nematics is very 
complicated, but it is simpler for small oscillations, where the equations can be linearized. 

In considering the propagation of small oscillations in nematic media, let us first recall 
the oscillation types (modes) that exist in ordinary liquids. Firstly, there are ordinary 
sound waves, for which the dispersion relation between the frequency w and the wave 
vector k is w = ck and the propagation speed is 


c = \/(6p/ép),. (43.1) 


The oscillations in a sound wave are longitudinal (see FM, §64). 
Next, there are strongly damped viscous waves, with dispersion relation 


io = nk2/p, (43.2) 


where y is the viscosity coefficient (see FM, §24). These waves are transverse (the velocity v 
is perpendicular to k), and are therefore often called shear waves. They can have two 
independent directions of polarization; the dispersion relation does not depend on these. 

Lastly, in a liquid at rest, small oscillations of temperature (and entropy) are propagated 
as waves, likewise strongly damped, with dispersion relation 


iw = yk’, (43.3) 


where y is the thermometric conductivity of the medium (see FM, §52). 

Analogous types of wave exist in nematic media, but the presence of an additional 
dynamical variable, the director n, gives rise to further types peculiar to these media. 

Let us begin with ordinary sound in nematics, It is easy to see that, in the limit of 
sufficiently long waves (i.e. sufficiently small k), the corrections to the speed of sound that 
are due to the presence of the additional dynamical variable are slight, so that the speed of 
sound is again given by the simple formula (43.1). We can write the director in the 
oscillating medium as n=ng+6n, where no is the unperturbed value, constant 
throughout the medium, and ôn is a small variable part; since n? = no? = 1, n -ôn = 0. 
Comparison of the left-hand side of (41.3) with the first two terms on the right shows that 
w6n ~ kv, or dn ~ v/c; the term N = h/y is a higher-order small quantity, since by (37.9) 
the molecular field h oc k?. The term E; in the energy density of the liquid is therefore 


Ea ~ K(kôn}? ~ K (kv/c)?, 


ie. is of the order of k? relative to the leading term ~ pv?. In the approximation 
considered, this energy may therefore be neglected, and this proves the above statement 
regarding the speed of sound. 

In the next approximation with respect to k, there is absorption of sound arising from 
dissipative processes. The specific feature of a nematic, as compared with an ordinary 
liquid, is that this absorption is anisotropic, depending on the direction of propagation of 
the sound wave; see Problem 1. 

The remaining types of oscillation in nematics have a dispersion relation similar to 
(43.2) and (43.3): œ oc k?. This means that, for sufficiently small k, we always have œ < ck. 
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In turn, it follows that in such oscillations the fluid may be regarded as incompressible. t 
The continuity equation then reduces to div v = 0 or, for a plane wave, k-v = 0. The 
oscillations considered are therefore transverse shear oscillations relative to the velocity 
oscillations. 

To investigate these various oscillations, we linearize the equations of motion, putting 
n = no + ôn, p = po +p. In the first approximation, the molecular field is linear in the 
derivatives of n, and therefore linear in ôn: 


H = K, V div ôn — K z curl [no (nọ «curl dn)] + K3 curl [no x (no X curl ôn)] . (43.4) 
The first term in the “reactive” part of the stress tensor (41.16) is quadratic in dn and is 


therefore to be omitted. We have also to omit the quadratic terms which arise in taking the 
tensor divergence 0,¢,'" in (41.7) and (v-V)y on the left-hand side. This equation thus 
becomes 
põv;/ðt = — ô; dp +4 (Noi Ôx My — Nox Ôx hi) — 5A (noi Oy ha + ox Ôx hi) + ôx Gi. (43.5) 
In (41.3), it is sufficient to replace n by mo in the first two terms on the right and omit 
(v-V)òn on the left: 

5n;/At = Qi Nor + Å (Ôu — Noi Mor) Nor Va + hi/?- (43.6) 
Because no'ôn = 0 and v-k = 0, the vectors ôn and v have only two independent 
components each. The equations (43.5) and (43.6) thus form a set of four linear equations. 
They define four oscillation modes, in each of which the velocity and the director undergo 
coupled oscillations. Usually, however, the situation is considerably simplified by the fact 


that the dimensionless ratio u= Koln? (43.7) 


is small, ~ 107? — 1074; here K and y denote the order of magnitude of the elastic moduli 


of the nematic and its viscosity coefficients, 71, 7/2, 3, 7: It will be shown below that we can 
then distinguish two substantially different types of oscillation, for each of which (43.5) 


and (43.6) allow certain simplifications. 
In one type, the frequency is related to the wave number by 
iw ~ nk?/p, (43.8) 


which is similar to (43.2); for a reason to be explained below, these are called Jast shear 
oscillations. In both equations (43.5) and (43.6), we can then neglect all terms containing h: 


it is seen from (43.8) that ôn ~ kv/w ~ pv/nk, 
and so the molecular field is h~ K k? ôn ~ pvk K/n. 


we can readily verify that the terms in hin the equations are small in 


Using these estimates, i illati 
comparison with those in vix, their ratio being ~ 4. The equations of fast shear oscillations 
thus reduce to pav,/dt = a, on’ — Ô; ÖP» (43.9) 

(43.10) 


Bdn;/Ot = Ai Nok + A (Ôu — Noi Nor) Nox Ya + 
volve dn, and determines the velocity oscillations and the 


The first equation does not in 7 t t 
i! the second equation immediately gives the accompanying 


dispersion relation, after which 
oscillations of the director (see Problem 2). 


+ It may be recalled (see FM, §10) that a fluid in non-steady motion may be regarded as ee i oad 
and t > l/c, where t and lare the times and distances over which the velocity changes eget Y, or oe ip pry 
motion, the first condition is always satisfied at sufficiently low oscillation amplitudes, while the second impli 


that w/k <c. 
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Let us now turn to the second type of shear oscillations with the condition xu < 1, the 
slow director oscillations that are specific to nematics. In these, the order of magnitude of 
the alternating part of the director is determined by the balance between the derivative 
ĝôn/ôt on the left of (43.6) and the term h/y on the right: wôn ~ h/y, and, since h ~ K k? dn, 
the dispersion relation for these oscillations is qualitatively 


iw ~ Kk?/y. (43.11) 


Evidently, the derivative pév/0t ~ pvw on the left of (43.5) is then small compared with the 
terms ôo; ~ nvk? on the right, and may therefore be omitted. The equation 


— Ôi 6p + $ (Noi Ôk hy — Noy Ôx hi) — $A (Nox Ôx hy + Mon Oe Ai) +O ox =O (43.12) 


gives the relation between the velocity and director oscillations, and the dispersion relation 
a5 then found from (43.6); see Problem 3. 

Note that the ratio of the frequencies (43.11) and (43.8) is w/w, ~ u. Thus, for a given k, 
, is much less than œp, and this is the reason for calling the oscillations slow and fast 
respectively. 

Lastly, the temperature oscillations in a nematic medium at rest differ from the 
corresponding ones in an ordinary liquid only by the anisotropy in the dispersion relation, 
which is similar to (43.3); see Problem 4. 


PROBLEMS 
PROBLEM 1. Determine the absorption coefficient of sound in a nematic medium. 


SOLUTION. The absorption coefficient is calculated as the ratio 
r= R/cpv? 


(see §35); the dissipative function is given by (42.5), in which the term h?/y may be omitted: as already mentioned, 
the molecular field h oc k?, and therefore h?/y oc k*, whereas the other terms in R are proportional to k?, a lower 
power of the wave number. A simple calculation givest 

2 


W 
P= pci fon +n2)+2(n3 +s —m —n2)cos?O + (ni +2 +s — 2N — 2na) cos*d + 
a | 
+ [ey +(x- Kk, )cos?6] (- _ *)h 
G G 
where 6 is the angle between k (and therefore v) and n. The calculation of the thermal-conduction part of the 


absorption is entirely analogous to the similar one for an ordinary liquid (FM, §79); cp and c, are the specific 
heats per unit mass of material. 


PROBLEM 2. Find the dispersion relation for fast shear oscillations. 
SoLuTION. For a plane wave, with voc exp (ik -r — iat), (43.9) becomes 
—ipwv, = —ikdp + ikke,’ . 
For an incompressible nematic, the viscous stress tensor is given by (42.7), and a simple calculation (using the fact 
that v is transverse, v-k = 0) brings the equation to the form§ 
ipwy = ikôp +a, k?y + ak? n(n v) + askk(n- v), (1) 
where 
a, = nı +4(n3 — 2m1)cos, 
az = $ (n3 — 211) + (2 + Mı — 2n3) cos 9, 
43 = $(n3 — 2n;) cos, 
t Here we denote this quantity by I to avoid confusion with the dissipative coefficient y. 
t In calculating the quadratic terms, all oscillatory quantities must of course be written as real, their 


dependence on £ and r being given by factors cos (k-r—at). 
$ To simplify the formulae, the suffix 0 is omitted from no in the remainder of the Problems. 
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with 8 the angle between k and n. Multiplying (1) by k, we get an expression for the pressure oscillations in terms 
of the velocity oscillations: 

dp = ik (n-v) (a3 + az cos 0). (2) 
The required dispersion relation is given by the transverse components of (1). Multiplying this by nxk, we get 

iw, =k?a,(A/p 

= k? (n, sin?@ + 43 cos?0)/p, 
corresponding to oscillations of v at right angles to the plane through k and n. The dispersion relation for 
oscillations polarized in this plane is found by multiplying (1) by n and eliminating dp by means of (2): 

iw = k? {a, (0) + sin?ðaz (0)}/p 
= k?{4(n, + ñ2)sin? 20 + 43 cos? 20}/p, 


where ñ is as in (42.7). 
Both dispersion relations agree, of course, with the qualitative estimate (43.8). 


Pros_eM 3. Find the dispersion relation for slow shear oscillations. 
SOLUTION, For a plane wave, dn œ exp (ik -r —ict), the linearized molecular field is 
h= H—n(n-H) 
=-K, {k —n(n-k)}k-dn—K>v(v-dn)—K3(k-n)? én, 
where v = nxk and v? = k? sin?8. Equation (43.12), with oj from (42.7), becomes 
—ikôp — a, k?v —azk?°n(n - v) — aykk(n-v) + 
+4i(1 —2)n(h-k) —4i(1 +å)h(n + k) = 0; (1) 

the functions a, (0) and az (0) have been found in Problem 2. Multiplying this by v, we find the relation between 
the oscillations of v and ôn polarized perpendicularly to the plane of k and n: 


1+å 
a, (vv) = Te 


(n-k)(h-y) = $i(1 +2) (m-k)K , (v-On), (2) 


where 
K, = K2sin?0 + K3cos70. 
Equation (43.6) multiplied by v is 

—iw(v-dn) = Fi(1 +A) (n-k) (v-¥) —k?K , (v-dn)/y. 


Eliminating (v - v) by means of (2), we find the dispersion relation for oscillations polarized perpendicularly to the 


plane of k and n: 
ap S1 +4)?cos’é \ 
wo, =k Kifer i 
To find the dispersion relation for oscillations polarized in the plane of k and n, we take the component of (1) in 
the direction perpendicular to k in that plane, and multiply by n, obtaining 
(n-v) (a, +azsin?0) = —4i(1 + Àcos20)K | (k -ôn), 
where 
Ky=K, sin?0 + K3cos70. 
Similar operations on (43.6) give 
iw(k-ôn) = ik? (1 + Acos 26) (n-v) + kK \ (k - ôn)/y. 
Elimination of n-v from these two equations gives the dispersion relation 
1 (1 +Acos 26)? 
io) = eki gtm): 
Both relations are in agreement with the qualitative estimate (43.11).t 


ProsLem 4, Find the dispersion relation for temperature oscillations in a nematic at rest. 


+ When ki ity i iti illati damped in the course of time, 
+ When k is real, the real quantity iw must be positive, and the oscillations are c 
not spontaneously amplified. All the dispersion relations found in Problems 2 and 3 have this property. 
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SOLUTION. The transformation of (41.8) for an incompressible nematic is made in exactly the same way as for 
an ordinary liquid (see FM, §50), and the result is 


OT /dt = 74,0:O,T, 
Aik = Kin /PCy = Xy MM + X 1 (Gin — MiM), 
with x, from (41.10). For oscillations with 67’ exp (ik -r — iwt), we find the dispersion relation 
iœ = k? (xy cos?0 +7, sin?0). 


§44. Mechanics of cholesterics 


Cholesteric liquid crystals or cholesterics differ from nematics in that there is no centre of 
inversion among their symmetry elements. The directions nand — n of the director remain 
equivalent; see SP 1, §140. 

The absence of a centre of symmetry has the result that the free energy of a deformation 
may contain a term linear in the derivatives—the pseudoscalar n-curl n. The general form 
of the free energy may be written as 


F, =4K, (divn)? +4K, (n-curl n+ q)? +4K3(nxcurl n)’, (44.1) 


where q is a parameter having the dimensions of reciprocal length. This difference causes a 
fundamental change in the nature of the equilibrium state of the medium (in the absence of 
external interactions): it is no longer uniform in space (n = constant) as in nematics. 
The equilibrium state of a cholesteric corresponds to a distribution of directions of n for 
which 
divn=0, n-curln= —q, nxXcurln = 0; (44.2) 


the free energy (44.1) then has its minimum value of zero. The solution of these equations is 
n, =cosqz, n,=singz, n, =0. (44.3) 


This helicoidal structure can be regarded as the result of twisting about the z-axis a nematic 
medium originally oriented with n = constant in one direction in the xy-plane. The 
orientational symmetry of a cholesteric is periodic in one direction in space (the z-axis). 
The vector n returns to its previous value after every interval 27/q in the z-direction; since n 
and —n have equivalent directions, however, the true period of repetition of the structure 
is half this, or x/q. Of course, the macroscopic description of the helicoidal structure of a 
cholesteric by the equations (44.3) is meaningful only if the pitch of the structure is much 
greater than molecular dimensions. In actual cholesterics this condition is satisfied 
(x/q ~ 1075 cm), 

In deriving the equations of equilibrium and motion of nematics, no use was made of 
their possession of a centre of inversion. The same general equations are therefore valid for 
cholesterics. There are, however, a number of differences. First, there is a change in the 
expression for F4 with which the molecular field h is to be calculated from the definition 
(37.5). Next, the presence of a term in the free energy that is linear in the derivatives causes 
a difference between the isothermal and adiabatic values of K 2; cf. the end of §37. In the 
hydrodynamic equations as formulated in §§41 and 42, the basic thermodynamic 
variables are the density and entropy. Accordingly, the adiabatic elastic moduli (as 
functions of p and S) are to be used. 

Lastly, there is a substantial change in the hydrodynamic equations of cholesterics, as 

compared with those for nematics, in that further terms appear in the dissipative parts of 
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the equations, namely in the stress tensor a; , the heat flux q, and the quantity N on the 
right of (41.3) (F. M. Leslie 1968): 


ik = (Cik nem + H(MLkim + Cima, 
Ni = (Nid nem + Vint OT, (44.4) 
qi = (Q)nem + V1 Cri eA: + Ha (Eimi Nk + Stk Mim Vix 


the terms with the suffix nem denote the expressions given by the hydrodynamics of 
nematics. The additional terms in these relations are a pseudotensor and pseudovectors, 
not a true tensor and vectors. This removes the symmetry under spatial inversion, and for 
that reason the terms do not appear in nematic hydrodynamics. Note that the construction 
of similar terms that are true tensors or vectors is not possible, owing to the requirement 
that the equations are invariant under a change in the sign of n. For example, a term in dix’ 
having the form constant x (n;ô T +n,ô;T) or a term in q having the form constant x h 
would change sign with n, whereas the stress tensor and the heat flux must be invariant 
under this transformation. Similarly, a term constant x VT in N is impossible, since it is 
invariant under a change in the sign of n, whereas N (which determines the derivative 
dn/dt) would have to change sign. 

The coefficients in (44.4) are connected by relations which follow from Onsager’s 
principle. In applying this principle (cf. §42), we choose as the X, (the thermodynamic 
fluxes) the quantities oxx’, q; and N;. The form of the dissipative function (41.21), or more 
precisely that of 2R/T, which determines the increase of entropy, shows that the 
corresponding thermodynamic forces X, are the quantities — v/T, 0;T/T? and —h;/T. It 
must also be noted that the ø’ are even and the q; and N; odd under time reversal, as is seen 
from their positions in (41.3), (41.7) and (41.8). If the x, and x, have the same parity under 


this transformation, then the corresponding kinetic coefficients are related by Yap = Yoa; if 


they have opposite parities, then Yab = — Yoa- Now, comparing the cross coefficients in 


(44.4),+ we find 
v=»w, m = BT. 


We can thus write (44.4) in the final form 
ix = (Gix nem — BLM: (nxV7), +7 (nxVT);], 


N=N... +nxV7, (44.5) 


nem 


q = qnem + ¥7OXh + 2uTnx(vn), 


where (vn) denotes the vector with components Vix". 

In the mechanics of cholesterics, there is thus a dependence of the stress tensor and the 
vector N on the temperature gradient.t The form of this dependence (the vector product 
nxVT) signifies that the temperature gradient gives rise to twisting moments acting on the 
director and on the mass of the liquid. The molecular field which accompanies a rotation 
of the director relative to the liquid, and the liquid velocity gradients, cause heat fluxes. 


i f suffixes in the factor ex. 
1 Ee oe Sarat pickin fa second independent thermodynamic quantity, such as the 


$ The presence of terms containing the gradient o Jind j $ 
en AME the dissipative terms in the equations of motion is forbidden (F M, §49) by the law i ingee or 
entropy. The presence of such terms would lead to terms in the dissipative function which conin t n pr a “3 
Vp-VT and h-Vp, and these, in the absence of terms containing (Vp)?, would make it impossible for 
Positive definite. 
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One hydrodynamic effect peculiar to cholesterics may be illustratively described as the 
percolation of a liquid through a helicoidal structure at rest (W. Helfrich 1972). It is as 
follows. 

Let us imagine a cholesteric medium whose helicoidal structure is fixed in space, for 
example by some form of adhesion to the boundary walls of the medium. We shall show 
that there can then exist a uniform flow of the liquid along the axis of the structure (the z- 
axis). 

Since the structure (44.3) corresponds to the equilibrium state of the medium, it makes 
the molecular field zero; h = 0. The presence of the percolating flux causes some distortion 
of the structure and accordingly a small molecular field (together with the flow velocity v). 
This field can be determined from the equation of motion (41.3) of the director. Since the 
field n(r) is at rest in the zero-order approximation with respect to the velocity, ôn/ôt = 0, 
and, since the liquid flow is assumed uniform (v; = v = constant), vy, = Qi = 0. The 
equation thus becomes 

(v+ V)n = vdn/dz = h/y. 


With n(z) from (44.3), we then find 
h = yvqxn, (44.6) 


where the vector q, with magnitude q, is in the z-direction. Under the conditions 
considered, the expression (41.21) for the dissipative function becomes 2R = h?/y and, 
with h from (44.6), 

2R = yu? q?. (44.7) 


This gives the energy dissipated per unit time and per unit volume of the liquid. In steady 
motion, it is balanced by the work done by the external sources that maintain the pressure 
gradient p' = dp/dz acting along the z-axis. The body force density in the medium is given 
by just the gradient — Vp; the work done by these forces per unit time and per unit volume 
is —p'v, and on equating this to 2R, we find the percolation velocity 


v = |p'|/yq?. (44.8) 


The director n rotates with angular velocity vq relative to a liquid particle percolating 
through the helicoidal structure. This rotation is accompanied by “friction” described by 
the coefficient y, which determines the velocity of the flow. 

Under actual conditions, the velocity cannot be constant over the whole width of the 
flow: it must be zero at the walls of the containing tube. The velocity decreases in a layer 
having a thickness ô. Now the only parameter of length for the motion in question is 1/q. If 
we suppose that all the viscosity coefficients of a cholesteric are of the same order of 
magnitude, there are also no dimensionless parameters other than ~ 1. Under these 
conditions, evidently only 6 ~ 1 /q is possible. Thus, for flow in a tube whose radius is 
much greater than 1/q, (44.8) is valid everywhere except in a very thin layer at the wall, with 
thickness of the order of the pitch of the helicoidal structure. 


§45. Elastic properties of smectics 


According to the accepted terminology, smectic liquid crystals or smectics comprise 
anisotropic liquids with various layer structures. At least some of these have a microscopic 
molecular density function that depends on only one coordinate (z, say) and is periodic in 
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that coordinate: p = p(z). It may be recalled (see SP 1, §128) that the density function 
determines the probability distribution of various positions of particles in the body; in this 
case, such positions can be treated as a whole, that is, p dV is the probability for the centre 
of mass of an individual molecule to be in the volume dV. A body with density function 
p(z) may be regarded as consisting of equidistant plane layers with free relative movement. 
In each layer, the molecular centres of mass are arranged randomly, and in this sense each 
is a two-dimensional liquid, but the liquid layers may be either isotropic or not. This 
difference may be due to the nature of the ordered orientation of molecules in the layers. In 
the simplest case, the anisotropy of the orientation distribution is specified only by the 
direction of n, say the direction of the longest axis of the molecule. If this direction is at 
right angles to the plane of the layers, then the latter are isotropic, so that the z-axis is an 
axis of symmetry in the body; this appears to be the structure of what are called 
smectics A. If the direction of n is oblique to the xy-plane, that plane contains a preferred 
direction, and there is no axial symmetry; this appears to be the structure of what are called 
smectics C. 

In the following, we shall discuss only the simpler smectics A, and call them just 
“smectics”. In all known smectics A, as well as the axial symmetry about the z-axis, there is 
equivalence of the two directions of the z-axis. If the smectic has also a centre of inversion, 
its macroscopic symmetry (the point symmetry group) is the same as in nematics; the 
microscopic symmetry, and therefore the mechanical properties, are of course quite 
different. 

There is a very important reservation concerning what has been said so far. The 
existence of a structure in which the density varies within the body presupposes that the 
displacements caused in small regions of the body by the thermal fluctuations are 


sufficiently small. However, for a structure with p = p(z) these fluctuational displacements 


increase without limit as the body becomes larger; see SP 1, §137. Strictly speaking, this 
means that there cannot exist a one-dimensional periodic structure in an infinite medium. 
In practice, however, this statement has only a highly conventional significance, because 
the fluctuations increase only slowly (logarithmically) as the body becomes larger. 
Estimates using typical values for the material constants show that the one-dimensional 
periodic structure could be lost only for enormous sizes impossible in practice, and so the 
p(z) structure is feasible in any realistic problem. 

It should be emphasized, at the same time, that the medium does not become an 
ordinary liquid when the p(z) structure is disturbed by fluctuations and p = constant. The 
fundamental difference from a liquid lies in the properties of the density fluctuation 
correlation function between different points, <ôp(r; ) ôp(r2)). In an ordinary liquid, this 
function is isotropic, and decreases exponentially as r = |r. — r; |> 10; see SP 1, §116. Ina 
system with p = p(z), the correlation function remains anisotropic, and as r> © it 
decreases only slowly, as a power function, and more slowly as the temperature falls; see 
SP 1, §138. y wes: 

In going on to construct a mechanics of smectics, we have to begin by finding an 
expression for the deformation free energy density. Because of the peed 
homogeneity of the medium in the x y-plane, the displacements of its points in that p vi 
are related to the change in energy only in so far as they change the density of the 
substance, We therefore choose as the fundamental hydrodynamic variables (in addition 
to the temperature, which is assumed constant throughout the medium) the density p and 
the displacement u, = 4 of the points in the medium along the z-axis. The ppor 
energy depends on the density change p — Po (where po is the density of the undeforme 
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medium) and on the derivatives of the displacement u with respect to the coordinates. The 
first derivatives u/Ox, du/dy cannot occur in the second-order terms in the free energy: if 
the body is rotated rigidly about the x or y axis, these derivatives change, whereas the 
energy must obviously remain constant.t} 

As always in elasticity, the spatial variation of all quantities will be assumed to be 
sufficiently slow, so that the deformation energy is determined by the first non-vanishing 
terms in the expansion in powers of the spatial derivatives. We shall also, however, assume 
an even stronger condition: the displacements u themselves are so small that the layers 
everywhere remain almost parallel to the same xy-plane.t 

Under these assumptions, and using the symmetry of the medium, we find for the free 
energy of the deformation of the smectic 

F, = F—F)(T) 
= 3(A/po)(p — po)? +C(p — po) Ou/dz +4 Bpo (du/dz)? +4K,(A ,u)’, (45.1) 
A, = 07/dx? +6? /dy?. 

A term§ (du/dz)A | u is prohibited by the assumed equivalence of the two directions of the 
z-axis, ie. by the symmetry under the transformation u > —u, z> —z, x, y>x, y 
(reflection in the xy-plane) or u > —u, z> —z, y> —y, x +x (rotation about the 
horizontal second-order axis, the x-axis); for the same reason, there is no term (p 
— po) A, u. Including the first term of the expansion in second derivatives (which does not 
appear in the elasticity theory for solids) is necessary since F, does not contain first 


derivatives with respect to x and y. The stability conditions for the undeformed state, i.e. 
the conditions for the energy (45.1) to be positive, are 


A>0) B>0, ABS C*. (45.2) 


The use of the notation K, in (45.1), as in (37.1), is deliberate. A deformation of a layer 
structure of smectics can be described by a distribution n(r) of the director, regarded as the 
normal to the deformed layers specified by the equations u(r) = constant. For a small 
distortion of the layers, 

n, = 0u/0x, n; = Ou/dy, n, = 1, (45.3) 


and then (A , u)? = (div n)?, which is just the quantity in the corresponding term in (37.1). 
The coefficients B and C in (45.1), however, characterize the specific crystal nature of 
smectics which distinguishes them from nematics.4 


t These derivatives occur in the elastic energy of solids in combinations of u,, and u,, with the derivatives of uy 
and u,, which are unaffected by the rotation mentioned. 

t In this sense, the range of application of the mechanics of smectics as developed here is narrower than for the 
nematic mechanics considered Previously, which allowed director fields n(r) differing to any extent from the 
undeformed uniform distribution, 

§ Such as occurred in SP 1, §137. 

__ 1 The director n (regarded as the preferred direction of orientation of the molecules in the layers) is not an 
independent hydrodynamic variable in smectics A. With a variable nin nematic hydrodynamics it is characteristic 
that a uniform rotation of n(r) throughout the body causes no change in the energy. It is for this reason that a 
slow change in n through the body involves only a small change in the energy, which depends only on the 
derivatives of n and can be expanded in powers of these. In smectics, however, such a rotation alters the 
orientation relative to the layer structure and would change the energy considerably. In smectics C, where the 
director is at some definite angle to the normal, a uniform rotation of n about the normals at a constant 
inclination would again not affect the energy. This provides another hydrodynamic variable, namely the 
component of n in the plane of the layers. 
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In the approximation (45.3), n -curl n = curl, n = 0. The term n «curl n thus does not 
occur in the free energy of smectics, nor therefore does the cholesteric distortion of the 
structure (§44), whether or not the symmetry elements include a centre of inversion. 

The equations of equilibrium of a smectic are found by minimizing the total free energy 
with respect to the variables p and u, with the added condition J pdV = constant, 
expressing the constancy of the total mass of the body. Minimizing the difference 


[raya [nav 


(where À is a constant Lagrange multiplier) with respect to p, we find 
A(p—Po)/Po + Cou/dz = A, 
relating the density change to the deformation of the layers. Taking po to be the density 
when du/éz = 0, we have A = 0 and 
P—Po = —poméu/dz, m=Cpo/A. (45.4) 
The dimensionless coefficient m is related to Poisson’s ratio ø for a rod cut from the 
smectic in the z-direction. For 
(p —Po)/Po = =í kz Vo)/ Vo = — (Uxx + Uyy + U2) 
(see (1.6)), where u,, = Ou/0zand uxx, u,,are the strain tensor components in the xy-plane. 
Putting uxx = Uy, we have 
Uxx = —4(1 —m)u,;, 
and comparison with (5.4) shows that 
o =4(1—m). (45.5) 
When m = 0, o = 4, the value for a liquid. 


Eliminating the density change from (45.1) and 
only: 


(45.4) gives the free energy in terms of u 


F, = 4p B’(u/dz)? +4K (A 14), (45.6) 
where 
B' = B-C?/A. (45.7) 


Variation of the total free energy with respect to u now gives, after some integrations by 


parts, 
ô fra vV=- f F,ôudV, (45.8) 


where (458) 


F, = poB'0?u/dz? — Ky A \?u. 
r unit volume acting in the z-direction in the deformed smectic if 


“adjusted” to the deformation. | ; ; 
he displacement u satisfies the linear differential equation 


Evidently F, is the force pe 
the density change is not 
In equilibrium, F, = 0, and t 


po B'd2u/Oz? — K,A ,7u =0. (45.10) 


If the body is also subjected to externally applied body forces, these must be included on 


the left-hand side; cf. (2.8). 
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The ratio af (K,/poB’) has the dimensions of length, and a rough estimate of it is 
s (K,/poB') ~ a, where a is the period of the one-dimensional structure, i.e. the distance 
between layers. If the smectic is subjected to a deformation that varies considerably in the 
xy-plane over distances ~ l, > a, then it follows from (45.10) that in the z-direction the 
deformation varies considerably only over distances ly ~ 1,?/a>1,. 

As an example, let us find the Green’s function for (45.10), ic. the displacement 
u = G,,(r) = G(r) at a variable point r due to a single concentrated force applied at r = 0 
and acting in the z-direction; cf. §8, Problem. This function satisfies the equation 


poBé?G/dz? — K, A °G + d(r) = 0. (45.11) 


Taking the Fourier transform of this equation (i.e. multiplying it by e kr and integrating 


over d°x), we find for the Fourier components of G(r) 
Gy = [po B'k,? + K, kt], 


where k ,? = k,? +k,’. The inverse Fourier transformation gives the function sought, as 
the integral 


e` d?k 
GH= 1A Sa 45. 
ATIR oe 


This integral is logarithmically divergent as k > 0. To give it a definite significance, we 
have to eliminate the motion of the body as a whole, assuming some arbitrarily chosen 
point r = rọ in the body to be fixed; the numerator of the integrand then becomes 
eik-r — eike, and the divergence is eliminated. 

Let us now return to the influence of thermal fluctuations on the properties of smectics, 
and consider their elastic properties. The problem can be formulated most definitely as 
follows: how do the fluctuations affect the deformation due to a concentrated force 
applied to the body, i.e., how does the Green’s function G(r) vary? It is found that the 
change is given by replacing k,? and k,* in (45.12) by k.?[log(1/ak,)]~*/> and 
k ,*[log(1/ak , )]?/* respectively, a being of the order of the structure period.+ In turn, this 
change can be intuitively interpreted as a change in the effective values of the elastic moduli 
B' and K, when the characteristic wave number of the deformation decreases, and so its 
extent (~ 1/k) increases. We see that B’ decreases as [log (1/ak,)]~*/° when k, + 0, and 
K iepr increases as [log (1/ak , )]?/* when k, — 0. In practice, however, such effects could 
become significant only for unrealistically large dimensions. 

To conclude this section, we shall show that the expression (45.6) for the elastic energy 
of a smectic can be somewhat generalized by including some higher-order terms, though 
without bringing in further coefficients. 

To do so, we note that the energy contribution given by the first term in (45.6) is 
physically due to the change in the distance a between the layers; the derivative ĝu/ôz is 
equal to the relative change in this distance under a displacement u, = u, and the term may 
therefore be written as 49 B'(ôa/a)?. The distance between the layers may, however, 
change because of the dependence of u on x and y as well as that of z. This is easily seen by 
MHASNOOE all the layers to be simultaneously rotated through an angle @ about the y-axis, 
say, in such a way that the period of the structure in the z-direction remains equal to a; the 


+ SeeG, Grinstein and R.A. Pelcovits, Physical Review Letters 47, 856, 1981; Physical Review A 26,915 (1982); 
E. I. Kats, Soviet Physics JETP 56, 791, 1983. It is necessary in the analysis to include the terms of the third and 
fourth order in u in the expansion of the free energy. 
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distance between the layers, measured along the normal to them, becomes acos 0. For 
small 0, the change in the distance between the layers is 


ôa = a(cos@ — 1) = —4a0?. 


Since at the same time the displacement in the rotation considered is u = constant 
+x tan 0 = constant + xð, we have 


da/a = —}(du/0x)?. 


In this form the expression is valid for any dependence of u on x; if u depends on y also, 


(du/dx)? becomes (V,u)?. 
Taking this effect into account, we must ‘write the free energy (45.6) as 


a au \2 272 
ridona) -1(5) | +4K,(A,u). (45.13) 


This expression will be used in the Problem. 


PROBLEM 


A layer of smectic with thickness h and plane boundaries parallel to the layer structure planes is uniformly 
stretched in the z-direction perpendicular to the layer. Find the critical tension beyond which the layer structure 


becomes unstable with respect to transverse perturbations (W. Helfrich 1971).t 


SOLUTION. A uniform stretching is a deformation u = yz, where the constant y > 0. To investigate the 


stability, we put u = yz + du(x, z), where du is a small perturbation which satisfies the boundary conditions ĝu 


= O for z = + $h (the xy-plane being taken in the middle of the layer). As far as the second-order terms, the total 
elastic energy of the perturbation, per unit length in the y-direction, is 


[orcas dz = hi po B'(0òu/ôz)* — Po B’y(G5u/dx)? + Ky (676u/dx?)} dx dz; (1) 


the term in y@éu/dz disappears on integration over dz, because of the boundary conditions. 
We shall consider perturbations having the form 
Su = constant x cos k,z cos kxX, k,=nn/h, n=1,2,.--, 
for the structure to be stable is that the energy (1) 


er structure. The condition 
alues 4, we obtain this condition in 


ie. a transverse modulation of the lay h 
2 factors in the integrand by their mean v: 


be positive. Replacing all sin? and cos 


the form 
po B'(k,? —yk,2) + Kik, > 0. 


occurrence of a real root k,? of the trinomial on the left of 


hat the perturbation be finite throughout the xy-plane. 
1, and gives the critical value of y with the 


The limit of stability as y increases is determined by the 
this inequality; complex k, do not satisfy the condition t 
The first such root appears for the perturbation with n= 


corresponding kx = kop?$ 
ya = On/h)(K,/00B')8, ka = (8/4) (p0B'/K,) 


§46. Dislocations in smectics 

n in a smectic has the same significance as in an ordinary 
hat, since the microscopic structure of smectics has one- 
-direction), the Burgers vector of a dislocation is always 


The concept of a dislocatio 
crystal. The only difference is t 
dimensional periodicity (in the z 


+ This instability is analogous to that of a straight rod under compression (§21). 

+ The value of ker determines only the wave number of the perturbation in the xy-plane, not the whole 
symmetry of the deformation that occurs. To find the latter, it is necessary to go beyond the approximation of 
equilibrium equations linear in ôn; the situation here is similar to that of convective instability in a plane-parallel 


layer of liquid (see FM, §57, and J. M. Delrieu, Journal of Chemical Physics 60, 1081, 1974). 


178 Mechanics of Liquid Crystals §46 


along the z-axis and its magnitude is always an integral multiple of the period a of the 


structure. 
Bearing this in mind, we find that the deformation around a dislocation in a smectic is 


described by the same formula (27.10), with an appropriate definition of the elastic 
modulus tensor Ajm. For this purpose, we define the stress tensor o in the smectic in 
accordance with the usual relationship 

F, = 0,04, (46.1) 


where F, is the “internal stress” body force (45.9). We also use the strain tensor 
corresponding to the displacement u, = u; its non-zero components are 


u,, = 0u/0z, Uy, =40u/dx, u,, = 4du/dy. (46.2) 


The force (45.9) can be put in the form (46.1) if we express the stress tensor in terms of the 
strain tensor by Oik = Åikim Uim, Witht 


Rees = Po B', Aa Ti Vasey i ine K,A,, pees E Aas = Aijas E. 0; (46.3) 


some of these are operators. 
Formula (27.10) for the displacement u, = u becomes 


u(r) = —A,y,b fg or ar (46.4) 
Ox, 
Sp 
where G = G,, is the function (45.12). 

Let us consider two particular cases: straight screw and edge dislocations. In the first 
case, the dislocation axis is parallel to the Burgers vector (the z-axis). This case requires no 
further calculations. It is evident a priori that the deformation u will depend only on the 
coordinates x and y. The medium is isotropic in the xy-plane. We can therefore apply 
immediately the results of §27, Problem 2, according to which 


u = bd/2z, (46.5) 


where @ is the polar angle of the position vector in the xy-plane. 

The edge dislocation case is more complicated (P. G. de Gennes 1972). Here the 
dislocation axis is at right angles to the Burgers vector; suppose it to be along the y-axis. 
Then the surface Sp in the integral (46.4) can be taken as the right-hand half of the xy- 
plane, and the vector n normal to it will be along the negative z-axis. The only non-zero 
component Åzxzz is A,.22 = Po B’, so that (46.4) becomes 


Kola bi Bt | | BE) anti. 
oz 
-œ 0 


We substitute G from (45.12); the differentiation with respect to z gives a factor ik,, and 
the integration with respect to y gives 276(k,); the delta function is then eliminated by 
integration with respect to k,. In the integral 


«© 


| en idx, 


0 


+ The remaining components Aix can be chosen so that F, = F, = 0; these components do not occur in (46.4). 
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in order to ensure convergence, we must treat k, as ky —i0. The result of integrating with 
respect to x’, y' and k, is then 


w 


jis exp (ik,x) dk, 
u(r) = | kið (kx, 25 


- œ 
where 
W 


k, exp (ik,z) dk, X 
I(k,, 2) = | Kk? + Akt 2” A? = K,/poB'. 
This last integral is calculated by closing the contour of integration with an infinite 
semicircle in the upper or lower half-plane (for z > 0 and z <0 respectively) of the 
complex variable k, and taking the residue at the pole k, = iAk,2 or k, = —idk,?: 


I = +hiexp(—4k,’|2\), 


where the upper and lower signs correspond to z > Oand z < 0. The displacement is thus 


b 4 ; dk, 
= ae i 46.6 
u(x, z) hig | ext Ak, zl +k} E59 (46.6) 


The spatial derivatives of this are, however, more interesting than the displacement 
itself. The derivative du/dx is 


ik et | exp{ —Ak,?|z| +ik,x} dk. 


= p OP ae (46.7) 
According to (46.6), the derivatives with respect to z and x are related by 

du/dz = +A0?u/dx?, 
whence 


ôu 2x 2 46.8 
simiy oi exp {—x?/4A|z|}. (46.8) 
az 8 (malzi°) pt 


The deformation tends to zero exponentially as | x | 
power law) as |z| > ©. 


—> œ, but much more slowly (by a 


§47. Equations of motion of smectics 


The mechanics of smectics has in common with that of nematics the fact that both 
involve hydrodynamics with extra variables in comparison with an oraina a ge 
nematics, the variable concerned is the director n; for smectics it 1S the SE ion 
the layers (P. Martin,O. Parodi and P. S. Pershan 1972). The latter point needs ; ip 
The velocity is defined in hydrodynamics as the momentum of unit mass 0 p ae i 
component v, need not, in the present case, be equal to du /0t. Inasmectic, jg ia PE 
the z-direction) can take place not only by the deformation of layers but also by 
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percolation of matter through a one-dimensional structure at rest, as described for 
cholesterics in §44. This phenomenon is not specific to liquid crystals; a similar effect can 
occur in solid crystals, where it is due to diffusion of defects (see the first footnote to §22). 
In smectics, however, it cannot in principle be eliminated by increased blurring of the 
periodic structure with a large number of defects (vacancies) and a greater mobility of the 
molecules. 

In adiabatic motion, each element of the liquid transfers its constant entropy s (per unit 
mass); if at some initial instant s is constant throughout the medium, it remains so. Since 
the condition of constant s relates to the entropy per unit mass, it will be convenient to use 
the internal energy of the medium per unit mass also; this will be denoted by £. For a 
deformed smectic, £ is given by a formula analogous to (45.1): 


&4 = & — £o (S) 
= 4(A/po”)(p — Po)” + (C/po) (p — po) ĉu/0z +4 B (u/0z)* +4(K;/po)(A , u)*, (47.1) 


where po is the density of the undeformed medium; the coefficients A, B, C here are not the 
same as in (45.1), being now the adiabatic values of the elastic moduli (assumed to be 
expressed as functions of s), not the isothermal ones as in (45.1). The isothermal and 
adiabatic values of K are equal, for the same reasons as in nematics; see the end of §37.+ 

The volume of unit mass is 1/p. The thermodynamic relation for the energy differential 
is therefore 


de = Tds—pdV 
= Tds+pdp/p?. 
The pressure in the medium can therefore be found by differentiating the expression (47.1): 
p = p?(de/Ap), = A(p — po) + PoCdu/dz. (47.2) 


The sequence of operations in constructing the equations of motion of smectics is then 
very similar to the derivation of those of nematics in §41. To emphasize this analogy, we 
shall, as in §41, use the energy E = pe and the entropy S = ps per unit volume. 

The equation of continuity has the usual formt 


ôp/ôt + div (pv) = 0. (47.3) 
The dynamical equation for the velocity must have the form 
pdvi/dt = 0.0%; (47.4) 


cf. (41.7). The form of the stress tensor will be established later. 
One further equation arises from the presence of the additional variable, and expresses 
the difference between v, and du/dt: 


du/dt —v, = N. (47.5) 


The quantity — N gives the rate of percolation, i.e. the velocity of the liquid relative to the 


+ Strictly speaking, du/0z in (47.1) should be written as Gu/@z —5o(s), where 5o(s) is the value of du/dz for 
entropy sin the absence of external forces. Considering the motion with a given s, we can take as the undeformed 
state this particular state and put ôo (s) = 0. It should be emphasized, however, that we then cannot, for example, 
differentiate the expression (47.1) with respect to s in order to determine the temperature from T = (¢/€s)p- 

$ Although we are ultimately concerned only with the linearized equations of motion, the linearization will 
not be performed at every stage of the derivation, since this would complicate the formulae. 
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one-dimensional lattice; it is a transport quantity, and an expression for it will be derived 


later. 
Lastly, the entropy equation, taking account of dissipative processes in the medium, has 


the form (41.8): 


= + div (Sv +q/T) = 2R/T. (47.6) 


As in §41, we calculate the time derivative of the tot 
medium, which appears in the energy conservation equa 
in the form of the last term in (41.12): we now havet 


ðE, \ ô ôu A 
=| ey AE 
(B) a at tKa 13r 


Ai pi: : 
a, tiv P 


al energy per unit volume of the 
tion (41.11). The only difference is 


= 
T 
ol § 
“~_———" 
P 
3 

i 


—h (47.7) 


as in §41, the total divergence terms are not written out. The notation here is 


2 ( ) Peres 
as 


~ Oz 6(0,u) 


2 ô A 
e T a 24 (47.8) 


If h is regarded as the z-component of a vector h = nh (where n is a unit vector in the z- 
direction), we can easily see that this vector may be written as a divergence: 


hy = 0,6”, (47.9) 


where the symmetrical tensor cą” has the components 
r "a ESA a) — it Ę 
o = 0, = K, A, ĝu/ôz, Ozz poBôu/ðz + C(p Po). (47.10) 
ony: = —K,A, 6u/éy, G3" =0. j- 


o,” = —K,A , 6u/dx, 
Substituting in (47.7) Gu/ét from (47.5) and again separating a total divergence in one 


term, we can write 

-hN — vôn” + div {.-- } 

_hN +v + div { ..- }- 

in the significance of h and N.t Proceeding as in 
21) for the dissipative function: 


i} 


(0E,/ Ot)p, S 


This expression differs from (41.17) only 
§41, we obtain the same expression (41. 


2R = 04'0_+Nh-(1/T)4° VT, (47.11) 


where gx is the viscous part of the stress tensor: 


Ox = — Pôr + on + Ow- 


(47.12) 


i within the medium. 
occur in this case also as a third-order 


wi 


+ Here and henceforward, we neglect the ate ee te morl 
iine nte aaa vi (0 Eps SUE second-order ones. 
small quantity, negligible in comparison Wi' 
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The dynamical equation (47.4) with this stress tensor is, after linearization, omitting the 


term (v: V)v, 
podv;,/Ot = —djp +h, +e,ox', (47.13) 


the vector h = nh being defined by (47.8). 

The viscous part ox’ of the stress tensor, the heat flux q and the percolation rate N 
(thermodynamic fluxes) are, as usual, given by expressions linear in the thermodynamic 
forces — vix/T, (1/T*)0,T and —h/T; the coefficients in these expressions satisfy relations 
which follow from Onsager’s principle. We shall not repeat the derivation (cf. §§42 and 
44), but simply give the result, assuming that (as is usually the case) the smectic has a centre 
of inversion; this has not so far been assumed. 

The viscous part of the stress tensor is then given by the same expression (42.4) as for 
nematics, with n in the z-direction. The heat flux and the percolation rate are 


q: = —k0T/dz+uh, q, = —K, VT, 


(47.14) 

N = A,h—(u/T)0T/0z; 

since the dissipative function is positive, we must have 
Ky, K1, åp > 0, we< TA, Ky). (47.15) 


Percolation makes possible in smectics an effect similar to that described for 
cholesterics at the end of §44. If the periodic structure of the smectic is in some way fixed in 
space, there can be a uniform steady flow in the z-direction. It follows from (47.13) that for 
such a flow dp/dz = h, and from (47.5), with N from (47.14), 


v, = —A,h = —A,dp/dz. (47.16) 


There is one important remark to be made regarding the above discussion of the kinetic 
coefficients in smectics. The divergence of the fluctuations in smectics (§46) has a 
particularly marked effect in transport phenomena and may substantially alter their 
nature.f 


§48. Sound in smectics 


In ordinary liquids, and in nematic liquid crystals, there is only one branch of weakly 
damped acoustic vibrations, namely longitudinal sound waves. In solid crystals and 
amorphous solids, there are three acoustic branches of the linear dispersion relation (§§22, 
23). One-dimensional crystals, i.e. smectics, occupy once again an intermediate position, 
having two acoustic branches (P. G. de Gennes 1969). 

The attenuation coefficients of these waves are of no interest in the present discussion, 
and in order to determine just their speed of propagation we shall neglect all dissipative 
terms in the equations of motion. The complete set of linearized equations comprises: the 
continuity equation 

6p'/ét +p div v = 0 (48.1) 


(here and henceforward, we omit the subscript zero in po; p’ and p’ are the variable parts of 
the density and pressure); equation (47.16), which reduces to 


v, = 0u/dt, (48.2) 


t See E. I. Kats and V. V. Lebedev, Soviet Physics JETP 58, 1172, 1984. 
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there being no percolation; and the dynamical equation (47.13), 
pdv/dt = — Vp' + nh, (48.3) 


where, according to (47.2), 
p' = Ap' + pC ĝujôz. (48.4) 


In (47.8) for h, the term K, A ,7u, which contains higher-order derivatives, is to be omitted, 
since it is of too high an order in the wave number k, which in acoustic waves is to be 


regarded as a small quantity: 
h = pBd?u/dz? + Côp'/ðz. (48.5) 


In actual smectics, B and C are usually small in comparison with A. Under these 
conditions, which will be assumed to hold, the nature of the two acoustic branches in 
smectics is more readily perceived. 

If we neglect in the equations of motion all terms containing the small coefficients B and 
.C, they reduce to those of an ordinary liquid with the equation of state p' = Ap’, i.e. with 
compressibility (dp'/dp’), = A. The corresponding vibrations are ordinary sound waves— 
longitudinal compression and rarefaction waves in the medium. Their speed of 


propagation is 
ca =A (48.6) 


and is, in the approximation considered, independent of the direction. 

The speed c, of propagation of waves in the second acoustic branch is, as we shall see, 
much less than c,: w/k = c, < c,. As regards these vibrations, therefore, the medium may 
see the first footnote to §43. The continuity equation then 


be treated as incompressible; 
0; in (48.5), we omit the second term, so 


reduces to the incompressibility condition div v = 


that (48.3) becomes 
pov/dt = —Vp'+ npBé?u/dz?. (48.7) 


Differentiating the z-component of this equation with respect to z and substituting 


v, = du/dt gives 
po75/dt? = — 0?p'/dz? + pBd*5/A2”, 


where 5 = ĝu/ôz. Taking the divergence of (48.7) gives, with the incompressibility 


condition, 
Ap' = pB0?6/62?. 


Lastly, eliminating p’ from these two equations, we obtain one equation for 6: 


979/002 = B{ —0*6/d2* + 0°A5/6z}. (48.8) 


The dependence of the displacement u on the coordinate z means that the distances a 
between adjacent layers vary: ĝa = adu/éz, and the relative change in a is given by 
ô = du/dz. Thus (48.8) describes the propagation of a transverse (k -v = 0) wave in which 
the distances between the layers oscillate at constant density. For a plane wave, in which 6 
oc exp (ik -r — iœt), (48.8) gives 

wk? = Bk ,k,’ 


and hence the velocity of propagation 


= J B sin@ cos 8, (48.9) 
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where 0 is the angle between k and the z-axis. The velocity is anisotropic, and is zero for 
propagation either parallel to the z-axis (0 = 0) or in the xy-plane (0 = 7/2). 


PROBLEM 
Find the speed of propagation of acoustic waves in smectics for any relation between the moduli A, B and C. 


SOLUTION. Differentiating (48.3) with respect to t and eliminating ĝp'/ôt and 6u/dt by means of (48.1) and 
(48.2), we find the equation 


ð?v/ðt? = AV div v — CV ðv,/ðz + n[ — Cô div v/dz + Bd?v,/02z”). 
For a plane wave, in which v o exp (ik -r — iwt), this becomes 
—w*y = — Ak(k+v) +Ckk,v, + n{Ck,(k +v) — Bk,?0,]. (1) 


Let the wave vector k be in the xz-plane. Then it follows from (1) that v is in the same plane, its x and z 
components being given by the two equations 


v,[c? — (A + B — 2C)cos?0] + v,(C — A)sin 0 cos 0 = 0, 
v,(C — A)sin 0 cos 0 + v,{c? — A sin? 0] = 0, 


where c = w/k is the speed of propagation of the wave, and @ the angle between k and the z-axis. Equating to zero 
the determinant of this system gives the dispersion relation 


c* —c?[A + (B—2Ccos? 0] + (AB — C?)sin? 8 cos? 0 = 0. 
The larger and smaller roots of this quadratic in c? give the speeds c, and c. In particular, 
(= JA when 6 =4n, 
cı = /(A+B-2C) when 0=0. 
The speed c, in these directions is zero. 
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